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A Note from the Author 


This manual provides solutions to the end-of-chapter problems for the author’s Modern 
Electrodynamics. The chance that all these solutions are correct is zero. Therefore, I will be 
pleased to hear from readers who discover errors. I will also be pleased to hear from readers 
who can provide a better solution to this or that problem than I was able to construct. I 
urge readers to suggest that this or that problem should not appear in a future edition of 
the book and (equally) to propose problems (and solutions) they believe should appear in a 
future edition. 

At a fairly advanced stage in the writing of this book, I decided that a source should be 
cited for every end-of-chapter problem in the book. Unfortunately, I had by that time spent 
a decade accumulating problems from various places without always carefully noting the 
source. For that reason, I encourage readers to contact me if they recognize a problem of their 
own invention or if they can identify the (original) source of any particular problem in the 
manual. An interesting issue arises with problems I found on instructor or course websites 
which were taken down after the course they serviced had concluded. My solution has been 
to cite the source of these problems as a “public communication” between myself and the 
course instructor. This contrasts with problems cited as a true “private communication” 
between myself and an individual. 
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Chapter 1: Mathematical Preliminaries 

1.1 Levi-Civita Practice I 

(a) ei23 = ei • (e 2 x e 3 ) = ei • e 3 = 1 . The cyclic property of the triple scalar product 
guarantees that e 23 i = €312 = 1 also. Similarly, ei 32 = e 3 • (e 3 x e 2 ) = —e 3 • e 3 = — 1 
with e 32 i = e 2 i3 = —1 also. Finally, ei 22 = e 3 • (e 2 x e 2 ) = 0 and similarly whenever 
two indices are equal. 

(b) Expand the determinant by minors to get 


a x b = ei(a 2 & 3 - a 3 b 2 ) - e 2 (ai& 3 - a 3 bi) + e 3 («i6 2 - a 2 b i). 

Using the Levi-Civita symbol to supply the signs, this is the same as the suggested 
identity because 


axb — ei 23 eja 2 6 3 + ei 32 e!a 3 & 2 


+ £2i3e 2 ai& 3 + e 23 ie 2 a 3 6i 


+ £31263°! b 2 + e 321 e 3 a 2 &i. 


(c) To get a non-zero contribution to the sum, the index i must be different from the unequal 

indices j and k, and also different from the unequal indices s and t. Therefore, the 
pair (i,j) and the pair (s,t) are the same pair of different indices. There are only 
two ways to do this. If i = s and j = t, the e terms are identical and their square 
is 1 . This is the first term in the proposed identity. The other possibility introduces 
a transposition of two indices in one of the epsilon factors compared to the previous 
case. This generates an overall minus sign and thus the second term in the identity. 

(d) The scalar of interest is S' = L m a m L p b p — L q b q L s a s . Using the given commutation 
relation, 


S = 


°m b p L m L p a p b m L m L p 


°m b p Lrn °m b p L p h ri 


l: rn "/> 


b p \L m , Lp\ 


ihe mpi Li a m b p 


ihLi ei mp a m b p 
= iht -(axb). 
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1.2 Levi-Civita Practice II 

(a) ( 5 j, = l + l + l= 3 

(b) S/j C/ jl- = € t j k = 0 

(c) C,j k C(j k Cjki€jk£ — 5 k /- Sf{ — 3 dig 6j / — 2 5ig 

(d) Cijktijk z Sjj Skk 8 j k 8 k j = 9 S kk = 6 


1.3 Vector Identities 

( c 0 (A x B) • (C x D) — eijkAjBkCimpCmDp = eijktimpAjBkC m Dp 

— (hjin hkp 8 jp 5km)AjB k C m Dp 


= A m C m B k D k - AjDjB k Ck = (A • C)(B ■ D) - (A ■ D)(B • C) 


( b ) V • (/ X g) = <),(; jk f,g h = i ;;k.f:<),g k + = f,( lk ,i>,9k + g k £kijdifj 

= 9k e kij9ifj - /,<J,k<lg k = 9 ■ (V x /) - / • (V x g) 

(0 [{A x B) x (C x D)]^ — cijk {A x B}^ {C x — 6.ijk€j m p€kstA m BpC s Dt 

£jkir-jmp£kstA m BpC s Dt (5km 8ip 8kp8i m ^jekstAm BpC s Df, 

— e ks tAkB t C s D t ekstABkCsDt = A k ekstC s DiBi B k e ks tC s DiAi 
= A ■ (C x D )Bi - B • (C x D)A* 

(d) (<T-a)(<r-b) = rr,ii,rr. h, = aiajaibj = ( 8ij+ieij k a k )aibj = aibi+ie k ij(J k aibj = a-b+zer-(axb) 

1.4 Vector Derivative Identities 

(a) V • (/g) = di(fgi) = fd i g l + g. t d t f = /V • g + (g ■ V)/ 

(b) {V x (/g)} 8 = e ijk dj(fg k ) = , 9 k + eijk{djf)g k = f [V x g] ( + [V/ x g] 4 
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(c) 


[V x (g x r)]j 


Cijk 8)j C-k Cm [p r m 
€kij €k£m (dl I'm) 

(SigSjm Sje)dj(g e I'm) 

'M//,/-,) - OjCjji-i) 

rjgjgi + 5i( v • r ) - n(V • g) - <),,gj 

(r • V)gi + 3 g t - n(V • g) - g t 


Therefore, 


<9er 

V x (g x r) = 2g + r — - r(V • g). 


1.5 Delta Function Identities 


(a) Let f(x) be an arbitrary function. Then, if a > 0 , a change of variable to y = ax gives 

OO OO 

J dxf(x)8(ax) = \ j dyf(y/a)6(y) = ^/( 0). 

— OO —OO 

However, if a < 0 , 

OO —OO OO 

[ dxf(x)6(ax) = 1 [ dyf(y/a)S(y) = - 1 [ dyf(y/a)8(y) = - 1 /(0). 

J a J a J a 


These two results are summarized by 8 (ax) = -j—r( 5 (:r). 


(b) If g(xo) = 0 , < 5 [g(:r)] is singular at x = Xo . Very near this point, g(x) « (x — xo)g'(xo). 
Therefore, using the identity in part (a), 


J dxf(x)8[g(x)\ ~ J dxf(x)g[(x - x 0 )g'(x 0 )\ = 8(x - a: 0 ). 

—00 —OO 

A similar contribution comes from each distinct zero x m . Adding these together gives 
the advertised result. 
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(c) We use the result of part (b). The zeroes of cosx occur at x = (2 n + 1)7t/ 2. At these 
points, | — sinx| = 1; therefore, 


OO OO 

/ = ^ exp([— ( 2 n + 1)7t/ 2] = exp(—7 t/ 2) ^ exp(— rnr) 

n = 0 n—0 


exp(—7r/2) 
1 — exp( 7 r) 


1 

2 sinh( 7 r/ 2 ) 


1.6 Radial Delta Functions 

(a) We need to show that S(r)/r and — 6 '(r) have the same effect when multiplied by an 
arbitrary function and integrated over the radial part of a volume integral. If we 
call the arbitrary function /(r), one of these integrals vanishes identically because 
rS(r) = 0: 


[ drr 2 f{r)^—^~ = [ drrf(r)S(r) = 0 

Jo r J o 

This tells us we need to represent the arbitrary function in a smarter way. One 
possibility is f(r)/r. This gives 


r^mm 

I o r r 


dr f(r) S(r) = /(0). 


An integration by parts shows that the proposed identity is correct: 

r°° f(r) r°° r°° 

— / drr 2 '- - ~S'(r) = dr r f (r) 5 '(r) = / drS(r)[rf(r) 

Jo r Jo Jo 

POO 

= / drS(r) [/(r) + r/'(r)] = /(0). 


(b) By direct calculation, 

V • [< 5 (r — o)r] = [ r 2 6 (r — a)] = -S(r — a) + S'(r — a). 

Let us look at the effect of S'(r — a) on an arbitrary test function: 

OO OO OO 

/drr 2 f(r)^(r-a) = J dr-^j- [< 5 (r - a)r 2 f] - J 5 {r - a)-^j- [r 2 f] 


(1) 


OO 

= — J drS(r — a) 


2 df 


2 rf + r — 
dr 


= -2 af(a, 0 ,(j>) - a 2 ^ 


This shows that 


8 '{r — a) = —- 8 (r — a) + — a), 

a r z 


Combining this with ( 1 ) shows that 

V • [< 5 (r — a)f] = (a 2 /r 2 ) 8 '(r — a). 
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Source: R. Donnelly, Journal of the Optical Society of America A 10, 680 (1993). 


1.7 A Representation of the Delta Function 

The calculation involves a change of variable, 


dy ,, y . sin y m 


[ dxf{x)D{x) = lim [ dxf( x ) Sln L n ^L = lim [ ^/(T'-) 

7-00 m->ooJ_ TO TO. 


7T y 


= /mi r 

K 7-00 2 / 

The assertion is proved if the integral on the far right side is equal to ir. You can look 
up the integral or use this trick: 


dy^- = 2 


f dy S ^-= f dy sin y / dve~ vy = 2 f dv f dy e~ vv sin y 

Jo y Jo Jo Jo Jo 


= 2 


dv 


1 + v 2 


1.8 An Application of Stokes’ Theorem 

(a) Let p = V x (c x F). Then, because c is a constant vector, 


Pi ^-ijkhJje^gtCgFt e k c /- s f c s Oj J 'f (Si s Sjt dnSj S )c s dj Ft — c% c)j Fj CjdjF. 

This shows that V x (c x F) = c(V • F) — (c • V)F . Inserting this into Stokes’ Theorem 
as suggested gives 


[ dSn • {c(V • F) — (c • V)F} = <b ds • (c x 
Js Jc 

or 

c- [ dS{n(X7 ■F)-h i X7F l } = c 
.Js 

This establishes the equality because c is arbitrary. 


F) = j) c • (F x ds) 


^Fx ds. 


(b) Let K = fdS (n x V) x F. Then 

s 


K, = 


I dSeijk (n x V1,F, - fdSe ijk e Jst h s d t F k 

s s 

I dS(S ks S it - 5 kt S is )n s d t F k = j dS(h k diF k - hid k F k ). 


s 

This proves that K 
question. 


s 

f dS{htVFi — n(V • F)}, which was the second equality in 

S 
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(c) This is a special case of the identity in part (a) with F = r. Therefore, 


j) r x ds = — J dS {hi Vr, — n(V • r)} . 


c s 

Now, V • r = 3. Also, V?y = ejdjXi = £j5ij = C so n^Vr* = h;ej = n. Hence, 


r x ds = — J dS(h — 3n) = 2 J dS. 
c s s 


1.9 Three Derivative Identities 

(a) Consider the ^-component of the gradient. We have 

^f(x-x',y-y',z- z') = --^f(x-x',y-y',z-z') 
and similarly for the y and 2 components. This proves the assertion. 


(b) Writing this out in detail, 
V • [A(r) x r] 


= = tijk [nA'j ( r)dir + Aj ( r)d t r k \ 


^ijkAj T CijkAjdik 


= r • A'(r) x r + e^Aj (r) 


= A '(r) ■ r x r + 0 = 0. 


dA d.A dA 

(c) By definition, d,A = ——dx H ——dy H——. Therefore, since ds = xdx + ydy + zdz, 
dx dy dz 


dA dA dA 

dA = dx— -b dy— -b dz—— = 

dx dy dz 


d , d d 
x- —b dy— + dz — 
dx dy dz 


A = (ds • V)A. 


1.10 Derivatives of exp(ik • r) 

As a preliminary, let tH r ) = exp(ik • r) and consider the derivative 


di/j 

dx 


d 

dx 


Akx 


& iky e iky- 


ik x l/>. 
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The y and z derivatives are similar. We conclude from this that 

Vip = ikip. 

Therefore, because c is a constant vector, 

V • A = %p(y • c) + c • Vt/> = ik ■ A 

V x A = ip(X7 x c) — c x V*l> = — i{c x k)i/> = ik x A 
V x (V x A) = V x (ik x A) = — i(k • V)A + ik(V • A) = k 2 A - k(k • A) = -k x (k x A) 
V(V ■ A) = iV(k • A) = i [k x (V x A) + (k • V)A] = i [k x (ik x A) + ik 2 A] = k(k • A) 
V 2 A = V(V • A) - V x (V x A) = -k(k ■ A) + k x (k x A) = -fc 2 A. 


1.11 Some Integral Identities 

(a) By direction substitution, 

J d 3 r F G = J d 3 r\7ip ■ G = J d 3 r [V • (<pG) - ipV ■ G] = JdSGip = 0. 

The last integral is zero with the stated conditions at infinity. 

(b) Following the example of part (a), 

J d 3 r F x G = J d 3 r V<p x G = J d 3 r [V x (G<p) - <^V x G] = J dS x G<^ = 0. 
The last integral is zero with the stated conditions at infinity. 

(c) The given vector is dj(PjG) = (V-P)G + (P-V)G. Integrate the given identity over 

a volume V to get 

j d 3 rd l (P J G) = J d 3 r (V • P)G + Jd 3 r(P-\7)G. 

V V V 

Therefore, 

J dS(h ■ P)G = J d 3 r (V • P)G + J d 3 r (P • V)G. 

S V V 

The choice G = r produces the desired identity because (P • V)r = P. 
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1.12 Unit Vector Practice 

From Chapter 1, 


r = x sin 9 cos <f> + y sin 9 sin tj) + z cos 9 x = r sin 9 cos (f>+ 0 cos 9 cos tf> 

9 = x cos 9 cos tf> + y cos 9 sin tj> — z sin 9 y = r sin 9 sin (f> + 9 cos 9 sin cj) 

cj) = —x sin tj) + y cos tf> z = r cos 9 — 9 sin 9. 

By direct calculation, 

dr 

— = x cos 9 cos (j) + y cos 9 sin tj) — z sin 9 = 9 
06 

dr 

— — = —x sin 9 sin d> + y sin 9 cos 6 = — sin 9d>. 
d<p 


— cj) sin <; 

+ </> COS ( 


d9 

dO 


= —x. sin 9 cos 4> — y sin 9 sin <f> — z cos 9 = —r 


dO 

dcj) 


= —x cos 9 sin (j> + y cos 9 cos (j) = cos Ocj) 


d A = 0 

d9 


dcf) 

—— = —x cos <b — y sin d> = — sin Or — cos 99. 
dtp 


1.13 Compute the Normal Vector 

By definition, 

„ V<F (x/a 2 )x + (y/b 2 )y + (z/c 2 )z 

|V$| ^(a; 2 /a 4 ) + (y 2 /& 4 ) + (^ 2 /c 4 ) 

When a = b = c, the foregoing reduces to 

„ xx + j/y + zz r 
n = — , = - = r. 

\/x 2 + y 2 + z 2 t 


1.14 A Variant of the Helmholtz Theorem I 

Following our proof of the Helmholtz theorem, 

<P( r ) = j d 3 r' ip{r')5(r-r') = -^~ J d 3 r' y(r')V 2 ^ — 

v v 



d 3 rV(r')V' 


1 


|r - r'| ‘ 


Using an elementary vector identity gives 



Chapter 1 


Mathematical Preliminaries 


/ dV { v 


, V’(r') VV(r') 


r — r r — r' 


On the other hand, for any scalar function %p, 


J d d rVV’ = J dS ip. 

V s 


Using this to transform the first term above gives the desired result, 

v(r) = - v 'i/ dV 


i fjjW.v.iUj *1 

47 t J |r — r' 

s 


r — r' 


Source: D.A. Woodside, Journal of Mathematical Physics 40, 4911 (1999). 


1.15 A Variant of the Helmholtz Theorem II 

From the textbook discussion of the Helmholtz theorem, 


Z(r) 



V' ■ Z(r') 
|r - r'| 


r v x 

47T 


V' x Z(r') 
|r - r'| 



/ d\’V ■ 

[ Z(r') 1 

- -^V x / d 3 r'V x 

\ Z(r') 1 

/ 

Jr-r'|. 

47T J 

Jr - r'| _ 


v v 


The first two integrals are zero because V • Z = 0 and V x Z = 0 in V. The divergence 
theorem transforms the third term into an integral over S. Chapter 1 of the text states a 
corollary of the divergence theorem that similarly transforms the fourth term into a surface 
integral. The final result is 


z « = jW 


• ds , n(r').Z(r') _ 1 Vx 
r — r' 47 t 


dS 


„ n(r') x Z(r') 


r — r' 


Knowledge of Z at every point of the surface S permits us to compute the required factors 
n(r') • Z(r') and n(r') x Z(r'). 


1.16 Densities of States 

This problem exploits the delta function identity 


<%(z)] 


^■WJP s,x - Xah 


where g(x n ) = 0, g'(x n ) ^ 0. 
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(a) Here, g(k x ) = E — k 2 = 0 when k x = ±\fE. Moreover, g'(k x ) = —2 k x . Therefore, 


gi(E) = / dk x — j= S(k x — Ve) + 5(k x + VE) 


1 

7 F 


2 Ve r 

— oo 

(b) It is simplest to switch to polar coordinates in two dimensions, so 

2 tt oo oo 

g 2 (E) = J d 2 kd(E-k 2 ) = J # f dkk5(E - k 2 ) = 2n J dk ^=5(k - VE) = n. 

0 0 0 

(c) It is simplest to switch to spherical coordinates in three dimensions and write 

OO OO 

g 3 (E) = J d 3 k6{E-k 2 ) = 4 tt J dk k 2 5{E- k 2 ) = j dk k 2 S{k - Ve) = 2ttVe. 


1.17 Dot and Cross Products 

(a) b, — bjTijTii T C/j n.j e^Cm b/ n m 


bjfijTii T e.j-f rn Tij bf n m 


— hjTljTli T (d/tbjm SimSje^jbenm 


= bjhjfii + hjbihj — hjbjhi 
= bihjhj = bi. 

(b) The given formula is b = b| + b^ where b| is a vector parallel to n and bj_ is a vector 

perpendicular to n. 

(c) 

(B x C)i = eijkBjCk/uj 2 

= £ijk€j£m£kstC£Q,mQ J S bt /bJ 


£kst\pk® j i Ciak\a s b t /uj . 


Therefore, 


w 2 (B x C) = c • (a x b)a — a • (a x c)c = c • (a x b)a. 


Hence, 


il = A’(BxC)= a(bX b)C ' (a x b) _ |a-(cxc)| 2 

w 3 w 3 w 3 


1 

LO 


10 



Chapter 1 


Mathematical Preliminaries 


1.18 S, : j and Tij 


(a) 


C'ijk ^ ^ijk^ij T .^-ijk S ij • 


Relabel the dummy indices in the second term to get 

e ijk£>ij = 2 C ijkSij + 2 e jikSji = ijk^ij — ^ijkSji = —£ ijk{Sij ~ Sji)- 


This will be zero if S tl = Sji. 


(b) We have yi = = Cik s bkU) s . Therefore, Tj,.; = eik s aj s - Notice that this representation 

requires that T t k = —T/~i . Now, multiply by ti vq and sum over i: 

^ipq-^ki CpqCks^s 


— OJs(bpkbqs bpsbqk ) 


^qbpk ^pfoqk- 

This is true for all values of p , q , and k. Choose p = k and sum over k: 

^ikqTki “ (dq&kk ^pbqk = 3&q (jJ q = ‘2uJ q . 


Therefore, 


Uq ~ 2 eikqTkl - 


This is not an unreasonable result because Tij = —Tji implies that T has only three 
independent components, just like u>: 


T = 


0 

UJl 

U)2 

-Wi 

0 

0J 3 

-0J2 

-w 3 

0 


1.19 Two Surface Integrals 

(a) A corollary of the divergence theorem is f dSip = f d 3 rVtp. Put if) = const, to get the 

s v 

desired result. 

(b) By the divergence theorem, 


Ja.r-JSrV.'-tJSr-iV. 

S V V 
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1.20 Electrostatic Dot and Cross Products 

Begin with 


ip = e ljk a j r k e ip tb p r t = ( S jp S k t - 5j t 5 pk )ajr k b p r t = (a • br 2 - (a • r)(b • r). 
Therefore, 

E} = 0j [t* s r s (a • b) ci m b p r m r p ] = 2r, (a • b) + a m b p (6*; rn r p -\- r m dj p J, 

or 

E = —2r(a • b) + a(b • r) + b(a • r). 

Now, V • r = 3 and 


V • [a(b • r)] = d k ([a k biri]) = a k biS ik = a b. 


Therefore, 


p = e 0 V • E = eo[—6(a • b) + 2(a • b) = — 4eo(a • b). 


1.21 A Decomposition Identity 


1 

2 


Cij&(A x D ^ k 


1 

2 

1 

2 

1 

2 

1 

2 


e, j t e k tm A? B m 


€kij €k£m A-H B m 


(SigSjm &im 5j()A(B 

m 


{A t Bj — AjBi). 


Therefore, 


1 

2 


£ijk(A. x B)*, + - (A, Bj + AjBi ) — AiBj. 


12 



Chapter 2 


The Maxwell Equations 


Chapter 2: The Maxwell Equations 


2.1 Measuring B 

The Lorentz force on the particle moving with velocity V\ is 

Fi = qv i x B. 


Taking the cross product with V\ gives 

v\ x Fi = qv i x (vi x B) = q [ui(ui • B) — Bu 2 ] 

Therefore, 


Similarly, 


B = - 


B = - 


«ixFi (ui • B)ui 


qvi 


V 2 x F 2 (v 2 ■ &)v 2 


qvl 


The dot product of iq with the preceding equation is 

vi ■ (v 2 x F 2 ) , (v 2 ■ B)(t> 2 • Vi) 


vi • B = —- 


qv l 


(1) 


The last term above vanishes if Ui _L v 2 and the result can be substituted into (1) to get 
an explicit formula for B: 

uj x Fi vi ■ (v 2 x F 2 ) 

J3 o o o ^1 • 


qvl 


9 9 

qv{v{ 


Source: J.R. Reitz and F.J. Milford, Foundations of Electromagnetic Theory (Addison- 
Wesley, Reading, MA, 1960). 


2.2 The Coulomb and Biot-Savart Laws 


1 r i 

(a) Use V(l/r) = —r/r 3 to write E(r) = — - J d 3 r' p(v')V -■ - y . Then, 

V x E(r) = -- 1 — I d 3 r'p(r')V x V—*— = 0. 

47re 0 J |r — r'| 


Similarly, because V 2 (l/r) = —At:6{y), 


V-E(r ) = d 3 r' p( r ')V 2 | r ^ r ,| = ^ J d 3 r' p(r'S(r - r') = p(r)/e 0 . 
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(b) Here we write 


PO I , ,s — 1 


B(r) = -S/ dVj(r,)xV |r-r' 


TO [ ^j3„/ ^7v j( r ') = ^ V x/4v j(r') 


, dV Vx , 

47r / r — r' 47r 


r — r 


This gives V • B(r) = 0 because V • V x f = 0 for any f. To compute the curl of B, 
let 

, r - r' R 

g(r — r ) = 


1 _r'| 3 R 3 ’ 


SO 


V x B(r) = /d'VV x [j(r') x g(r — r')] 

47 t J 

= -S/^^)-V]g + ^/,Vj(rOV.g. (1) 


Focus on the first integral. We know that [j(r') • V] g(r — r') = — [j(r') • V'] g(r — r'). 
Therefore, 

[j(r') • V'] g x (R) = V' • MR)j(r')] - ff ,(R)V' • j(r'). (2) 

The charge and current density are time-independent so the continuity equation reads 

Accordingly, the second term on the right-hand side of (2) vanishes. Therefore, using 
the divergence theorem, the ^-component of the first integral in (1) is 

~ j d 3 r’V • MR)j(r')] = ~^J dS’ ■ j(r / )fe(R) = 0. 

The integral is zero because j vanishes on the surface at infinity. The y- and z- 
components are zero similarly. Therefore, (1) becomes 

VxB = g/ dVj(r')[V-g], 


But 


v • g = V • = - V • V ^T, = = 4 ^(r - r')- 

r-r'H r - r' r - r' 


Therefore, 


V x B(r) = po J d 3 r' j(r')<5(r - r') = /u 0 j(r). 
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2.3 The Force between Current Loops 


(a) 



c i 


i~i ~r 2 

|ri - r 2 | 3 


dsi • V n 


c 2 


|ri - r 2 | 



d 1 
ds\ |ri - r 2 1 


f 9 \ri-v 2 \ 


= 0. 


(b) We use the identity ds\ x 



ri - r 2 \ 

In r 2 1 3 y 


ds 2 



i~i - r 2 

In - r 2 1 3 


—(dsi -ds 2 ) 


£i - r 2 
In - r 2 | 3 ' 


Substituting this equation into the given expression for Fi generates two terms. One 
of them is zero by part (a). What remains is 

Cl C 2 

This is the desired formula because the magnetic field at point r 2 produced by a 
current loop which carries a current I 2 is 


B 2 (n) 



c 2 


X 


O - r 2 

In - r 2 | 3 ’ 


2.4 Necessity of Displacement Current 

The divergence of the suggested equation is 

V • V x B = /.ip V • j + V • j D . 

The left side is identically zero so, using the continuity equation and V • E = p/eo, 

d d 

V • jo = -po V • j = Po = Mo£o 0^ V • E = V • 

Since /r 0 eo = c -2 , this equation is satisfied by the standard form of the displacement current, 

. _ IDE 

JD ~ y ~Bt‘ 


Ho e 0 


9E 

dt 


2.5 Prelude to Electromagnetic Angular Momentum 

The time-changing magnetic field induces an electric field in accordance with the integral 
form of Faraday’s law: 

j)ds-E=-^ J dSB. 

c s 

By symmetry, the electric field is azimuthal. Specifically, if we choose C to be a circle of 
radius r coaxial with the z-axis, 


15 



Chapter 2 


The Maxwell Equations 


_ 1 d<f> - 

E =- d>. 

2nr dt. 

The force qEi on the particle produces a torque around the z-axis so the mechanical angular 
momentum of the particle is 

dL _ o 

— = r x F =-z. 

dt 27r dt 


Therefore, as suggested, 



= 0. 


2.6 Time-Dependent Charges at Rest 


(a) The charge density is 


p(r,t) = ^2q k (t)6( r-r k ). 


dp 

We find the current density using the continuity equation, V • j + — =0. Specifically, 

dt 


dp 

dt 


= -r k ) = -V • j. 


Since V • V|r — r'| 1 = —47T(5(r — r'), a current density which does the job is 


r - r k 




(b) We begin with Gauss’ law: 


V-E = —5Z&(i)V-p— ^3 = “ 77 = — J^9k(t)^(r~r k ) = p( r)/e 0 . 

47ren ^ r — r'r 47ren ' r — r' e 0 ' 

k k k 


The curl of the electric field is 


V x E = - — 1 — W q k (t)V x V T —- = 0. 
47reoV r-r' 


Faraday’s law is V x E = —This will be satisfied if B(r,t) = B(r) is a time- 

independent vector field. Using this and c 2 = l//xo e o> the Ampere-Maxwell law looks 
like 


V x B = fi 0 j + 


1 <9E 

c 2 dt 


Mo . r r k 

47r qk | r _ r fc |3 


1 

47TC0 c 2 


J2<ik(t) 


r - r fc 


r — r 


713 


= 0. 
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We satisfy the equation above and also V • B = 0 if B is a constant vector everywhere 
in space. Given the initial conditions, we conclude that 

B(r, t) =0. 


(c) The current density j(r, t) in (b) shows that the changes in at each point r*, occur 
because a radial stream of charge flows in and out of each point to and from infinity 
as needed. 


2.7 Rotation of Free Fields in Vacuum 


(a) By assumption, 


Therefore, 


V • E = 0 
„ „ <9B 

VXE = ^ 


V • B = 0 

„ 1 3E 

V X ~~ c 2 dt' 


V ■ E' = (V ■ E) cos 9 + c(V • B) sin 6 = 0 
cV ■ B' = -(V • E) sin 9 + c(V • B) cos 9 = 0 


V x E' 


( V x E) cos 9 + c(V x B) sin 9 


dB 1 <9E . ^ 

- —- cos 9 + c-r sin 9 


dt 


dt 


d_ 

Ft 


Bcos0-Esin( 

c 


dB' 

~di~ 


<9B 1 9E 

cVxB' = — (V x E) sin 9 + c(V x B) cos 9 = —- sin 9 + c—r —- cos 9 

dt c l dt 

\ d 1 <9E ' 

= c ? -(cB s i„»+Ec«9) = c? —. 

(b) If E T B. the stated transformation simply rotates the two vectors by an angle 9 while 
retaining their perpendicularity. Therefore, E' and B' also describe a plane wave in 
vacuum. 


2.8 A Current Density Which Varies Linearly in Time 

Let z be the symmetry axis of the solenoid. The simplest guess for the exterior magnetic 
field is that the magnetostatic field does not change; namely, 


B(p > b,t) = 0. 

Now consider the integral form of the Ampere-Maxwell law: 
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J d£ • B — Polenc + ^2 ^ J dS -E. 

c s 

Symmetry suggests that B(r,i) = B(p,t)z and E(r,t) = E(p,t)4 >• Therefore, we choose a 
rectangular Amperian circuit C of the same kind used to solve the magnetostatic problem. 
One leg of length £ points along —z and lies outside the solenoid. The other leg points along 
+z, has length £, and lies at a radius p < b. The other two legs are aligned with p. In that 
case, the foregoing gives 


i j /* 

B z £= p 0 K 0 (t/T)£+ I dS • E. 

s 

If we guess that the electric field does not depend on time, a solution of this equation is 

B (p <b,t)= pqKq {t/r )z. 

This magnetic field satisfies V • B = 0 everywhere because the field lines end at infinity only. 
We turn next to Faraday’s law and choose a circular loop C lying in the x-y plane with 
radius p: 

J d£-E=-j t J dSB. 

C' S' 

Evaluating this for p < b and p > b gives 

{ ■^p 0 K 0 p(t> 

1 b 2 

— p 0 K 0 —4> 

2 t p 

This electric field satisfies V • E = 0 everywhere because the electric field lines close on 
themselves. 


P < b, 
p > b. 


2.9 A Charge Density Which Varies Linearly in Time 

There is no conflict because the origin of coordinates can be placed anywhere we please. 


2.10 Coulomb Repulsion in One Dimension 

Newton’s equation of motion for the released particle is 

q 2 1 

mx = - -^. 

47 reo x z 

If we let A = q 2 /Anconi, the equation of motion is 

.. A 
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To integrate this, we multiply by x to get 

A . d 

xx = —^x or — 

ar at 

Using the initial conditions, this integrates to 



Therefore, as x —» oo the speed approaches v = 



A 

x 

v / 2A/d. 


d 

dt 



2.11 Ampere-Maxwell Matching Conditions 

(a) The fields for this problem are 

B(r, t) = ©(z)Bi(r,f) + 0(-£)B 2 (r, t) 

E(r, t) = 0(z)Ei(r,t) + 0(-2)E 2 (r, f) 
j (r, t) = ©(^)ji(r,t) + G(-z)j 2 (r,t) + K(r s ,t)6(z). 

Then, 

V x B = 0 ( 2 ) V xBj-BiX V0(» + 0(-*)V x B 2 - B 2 x VO(-z) 


and 


<9E 

~dt 


e(z) 


5Ei(r ,t) 
dt 


©(-«) 


9E 2 (r,t) 

dt 


However, Bi, Ei, and ji satisfy the Ampere-Maxwell law, as do B 2 , E 2 , and j 2 . 
Therefore, the time derivative disappears when we write out this law using the previous 
two equations to get 


-Bi x V0(z) - B 2 x V0(-2) = noK6(z). 

This simplifies because V0(±z) = ±z<5(z). Using this information gives 

[Ba-BiM*) xx = I m j K8(z). 

If we use the square brackets to enforce the delta function evaluation of Bi and B 2 
infinitesimally near to (but on opposite sides of) 2 = 0 , we get the matching condition, 

z x [Bi - B 2 ] = /zoK. 

(b) We can apply this result to an arbitrary point r 5 on a non-flat interface because the 
fields involved in the matching condition are evaluated infinitesimally close to r$ ■ From 
that distance, the interface looks flat and the result proved in part (a) is applicable. 
Using our usual convention that n 2 is the outward normal from region 2, the matching 
condition of part (a) generalizes to 

n 2 x [Bi - B 2 ] = ^oK(rs). 
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2.12 A Variation of Gauss’ Law 

(a) Because V x E = 0 , we can still define a scalar potential E = — Vip. Substituting this 
into the Podolsky-Gauss equation gives 

eo (Va 2 V 2 )V 2 #) = -q$( r). 

Integrating this over a small spherical volume of radius R centered on the origin gives 

—q = eo J d 3 r V • { \7ip — a 2 VV 2 ^} = eo j dS ■ {— a 2 VV 2 <^} . 

By symmetry, we may assume that y>(r) = ip{r). Therefore, writing out the gradient 
and Laplacian operators and doing the integral over r = R gives 


, ) d V Z - 

“9 = 4tt e 0 R 1. — - a — 


dR 


dR 


1 d 


R 2 dR 






cLR 


or 


1 d 


47T£o R 


= T~a~ — — R~— . 


R 2 dR 


dip 


dR 


Using the suggested ansatz, ip{r) = qu(r)/A ttcoR, simplifies this equation to 


2 d 2u 

i -rw =u — 1. 
dC 


Since u(r) cannot diverge at infinity, this integrates immediately to u(r) = 1 + 
f?exp(— r/a). Therefore, 


ip{r) = ——— {1 + Bexp(-ar)} . 

47reor 

The entire point of this exercise was to eliminate the divergence of the field at the 
origin. The corresponding divergence of the potential disappears only if B = —1. 
Therefore, we conclude that 


so 


<P(r) = 


Aneor 


{1 -exp(-r/a)} 


E 0) = = ^2 I 1 “ ( 1 + r/a ) exp(-r/a)]. 


(b) The parameter a has dimensions of length so, by analogy with meson theory, we 
may regard it as the de Broglie wavelength of a particle which mediates the modified 
Coulomb interaction. 


Source: B. Podolsky, Physical Review 62, 68 (1942). 
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2.13 If the Photon Had Mass ... 



(a) The equation to be solved is V 2 p = tp/L 2 because p = 0 between the shells. By 
spherical symmetry, 

}^d_( 2 dp\ = 

r 2 dr \ dr ) L 2 

The substitution <p = u/r simplifies this equation to d 2 u/dr 2 = u/L 2 , which is solved 
by real exponentials. Therefore, 


<p(r) 


ae r/L + be~ r ' L 


This has the proposed form. The constants are determined by the boundary conditions 
tp{r\) = ip(2) = $. After a bit of algebra, we find 


J ?~2 sinh[(r — r{)/L\ n sinh[(r 2 — r)/L] 1 
\ r sinh[(r 2 —r\)/L\ r sinh[(r 2 — r\)/L\ J 


If A = (r 2 — r\)/L , the associated electric field E = — X/ip is 


d>f 


sinh[(r — r{)/L\ cosh[(r — r\)/L} 

sinh A [' z 

r 2 rL 


+ n 

sinh [(?'2 —r)/L\ cosh[(r 2 — r)/L\ 
r 2 + rL 

} 


(b) The generalized Poisson equation can be written in the form 


Integration over a volume V bounded by a surface S and using the divergence theorem 
gives the generalized Gauss’ law: 

J dS .E=^--l J d 3 r <p(r). 

s v 
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We will apply this to a Gaussian sphere of radius r\. Using the field from part (a), 

1 coth A f 2 


E(ri) = d> 


n 


L 


r\ L 


rCSchA 


r. 


Moreover, the potential takes the constant value d> in and on the inner sphere. There¬ 
fore, 


Q = 47t e 0 r 2 d> 


1 coth A T 2 


r i L r\L 
(c) The limit L —> oo corresponds to A —> 0 so we use 


cschA 


47TC0 ■>,, 

3 L 2 1 


cschA 


1 A 
A “ ¥ 


, . 1 A 

cothA " A + y 


This gives 




47rei 


0 3 


3 L 2 


d> = 


27re 0 rid> 



2.14 A Variation of Coulomb’s Law 

By symmetry, it is sufficient to find the potential at a point on the 2 -axis at a distance r 
from the center of the sphere. 



The distance between the observation point and a typical point on the surface of the sphere 
is yjr 1 + R 2 — 2 rR cos 9. The charge contributed by a element of surface is dQ = aR 2 dtt. 
Therefore, by superposition, 


2tt 1 

v{T) = J d4, J + osev+w 

0 -1 

The integral we need to do is elementary: 


l 


j dx 2 1 

1 

1 

/ (a + bx)( 1+ v)/ 2 1 — r) b 

.(a+ &)fo- 1 )/ 2 

(a-fe)G- 1 )/ 2 . 


-l 
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Therefore, we find immediately that 


(p(r) 


_Q _1_1_ 

47 reg 1 — i] 2 Rr 




| r-i?! 1 -"}. 


When rj —> 0, this reduces to Q/47reor when r > R and Q/Ane^R when r < R. 
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Chapter 3: Electrostatics 

3.1 Charged Particle Refraction 

(a) Let pi and P 2 be the linear momentum of the particle in the two regions. There is no 

impulsive force on the particle in the direction parallel to the interface. Therefore, the 
component of linear momentum along the interface is conserved: 

pi sin 9\ = p 2 sin 0 2 . (1) 

Otherwise, we have conservation of energy in the form 

Combining these two equations identifies (1) as “Snell’s law” and the magnitude of 
the particle momentum as the “index of refraction” where 

p k = sjlm(E - qV k ), k = 1,2. 

(b) The electrostatic potential is continuous through an interface endowed with a simple 
charge distribution a. A dipole layer oriented perpendicular to the interface is needed 
to produce a jump in potential like that envisioned for this problem. 


3.2 Symmetric and Traceless 


(a) The field in question must satisfy V • E = 0 and V x E = 0. The first condition gives 

0 = Ok Ek — Djkdkrj = DjkSkj — l O.i,- = 0 . 

The second condition gives 

0 — ^isk^s^Ok — eiskDjkV s rj — Ciskdjk5 s j — t-ijkDjk — CijkDjk~\-Ckj Dfcj — C^jk (Ejk 

(b) We must have Ef. = —dk<p. Therefore, 


— A C m r m ^D sm r s r m . 


3.3 Practice Superposing Fields 

(a) Let R be the radius of a shell centered at the origin with uniform charge/area cr = 
Q/AttR 2 . Consider first E(xx) when x > R so every ring is a perpendicular distance 
x — R cos 9 > 0 from the evaluation point and contributes a charge increment dq = 
a2nR 2 sin 9d9 . 
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Then, by symmetry, E(xx) = E(x)x where 


E{x) 


a2nR 2 f (x — R cos 9) sin 9 

47re 0 J (R 2 + x 2 — 2i?x cos 0) 3 / 2 
o 


— aR 2 e 0 
—ctR 2 eo 


d 

dx 

d_ 

dx 


7T 



sin 9 

x 2 — 2 Rx cos 9 


x 2 — 2 Rx cos 9 


o 


—aR? eo 


d_ 

dx 


x + R 
Rx 


x — R 
Rx 


Q 

47t e 0 x 2 


The x-direction is not special. Therefore, by symmetry, we conclude that 


E(r) 


Q r 

47reo r 2 


Now consider points on the positive x-axis where x < R and let cos/3 = x/R as 
indicated in the figure below. 



The contribution to the field from rings that lie to the left of x (/? < 9 < w) is the 
same as in the previous calculation. The contribution to the field from the rings that 
lie to the right of x (0 < 9 < (3) point in the — x (rather than +x) direction. But the 
distance from these rings to the evaluation point is R cos 9 — x (rather than x — R cos 9) 
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so the two minus signs cancel one another. The calculation is thus identical to the one 
above except that we now choose R — x = \J[x — R ) 2 to get 


E(x) 


crR 2 d 
2 eg dx 


x + R R — x 

aR 2 d 

'2' 

Rx Rx 

2 eg dx 

R 


By symmetry, The field is then zero everywhere within the shell. 


(b) Let R be the radius of the spherical volume centered at the origin with uniform charge 
per unit volume p = Q/(4 ttR 3 /3). As above, the field is E(x)x if we choose an 
evaluation point on the x-axis. If x > 7?, each disk with surface charge density 
da = pR sin Odd lies a distance x — Rcos6 > 0 from the observation point. By 
superposition, 


E(x) = 


pR 

2eo 

pR 

2eo 

pR 

2eo 

pR 

2eo 


dd sin 6 


1 - 


x — R cos 6 


VR 2 + x 2 — 2xrcosd J 

7r 

2—f / dd sin 9\J R? + x 2 — 2 xr cos 9 
dx J 


2 - 


1 

dx 1 3 xR 


( R 2 + x 2 — 2xr cos d) 3 ^ 2 


oJ 


^ d f (x + R) 3 — (x — R) 3 ^ 1 


dx 


3 xR 


Q 


47T£oX 2 

As before, symmetry guarantees that 


E(r) = 


Q r 

47reo r 2 


When x < R , the contributions to the field from the disk to the left and right of 
the evaluation point change sign as in part (a). The distance factor x — R cos d in 
the first line of the calculation above changes sign too, so the second term in the 
integral above stays the same save for writing (R — x) 3 = [(x — R) 2 ] 3 ^. However, the 
first integral above (from the “1” in the original square brackets) must be performed 
explicitly with a change of sign for contributions from angles less than or greater than 
= cos~ 1 (x/R). Specifically, 


E(x) 


pR 

2eo 


irdd sin d 


P 


J dd sin# 

o 


d f (x + R) 3 - (x - R) 3 
dx \ 3 xR 


pR 2x 4 x 
2 eg R 3 R 


pR 

d~ x 

3eo 
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3.5 Gauss’ Law Practice 

We use Gauss’ law in integral form. 


(a) Write p(x) = po exp(— k\x\) in Cartesian coordinates. Like the charge density, the 
electric field must be translationally invariant along y and z. This implies that E = 
ScE(x) where E(—x) = —E(x). Then, for a rectangular Gaussian box which extends 
from s = —x to s = +x with an area A perpendicular to the £-axis: 


dS ■ E = 2 E{x)A = —A 
• e 0 


dse 


KC 0 


}• 


Therefore, 


E = x-^-sgn(a:) 
ne 0 


1 — e~‘ 



{x > 0) 


(b) Write p(s) = po exp (—ks) in cylindrical coordinates (s, </>, z ). By symmetry, E = pE(s ), 
so we use a Gaussian cylinder of length L and radius p. This gives 
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dS ■ E = 2npLE = 2tt^ [" ds se~ KS = -2 tt^^~ [' dse~ KS . 

eo J o £o a« J o 


Hence, 


F - 
hj p 

6q p an 


1 1 

-e - 

ft ft 


= p-A- [1 - e~ K ? - npe- K P] 

Cq K"/9 


(c) Write p(r) = po exp(— nr) in spherical coordinates (r, $,</>). By symmetry, E = rE(r), 
so we use a Gaussian sphere of radius r. This gives 


j 2 r r 


dS • E = 47rr 2 E(?’) = 47 t— / dss 2 e~ KS = —— I dse~ KS . 

£o Jo £ o dn l J o 


Hence, 


E(r) = r 


Po 

eg r 2 dn 


11 T 

_ r ~tzr _ _fD~ Kr 

o 9 ^ ^ 

tv Z tv Z tv 


= r^*{l-e-« r [1 + Kr + Wr 2 ]}. 
eo n A r 1 


Source: P.C. Clemmow, An Introduction to Electromagnetic Theory (University Press, Cam¬ 
bridge, 1973). 


3.6 General Electrostatic Torque 

Let E' be the field produced by p'. Then, the torque on p is 


N = J d 3 r r x p(r)E'(r) = — J d 3 r r x p(r)Vtp / (r). 


Therefore, 


N„ = -e Um ji‘r r, „ W = „„„ / AA( W ). 

Since 

Nk = Ckim [ d 3 r<p' re d m p= e k e m 


f A 3 / 1 p'(r') 


47ren r — r 


-r e d m p{ r). 


Integrating by parts gives 


N k = - 


1 


47re 0 


£«m J d 3 r J d 3 r' p p' d„ 


re 


r — r' 


so 


N k = -^^eu m J dir I d 3 r' pp 


m 


re{r m - r' m ) 


But r x r = 0, so 


1 


r — r' 


N k = tum I d 6 r I d 3 r' pp' 

47re 0 J 


r — r 


■'|3 


re r„ 


r f 13 


This is the advertised formula. Notice that the torque on p' due to p is N' = — N, as it 
must be because their sum must be zero for an isolated system. 

Source: P.C. Clemmow, An Introduction to Electromagnetic Theory (University Press, Cam¬ 
bridge, 1973). 
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3.7 Field Lines for a Non-Uniformly Charged Disk 


z 



The field lines above are drawn so that (1) the lines far from the disk resemble those of a 
positive point charge; (2) field lines very near the disk (but away from the rim) resemble the 
field lines near an infinite sheet of negative charge; and (3) the field lines very near the rim 
resemble the field lines near an infinitely long positive charge line. When these things are 
done, there are inevitably points in space where the field lines must cross. This is allowed 
if E = 0 at those isolated points. 

Source: C.L. Pekeris and K. Frankowski, Physical Review A 36, 5118 (1987). 


3.8 The Electric Field of a Charged Slab and a Charged Sheet 

(a) By symmetry, the electric field is along x. For the sheet of charge at x = 0, we use a 
pillbox-shaped Gaussian surface centered at x = 0. This gives 

E s (ar) = sgn(a:)^-x. 

zeo 
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For the slab of charge between x = 0 and x = b, we use a pillbox-shaped Gaussian 
surface centered at x = 1/2. This gives E& = E b x where 


-p 0 b/ 2 e 0 x < 0, 


E b (x) = < p 0 {x-b/2)/e 0 0 < x < b, 


pob/ 2 eo x > b. 


Therefore, the total field is E = E s + Ef, = E x where 


E(x) = { 


~Oo + Pob)/ 2 e 0 
(cr 0 + 2 pox - p 0 b)/ 2 e 0 
(cr 0 + Pob)/ 2 e 0 


x < 0, 

0 < x < b, 
x > b. 


(b) If we write p s {x) = <jq5{x) and p b {x) = Pq9{x) — po9(x — b), the force per unit area 
acting on p{x) is directed in the x-direction with magnitude 


OO OO OO OO 

/= J dxp s (x)E s (x) + J dxp s (x)E b (x) + J dxp b {x)E s (x) + J dxp b E b . 


or 

OO OO 

/ = J dxa 0 S(x) Sgn(a;)^+ J dxa 0 5(x) 

— OO —OO 

b b 

+ J dxp 0 sgn(a;)^-+ J dxp 0 p 0 (x - b/x)/e 0 . 

0 0 

The integrand of the first integral contains an electric held which is discontinuous at 
the surface of integration. Our prescription for this situation is to use the average 
value of the held, which is zero in this case. Therefore, the hrst integral is zero. The 
three terms which remain are 


= p 0 a 0 b Po gp b Po/^_^\ =n 

1 2e + 2e 0 e 0 V 2 2 J 

Source: E.M. Purcell, Electricity and Magnetism (McGraw-Hill, New York, 1965). 


3.9 The Electric Flux Through a Plane 

By superposition, it is sufficient to consider a single point charge q in the z < 0 half-space. 
Pass a plane through q which is parallel to the plane z = 0. By the radial symmetry of E 
for a point charge, half the held lines pass through the plane z = 0. Therefore, half the total 
electric hux q/eo passes through 2 = 0. 


30 



Chapter 3 


Electrostatics 


3.10 Two Electrostatic Theorems 

(a) Our task is to produce </j( 0) from the volume integration part of Green’s identity. 
This will happen if we choose f = <p and g = r _1 because V 2 / = \/' 2 p = p/e o = 0 
throughout the volume and V 2 (l/r) = — 47n5(r). Specifically, one side of Green’s 
identity becomes 

J d 3 r(fV 2 g - g\7 2 f) = -4tt J d 3 rip(r)6(r) = -4^(0). (1) 

v v 

As for the other side of Green’s identity, let the sphere have radius R. Then, 

JdS-(fVg-gVf) = j dS ■ =- j dS ■ <p^ + ^ JdS-E. 

s 

The last integral is zero by Gauss’ law because there is no charge enclosed by S. Hence, 

J dS ■ (fVg -gVf) = -^j dSp. ( 2 ) 

s 

Setting (1) equal to (2) gives the desired result, 

^ (0) = 47tR2 / dSip=(ip) s . 
s 


(b) Shrink the sphere down to an arbitrarily small size. The average (<p)s cannot be greater 
than the largest value of ip on the sphere, nor can it be less than the smallest value of 
ip on the sphere. Therefore, the largest and smallest values of tp lie on the surface of 
a sphere which encloses zero charge. This is Earnshaw’s theorem. 


3.11 Potential, Field, and Energy of a Charged Disk 

(a) Refer to the figure below. The contribution to the potential on the z-axis is the same 
for every bit of charge dq = apdpdcj) on the annular ring at radius p. Therefore we 
need to integrate over <j> and sum over rings to get the total potential. This gives 
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<p(z) 


2 7T R 



dp 


p 

vV + z 2 


<7 

2eo 


Vr 2 + z 2 



(b) Refer to the figure below. We will find the potential at the point on the rim labeled 
O, which we choose as the origin of a polar coordinate system. From the geometry of 
a circle, the maximum value of r is 21? cos 0. By symmetry, the upper half-disk and 
lower half-disk contribute equally. Therefore, at O, 



v{o) 


2 cr 
47re 0 


?r/2 2Rcos6 



0 0 


a 

27T60 


7T / 2 


d62Rcos 6 


crR 
ne 0 ' 


(c) From part (a), the potential at the center of the disk (z = 0) is crR/2eo. This is 
greater than tp(O) when a > 0. Electric field lines point in the direction of decreasing 
potential everywhere. Therefore, by rotational symmetry, the field line pattern must 
be as shown below. 



(d) Ue is the energy of assembly. At an intermediate stage, the disk has radius r. At the 
rim, where the potential is crr/ireo , we add an annulus of charge with radius r and 
thickness dr. This costs a potential energy dqip(r) = (a2nrdr)(ar/ ttcq) = 2a 2 r 2 dr /eo. 
Therefore, we get Ue by integrating over r from zero to R. Hence, 


Ue 



o 


2a 2 R 3 
3e 0 


Source: O.D. Jefimenko, Electricity and Magnetism (Appleton-Century-Crofts, New 
York, 1966). 
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3.12 A Charged Spherical Shell with a Hole 

(a) By symmetry, the field at P (black dot in diagram below) points in the r direction 
indicated. From the geometry, s = 2f?sin(0/2) and a = 7t/2 — 9/2. Therefore, the 
contribution to the radial field from the charge dq in an annular ring of radius R sin 9 
whose points lie a distance s from P is 

1 dq 1 dq . , „ , . 1 dq 

dE r = -Ifcosa = ---s-—— cos(7t/2 — 9/2) = - . . 

47re 0 s 2 47re 0 4i? 2 sin 2 (9/2) 47re 0 4f? 2 sm(0/2) 

But dq = adA = a (2nR sin 9) (RdO). Therefore, if 9 0 is the angle where the hole ends, 
the magnitude of the radial electric field at P is 

7T 

E(P) = f dE r = [ cos(9/2)d9 = ^[1 - sin(6> 0 /2)]. 

J 4e 0 J 2e 0 

^0 



(b) The shell is essentially complete when 9q 1. In that case, Gauss’ law gives the field 
inside the shell as zero and the field outside the shell as E = r Q/AneoR 2 = ra/eo. 
The field exactly on the shell is the average of these two. 

Source: E.M. Purcell, Electricity and Magnetism , 2nd edition (McGraw-Hill, New 
York, 1985). 


3.13 A Uniformly Charged Cube 

Take one corner of the cube as the origin. The charge density p is a constant, so the potential 
at the corner farthest from the origin is 

s s s 

Pi (s) = dx dy dz - . ^ 

J J J 47re 0 Jx 2 +y 2 + z 2 

0 0 0 

Similarly, the potential at the corner of the cube with side length s/2 rather than s is 
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s/2 s/2 s/2 

ipi(s/2) = dx dy dz - . 

' 1 J J J 47re 0 x 1 + y 2 + z 1 
0 0 0 v 

However, changing integration variables to x' = 2x, y' = 2y, and z' — 2 z transforms the 
last integral to 


¥>i (s/2) 



dz' - 


47T60 


1 

4 


^l(s)- 


Therefore, using superposition as suggested, 


<Po(s) = 8^i (s/2) = 2ipi(s). 

Source: E.M. Purcell, Electricity and Magnetism, 2nd edition (McGraw-Hill, New York, 
1985). 


3.14 A Variation on Coulomb’s Law 


(a) If the potential of a point charge at the origin is 
potential at point r as 


--7—, superposition gives the 

47reo r i+e 


27r 7r 



On the other hand, s 2 = r 2 + R 2 — 2rRcosd, so sds = rRsinddd. Therefore, 


V{r) 


R = + r 

crR 2 2n f sds 
47reo rR J s 1+f 

R—r 


crR 1 
2eor 1 — e 


[(R + r) 1_f 


( R~r ) 1 - e ]- 


Since a = Q/AnR 2 , the Coulomb limit of e = 0 gives the usual result that the potential 
is constant everywhere inside the sphere: 


V(r) 


crR 

£o 


Q 

Ane 0 R 


V(R). 
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(b) In the fCl limit, we use s 1 e w s(l — elns) to get 

V(r) ~ 1 I" 2r + e(R — r) ln(i? — r) — e(R + r ) ln(i? + r) 
V(R) ~ 2r [ 1 — e In 21? 


Consistency to first order in e requires that we use (1 — e In 2R) 1 « 1 + e In 2R. Hence, 
as the statement of the problem suggests, 


V(r) 

V(R) 




R — r 


R + r 


+ In 


4f? 2 ' 

R 2 -r 2 


3.15 Practice with Electrostatic Energy 


(a) A straightforward application of Gauss’ law for this situation gives E = E(r)r where 


f 0 


E(r) = { 


Q(r) 

47reor 2 

Q 

l 47reor 2 


and 


a < r < R, 


r > R, 


Q(r) = 


r 3 — a 3 


Q. 


R 3 — a 3 

In terms of the variable x = a/R, the electrostatic total energy is 




1 


(. R 3 - a 3 ) 2 


dr 


(r 3 - a 3 ) 2 


dr 


1 Q 2 

47reo 2 R 


1 + 


1 - 5x 3 + 9x 5 - 5x 6 
5(1-a: 3 ) 2 


1 3 Q 2 

The x = 0 limit gives Ue = -yyr which is the total energy of a uniform ball of 


charge. 


47reo 5 R 


The x = 1 limit requires two applications of l’Hospital’s rule. We find 
is the energy of a hollow shell. 


1 Q 2 

47reo 2 R' 


which 
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(b) Straightforward differentiation shows that dUs/dx = 0 at x = 0. However, we have 
just seen that Ue{x = 0) > Ue{x < 1). Therefore, x = 0 must be the maximum of 
Ue- A quick sketch shows that the true minimum occurs outside the physical range 
of x. We conclude that the lowest energy results when all the charge resides on the 
sphere surface (x = 1). This is the situation for a perfect conductor. 



Source: L. Brito and M. Fiolhais, European Journal of Physics 23, 427 (2002). 


3.16 Interaction Energy of Spheres 


(a) The total charge and potential have contributions from each sphere, so p = pi + p 2 
and ip = ipi + ip 2 - Substituting into the integral given in the problem statement, the 
interaction part of the energy is 


J d 3 rp 2 { r)^i(r). 

By symmetry, the two contributions must be equal. Therefore, if S 2 is the surface of 
sphere 2, 


Ve = \ J d 3 rp i(r)y> 2 (r) + ^ 


•Jr 2 +d 2 - 2Rd cosf? 



S 2 0 -1 

The last equality is a consequence of 


l 


-l 


dx 

y/i —2 xy + y 2 


2 

y' 


(c) By Gauss’ law, a uniformly charged spherical shell of arbitrary radius R has the same 
potential (outside of itself) as a point charge at the center of the shell. Together with 
Ve = J d 3 r pi(r)(/? 2 (r), this implies that Ve between a uniformly charged spherical 
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shell (1) of radius Ri and another shell (2) of radius i ?2 equals the interaction energy 
between the spherical shell (1) and a point charge equivalent to (2). This means that 
Ve is independent of i? 2 - By symmetry, Ve must be independent of R\ also. Since 
Ri = i ?2 = Ri we conclude that Ve is independent of R. 


3.17 Electrostatic Interaction Energy 


(a) The total charge and potential have contributions from each sphere, so p = p\ + p -2 and 
(p = ifii + ■ Substituting into the given integral generates the interaction energy as 

Ve = \J d 3 r pi (r)<^ 2 (r) + 

By symmetry, the two contributions must be equal. Therefore, if S 2 is the surface of 
sphere 2, we use the definite integral 



1 


-1 


dx 

V 1 - 2 xy + y 2 


2 

V 


to get 


\Ir 2 +d 2 - 2Rd cos0 



S 2 0 -1 


(b) By Gauss’ law, the field of each sphere outside itself is the same as the field of a 
point charge. Therefore, we get the interaction energy between two point charges, 
independent of the sphere radius R. 


3.18 Ionization Energy of a Model Hydrogen Atom 

The total charge density of the atom is p(r) = p+(r) + p_(r) where p + ( r) = |e|<5(r) . The 
ionization energy / is the negative of the total energy required to assemble the atom from 
its constituent parts. If we ignore the self-energy of the nucleus, this is the negative of the 
interaction energy of the nucleus with the electron and the self-energy of the electron: 


1 = -- 


47re n 


d A r / d 


3 ,P-(r)P+(r') 1 f , 3 


r - r' 


J d 3 r ip-(r)p_ (r). 


In this expression, </?-(r) is the potential produced by p_(r). The first term is 
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/, = -J-fd’rfj . / />- <r K(r' ) 


47re n 


1 


|r - r'| 

Ji r 00 


/*oo 

/ dr exp(—2r/a) = 

Jo 


47re 0 J |r| 7re 0 a^ 

To find the second term, we begin with Gauss’ law. This gives 

E(r) = E(r) r = r<3 , (r)/47re 0 r 2 , 

where 


27reoa 


/»r ii i /»r 

< 7 (r) = 47 t / dss 2 p-(s) = / dssexp(—2s/a) = |e| exp(—2r/a) [1 + 2r/a] 

Jo a " Jo 


Then, 


¥>- (r) = 


r 

— J dsE(s) 

OO 

J r as s 47reor 47reo J r 


1 

47TC0 

gp) _ 

47reor 2neoa 


s ds 47T£o r £q 


exp(—2r/a) = ———{exp(—2r/a) — 1} . 
47reor 


Therefore, 


/ 2 


The final result is 


as required. 


J rf 3 ^-WP-(r) 

e 2 f Z 100 

wu drexp( - 4r/a) 


87T£oa 



dr exp(—2r/a) 


/ = P + h 


3 e 2 

8 7T£oa 


dssp-(s) 
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3.19 Two Spherical Charge Distributions 


The force exerted by distribution 1 on the other is F = —'S/Ve- This force can be calculated 
by integrating the electric stress tensor over any surface in vacuum which encloses one 
distribution but not the other. According to Gauss’ law, E on such a surface is identical 
to the electric field produced by two point charges at the centers of the distributions with 
charges Q\ and Q 2 . Therefore, the force and potential energy are the same as well. 


3.20 Two Electric Field Formulae 

(a) 


E(r) = -V-!- [d 3 r 

47re 0 J |r — r' 


~ [ d 3 r'V 

47re 0 J 


1 


r — r 


[ d 3 r'S7 '-—-—— 
47re 0 J |r — r'| 


P r ds' 

47ren ./ Ir — r' 


(b) For a general p{ r'), 

E(r) = -V 


47re n 


d 3 


j P(*') 
Ir — r' 


4 k I d3r ' 


r — r' 


—( d 3 r' p{y')V -— 1 — 
47re 0 J |r — r'| 


47T60 


d 3 r'V 


r P( r') 1 

1 / 

[jr-r'lJ 

47re 0 J 


r — r 


1 


47Te 0 


r — r' 


The first integral in the penultimate line above vanishes because the charge distribution 
is localized and thus vanishes at infinity. 


Source: O.D. Jefimenko, Electricity and Magnetism (Appleton-Century-Crofts, New York, 
1966). 
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3.21 The Potential of a Charged Line Segment 



We need to evaluate the integral 

. A /' ds' 

^ r 47re 0 J |r - r'| ’ 

p 

However, the point P corresponds to s' = c-a/a and the point P' corresponds to s' = h a./a. 
Moreover, 

|r — r'| = d = \/ s' 2 + h 2 sin 2 a = \Js' 2 + |b x a| 2 /a 2 . 

Therefore, 


ba V |b x a | 2 

a J a 2 

c • a\ 2 lb x a| 2 
a J cr 


Source: H.A. Haus and J.R. Melcher, Electromagnetic Fields and Energy (Prentice Hall, 
Englewood Cliffs, NJ, 1989) 


b-a/a 


v{e) = J 

c-a/a 


ds' 


\/s ' 2 + |b x a| 2 /a 2 47reo 


In 


b • a 


+ 


a 


c ■ a 

a 


3.22 A Variation on Coulomb’s Law 


(a) By translational symmetry, ip(r) = <p(z) and we can choose any observation distance 2 
we wish. The calculation mimics the usual one done with an inverse-square potential; 
namely, we superpose the contribution from concentric annular rings with charge dq = 
2npdpa: 
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Every point on each annulus lies a distance s = \Jp 1 + z 1 from the observation point 
on the 2 -axis. Therefore, 


<p(z) = 



a 

27re 0 


oo 


+ 2 2 ) 


2en 


dssf(s). 


(b) The electric field follows immediately because we are taking a derivative with respect 
to the upper limit of integration: 


Z 

E = -V^( 2 )=z^ Jdssf(s) = i£-zf(z). 

OO 


3.23 A Non-Uniform Charge Distribution on a Surface 

(a) 


OO OO 

Q = J dSa(p) = 27 t J dppa(p) = —qd j dp 


(p 2 + s 2 ) 3 / : 


= qd 


V? 


= -q- 


(b) We add up the contribution from annular rings with charge dQ = 2-Kcr(p)pdp. All 
points z = zz lie a distance \Jz 2 + p 1 from points p = pp on an annulus of radius p. 
Therefore, 


41 















Chapter 3 


Electrostatics 


<p(z) = 


1 


47re 0 

—qd 


dS 


dp 


a 


(. P ) 


z-p| 

1 


47re 0 J ' (p 2 + s 2 ) 3 / 2 {z 2 + p 2 ) 1 / 2 


qd 1 d 


dp- 


47re 0 s ds J (p 2 + s 2 ) 1 / 2 (z 2 + p 2 ) 1 / 2 

o 


q{d/s) d 


dp 


47reo ds J i/p 4 + p 2 (s 2 + 2 2 ) + s 2 2 2 


q{d/s) 1 d j" du 

Attcq 2 ds J ^Ju 2 + u(s 2 + 2 2 ) + s 2 2 2 


q(d/s) 1 d 
47ren 2 ds L 


In |2 \/m 2 + u(s 2 + 2 2 ) + s 2 2 2 + 2u + s 2 + 2 2 j 


g(d/s) 1 d 

■ —-- — In 

47reo 2 ds 


{ 2 \/ 


S 2 + 2 2 + S + Z' 


'} 


g^£) 1 d + 2 

47reo 2 ds 

1 q(d/s) 


47re 0 s + 2 ; 


The last line is indeed the electrostatic potential produced by a point charge Q = 
—qd/s on the axis at 2 = —s. 

Source: E.J. Konopinski, Electromagnetic Fields and Relativistic Particles (McGraw-Hill, 
New York, 1981). 


3.24 The Energy outside a Charged Volume 

Since p(r) = 0 outside V, we can write the total energy as 


Ue 


\ J d 3 r p(r)<p(r) = ^ J d 3 rp( r)tp(r) 


| J d 3 r <p(r)V • E. 
v 


An integration by parts gives 

Ue = j J d 3 r\7 • [E</>] + y J d 3 r E • E. 

v v 


We rewrite the first term above using the divergence theorem to get 


U E 


j /dS-E^+f J d 3 r E • E. 

s v 
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Finally, using Gauss’ law and the constancy of <p on S, 

Ue = \Qy o + | J d 3 r EE. 
v 

The second term in this expression is the total energy contained inside S. Therefore, the 
first term must be the total energy contained outside S. 

Source: A.M. Portis, Electromagnetic Fields (Wiley, New York, 1978). 


3.25 Overcharging 

(a) We want the total energy of a spherical shell of radius R with charge Nq distributed uni¬ 
formly over its surface. The electric field is zero inside the sphere and E = N qr / Aecqu 2 
outside the sphere. The total energy of this configuration is, as suggested, 

0 OO 

TYT/W* AY. 

47re 0 J J Jr 2 87r e 0 R 

R 



(b) U in part (a) overestimates the energy because it puts bits of charge arbitrarily close to 
each other on the sphere’s surface. We must subtract from U the interaction energy of 
each micro-ion with the smeared-out charge within its immediate area 7ra 2 = AttR 2 /TV. 
The latter is the surface area of the macro-ion per micro-ion. There are TV micro-ions, 
so the correction term is 


A U 


-TV x 



47reo a 


q 2 1 
47re 0 i? 2 


TV 3 / 2 . 


(c) The electrostatic potential of the macro-ion at its own surface is — \Q\/AecqR. Therefore 
the interaction potential energy of the TV micro-ions adsorbed on the macro-ion surface 
is — q\Q\N/A ttcqR. Taking out a common pre-factor, we determine TV minimizing 


This gives 


which we rearrange to 


V = |(TV 2 - N 3/2 ) - |Q|TV. 


^ = |( 2 j v-|jv 1 7-m = o, 


,\Q\ , 9 


TV - [ 2— ] tv + — = 0. 

q 16 


Q 2 


The physical (TV > 0) solution of this quadratic equation is 



q 


9 

32 


9 

32 



Since TV > \Q\/q, the micro-ions do not simply neutralize the charge of the macro-ion, 
they overcharge the macro-ion. 
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Chapter 4: Electric Multipoles 

4.1 Dipole Moment Practice 

In both cases, the total charge of the system is zero. Therefore, the dipole moment is unique 
and independent of the choice of origin. We choose the natural center of each as the origin. 


(a) For a linear charge density A = X((f>) around a ring, the volume charge density is 

To check this, we let A = Q/2ttR and confirm that 


Z7T 7T OO 

J d 3 r p( r) = J J dOsinQ J drr 2 


6(9 - 7t/2) 6(r - R ) 
sin 9 r 


2ttRX = Q. 


Now, because r = z cos 9 + y sin 9 sin + x sin 9 cos (f> , the electric dipole moment of 
the ring is 


P 



p2i7T /»7T COO 

/ d(j> d9 sin 9 / drr 2 [ zr cos 9 + y r sin 9 sin <p + x.r sin 9 cos < 

Jo Jo Jo 


Aq cos cj) 


5(9 - tt/2) 5(r - R) 


sin 9 


Only the x integral is non-zero above. This result of the integration around the ring 
is 


p = jjAo R 2 k. 


(b) For a surface charge density a 


Hence, 


<j(9) on a spherical shell, the volume charge density is 
p(r) = a(9)5(r — R). 



2tt n ^ 

d(f> J d9 sin 9 J drr 2 [zrcos# + yrsin0sin<^ + xr sin 0 cos 0] [uo cos 95(r — I?)]. 
oo 0 


Only the z integral is non-zero. Its value gives p = ^nRja^i for the spherical shell. 
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4.2 Smolochowski’s Model of a Metal Surface 

(a) The form of n + (z) “smears out” the charge due to the positive nuclei but recognizes 
that there is a well-defined “last layer” of nuclei at z = 0. The form of n-(x) models 
the fact that the electron wave functions “spill out” into the vacuum beyond the last 
row of nuclei. 



(b) There is only a ^-component to the dipole moment p by symmetry. So, the dipole 
moment per unit area is 


Pz = 





n 

K 2 


(c) The total charge density is p(z) = n+(z) —n-(z) = — sgn( 2 i)|nexp(— k|z|) . It must be 
that E = E(z )z by symmetry. Therefore, because sgn(z) = d\z\/dz , Gauss’ law gives 


dE(z) p(z) 
dz eo 


n d\z\ 
2eo dz 


exp(— k|^|). 


This can be integrated by inspection to 


E(z) = ——— exp(— k|z|). 

ZeoK 

The integration constant is zero because only a charged sheet produces an electric field 
at infinity. The electric field is finite at 2 = 0 so the potential must be continuous 
there. Hence, if we let ^>(0) = 0, 


V(z) = - / dz'E(z') = / dz' exp(-K|z|) = —^sgn(;z) {exp(-/c|z|) - 1} . 

Jo 2e o« Jo 2e 0 K 2 



(d) This potential gives <^(oo) — p{— oo) = —h/n 2 e o = PzAo- The right side is the change in 
potential which occurs across a double layer. Rather than a sudden jump, the change 
is spread out over the entire length of the system. 
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(e) The total energy per unit area is 


Ue = 





4.3 The Charge Density of a Point Electric Dipole 

(a) Begin with two point charges arranged as shown below. 


+q/s 



The charge density of this system is 

p(r) = [<5(r - r 0 - sb) - S( r - r 0 )] . 

For the point electric dipole, we are interested in the limit as s —> 0. Therefore, we 
expand the argument of the delta function of the positive charge to get 

Pd (r) = lim - [£(r - r 0 ) - sb • V<5(r — r 0 ) H- 6(r - r 0 )]. 

s —>-0 S 

All the higher terms in the expansion are proportional to s, s 2 , etc. and thus go to 
zero in the limit. Therefore, with p = qb , we get the advertised result, 

Pd( r) = -p • V<5(r - r 0 ). 

(b) The suggested charged density is correct because the electrostatic potential it produces 
is 


<P(r) 


1 fd’r'BsEl 


47TC0 . 

P 


l r r' | 

3 , V'8(r' - r 0 ) 


47re 0 


4^ V ”/ d> 

P 

47TC0 

P 


, <5(r' -r 0 ) 


1 


47re 0 


I r r o I 

7 1 

l r — r o| 
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4.4 Stress Tensor Proof of No Self-Force 

Let S be any surface in vacuum which completely encloses the distribution p{ r) in question. 
The net force on p(v) is 


F = e 0 J dS 
s 


(n ■ E)E - -n(E ■ E) 


Nothing changes if we expand S all the way out to infinity. If p( r) has a net charge, the 
asymptotic electric field varies as 1/r 2 . Therefore, dSE 2 oc 1/r 2 as r —> oo and the surface 
integral is zero. We get the same result if p(r) does not have a net charge because the field 
goes to zero even faster as r —> oo. 


4.5 Point Charge Motion in an Electric Dipole Field 

The electrostatic potential and electric field of the dipole are 




pcos9 

47reor 2 


E = 


47reo r 3 


2 cos 9 r + sin 8 9 


The initial condition is v = 0 when r = R = \/Xq + and 8 = n/2. Therefore, conservation 
of energy guarantees that 


\mv 2 


qp cos 0 
47T£o R 2 


On the other hand, the motion will be circular if the radial force equals the centripetal 
acceleration, that is, if 


mv 2 ^ 2 qp cos 9 

— = ~q r = -__ r . 

This equation is identical to the energy conservation equation so the motion is indeed semi¬ 
circular. A moment’s reflection shows that the particle moves periodically back and forth 
along the arc shown below. 



Source: R.S. Jones, American Journal of Physics 63, 1042 (1995). 


4.6 The Energy to Assemble a Point Dipole 

We know that dW = ip(r)dq is the work required to move charge dq quasistatically from 
infinity to the point r. Therefore, the work required to bring charge dq to r and charge — dq 
to r + S is 

dW = <p{r)dq — r + S)dq. 
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We will take the limit <5 —> 0 presently so it is appropriate to perform a Taylor expansion 
to get 

dW = <p(r)dq — [</?(r) + 6 ■ \7ip(r)]dq = —Sq ■ Vip(r). 

From the figure, it is consistent to define dp = —Sdq in the limit when dq —> oo and S —> 0 
such that their product remains finite. Therefore, because E = — V<p, we get the desired 
result, 

dW = —E(r) • dp. 


Source: A.M. Portis, Electromagnetic Fields (Wiley, New York, 1978). 


4.7 Dipoles at the Vertices of Platonic Solids 

The electric field of a point dipole is 


E(r) 


1 

47re 0 


3n(n • p) — p 

|r- r 0 | 3 


47T 

ypd(r-r 0 ) 


where n = (r — ro)/|r — ro|. The delta function has no effect since we are interested in the 
field E(0) at the center of each polyhedron. Also, n = ro at this observation point. 

(a) The positions ro of the dipoles for the octahedron on the far left can be taken to be 
±ax, ±ay, and ±oz. Therefore, ro = a and n takes the values ±ax, ±ay, and ±az 
when we sum over dipoles. Hence, the total field at the origin is 

E(0) = [-6p + 3xp^ + 3(-x)(-p x ) + 3yp v + 3{-y)(-p y ) + 3zp~ + 3{-z)(-p z )) 

47re a 
= 0 . 


(b) The positions ro of the dipoles for the tetrahedron in the middle are a(x + y + z), 
a (—x — y + z), a (—x + y — z), and a(x — y — z). Therefore, ro = V3a and n takes 
the values (x + y + z)/a/3, (—x — y + z)/-\/3, (—x + y — z)/V3, and (x — y — z)-\/3. 
Hence, the total field at the origin is 


E(0) 


^~^~3 h 4 P+ (x + y + i)(p x +Py +Pz ) + (-X- y + z ){-Px - Py + Pz)} 

+ [(-x + y -z)(-Px +Pv - Pz) + (x - y - z ){p x -Py -p z )\ 

0 . 


(c) The eight dipoles at the corners of the cube are the superposition of two tetrahedra with 
dipoles at their corners rotated by 90° with respect to one another. From part (b), 
each tetrahedron contributes zero to the electric field at the center. Hence, E(0) = 0 
for this case also. 
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Source: A.M. Portis, Electromagnetic Fields (Wiley, New York, 1978). 


4.8 Two Coplanar Dipoles 

Choose a polar coordinate system with p || z. The field produced by p in this system is 


E = 


P 


47reor 3 


^2cos dr + sin OO^j . 



e 


At equilibrium, the potential energy V = — p 7 • E is a minimum. In the pictured coordinate 
system, 

p' = p' cos 6'r + p' sin O'6. 

Therefore, 

V = — (2 cos 0 cos 0' + sin 0 sin O'), 
and the minimum energy occurs at 

dV 


dO 

This gives the final result as 


—— = — (sin 0 cos 0' — 2 cos 0 sin O') = 0. 


tan0 = 2 tan 60 


4.9 Potential of a Double Layer 


(a) Begin with our fundamental formula for the potential due to a double layer: 

1 


v(t) = -ikJ dST(ts) 


l r - r sl 


Now dSr = dSrh = dSr. Therefore, working out the gradient, 




dS- V T 


1 


|r-r s 


r(rs) = i/ 


dS ' r—^i3 r ( rs )- 
l r — r s r 


On the other hand, the solid angle is defined as 

fi(r) = / dQ = [ dS 


rs ~ r 


\rs ~ r 


13 ■ 


s s 

Combining the preceding equations completes the demonstration. 
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(b) Let r^r#) be a point infinitesimally close to the surface point rg in region L(R). The 
surface appears to have infinite extent when viewed at very close range, so 

VR(rs) - = -~r—r(r s ) - fl L ] = 

47re 0 e 0 

The square brackets contribute 47 t because O i = 2n and Qr = — 2n are the solid 
angles subtended at r i and r# by an infinite plane. 


4.10 A Spherical Double Layer 

The outward normal to the sphere is r. Therefore, using the divergence, the potential at 
any point in space due to a surface dipole density r = rr is 


<P(r) = - 


1 ^ dS'r • V T—— 


47T6n 


r — r 


T ^ dS'v • V T—— 


47re 0 


T ^dS' • V -.—— 


47T£| 


T ^dVV'-V—— 


47T£n 


r — r' 


f dVV 2 ,—— 

47T6q ' It * — T * /| 


r — r 


47rer 


jd^Siv-v'). 


Because r is the observation point and V is the volume enclosed by the spherical shell, the 
last integral above gives 


(p(r) = 


-r/eo r < R, 


0 


r > R. 


Notice that the matching condition is satisfied: 

(p(r > R) — ip(r < R) = t/cq. 


4.11 The Distant Potential of Two Charged Rings 

In cylindrical coordinates (s, <f>, z ), the charge density of the inner ring is 

p(s, 0, z) = ^-S(s - a)S(z). 
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Since x = s cos <j>, the x-component of the electric dipole moment vector is 


27T oo 


27T 


oo 


oo 


Px — j d(f> j dssxp= J d(j)cos(j) J dssS(s — a) j dz5(z) = 0. 


oo o o —oo 

The y-component vanishes similarly because y = s sin qb. The ^-component vanishes because 
of the factor <S(;z). Hence, p = 0. 


The components of the primitive Cartesian quadrupole tensor are 


Qij 


1 

2 


2n 


dcj) / dss 


dznrjp(s). 


All the off-diagonal elements are zero because of the (/^integration. The diagonal elements 
are 


Q - Q - 9°L. 

^cxx — ^yy — a 
o7T 


Qzz = o. 


We conclude that the distant electric field of this ring is 


Va( r) 


Q Qij Srtrj - r 2 Sij _ Q Qa 2 x 2 + y 2 - 2 z 2 

47reo r 47T6q r 5 47reor 87reo r 5 


The potential of the outer ring is similar except with opposite charge. The monopole 
terms cancel and the quadrupole terms add. Therefore, the asymptotic potential is a pure 
quadrupole: 

Q(a 2 - b 2 ) x 2 + y 2 — 2 z 1 
v{r) = —^-?—■ 


4.12 The Potential Far from Two Neutral Disks 

Each disk has no charge and no dipole moment. The latter is true because the charge density 
depends only on the radial distance from the disk center. Therefore, with respect to its own 
symmetry axis , each disk produces a quadrupole potential 


<P = 


1 Q 

47reo r 3 


Pn(cosd) 


1 Q 

47reo r 3 


(3 cos 2 0 — 1), 


where Q is a quadrupole moment, 6 is the polar angle from its symmetry axis, and r = 
\/x 2 + y 2 + z 2 . We now restrict ourselves to the x-y plane, where r — s, and write 9 for the 
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polar angle for the horizontal disk and O' for the polar angle of the tipped disk. This gives 
the total potential, 


P tot (x,y) = — 1 — % [3(cos 2 0 + cos 2 O') - 2] . 

47TC0 S 6 

This formula will have the desired form (independent of all angles) if cos 2 0 + cos 2 O' = 1, 
which will be true if O' = 6 + n/2. Hence, a = 7r/2. 


Source: J.A. Greenwood, British Journal of Applied Physics 17, 1621 (1966). 


4.13 Interaction Energy of Adsorbed Molecules 


(a) The interaction energy between a point dipole pi at ri and a point dipole P 2 at r 2 is 


U\2 = 


47re 0 


Pi • P 2 - 3(pi • n)(p 2 • n) 


T1 ~ r 2 


where n is a unit vector that points from iq to r 2 . The total energy per dipole is 


Ut 


1 Ip 2 

47reo 2 a 3 


(unn + 


Unnn \ 

2V2 ) 


where Unn comes from the four nearest neighbors at a distance a, Unnn comes 
from the four next-nearest neighbors at a distance '/2a, and the factor | corrects for 
double-counting in the total. By direct evaluation, we get 


Unn = 2 {cos2a — 3cos 2 a} + {cos(7r — 2a) — 3cos 2 (| + a)} 

+ {cos(7r — 2a) — 3 cos 2 (| — a)} 

= —6 

Unnn = -4 - 6 {cos(| - a) cos(^ + a) + cos(f + a) cos( 5 f - a)} = 2, 


so 


Ut 


f g I M 
47re 0 2 a 3 V 2i/2 / 


1 P 2 f 1 
87re 0 a 3 \ a/2 


as required. The energy is independent of the angle a! 


Source: V.M. Rozenbaum and V.M. Ogenko, Soviet Physics Solid State 26, 877 (1984). 


(b) A point charge representation of each N 2 molecule is H— +. A qualitative argument to 
find the preferred orientation focuses on maximizing the Coulomb attraction between 
molecules on the four nearest-neighbor sites. This suggests that the most favorable 
arrangement is the following. 
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Source: L. Mederos, E. Chacon, and P. Tarazona, Physical Review B 42, 8571 (1990). 


4.14 Practice with Cartesian Multipole Moments 

(a) The total charge Q = 0. There is no dipole moment because the charge is distributed 
symmetrically about the origin. The components of the quadrupole moment tensor 
are 



Since 


p(x,y) = qS(z) {<5(a: — a)6(y — a) + S(x + a)5(y + a)} 

— qS(z) {5(ir — a)S(y + a) + 5{x — a)8{y + a)} , 
all four terms contribute equally to both Q xy and Q yx . In detail, 


Q = 2 qa 2 


0 10 
10 0 
0 0 0 


(b) The total charge is q = 2X£. The dipole moment is zero because the charge is symmet¬ 
rical around the origin. All Qij = 0 except 

t 

Qzz = \xj dzz 2 = l\£ 3 . 

-i 
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(c) The charge density is p(x,y,z ) = X5(z)S(r — R) in cylindrical coordinates. The total 
charge is q = 2 ttRX trivially. The dipole moment is zero because the charge is symmet¬ 
rically distributed. The charge lies entirely in the x-y plane so Q xz = Q yz = Q zz = 0. 
This leaves only 

r+oo 

Qxy = / dOsinOcosO / drr 3 S(r — R) = 0 

Jo Jo 

p2TV nOO 

Qxx = Qyy = | A / dd cos 2 9 / drr 3 S(r — R) = \XrtR 3 . 

Jo Jo 


4.15 The Many Faces of a Quadrupole 


(a) The components of the primitive electric quadrupole moment tensor are 


Qij 



Since 


p(x,y) = qS(z) {<5(a: — a)S(y — a) + S(x + a)5(y + a)} 

— qS(z) {(5(x — a)d(y + a) + S(x — a)S(y + a)} , 


all four terms contribute equally to both Q xy and Q yx . Therefore, 


Q = 2 qa 2 


0 10 
10 0 
0 0 0 


The potential produced by this quadrupole is 


V?(r) 


:’»/•, rj - SijT 2 

— r 5 


12 qa 2 


xy 

(. x 2 + y' 2 ) 5 / 2 


(b) The primitive quadrupole tensor is Q = 2 qa 2 (xy + yx). 

(c) Writing the Cartesian unit vectors in terms of the spherical polar unit vectors gives 

x = sin 9 cos 4>f + cos 9 cos 4>9 — sin (fxp 
y = sin 9 sin </>f + cos 9 sin <f>9 + cos (fxj) 
z = cos 9r — sin 99. 

Substituting these into part (b) and simplifying yields the nine matrix elements of Q 
in spherical polar coordinates: 

Q rr = 4 qa 2 sin 2 9 cos (f> sin <j> 
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Qgg = Aqa 2 cos 2 9 cos <f> sin (j) 

Qh = —4ga 2 sin 4> cos 4> 

Q r 0 = Qer = 4ga 2 sin 9 cos 9 sin <j) cos <j> 
Q r <t> = Q<pr = 2ga 2 sin 9( cos 2 (j> — sin 2 </>) 
Qe<l> = Q<t>$ = 2(?a 2 cos 0(cos 2 <j) — sin 2 (j>). 


(d) Since r = rf in spherical polar coordinates, all terms involving rg and will vanish. 
Thus 


<Pq(t) = Qi 


3 r i r 1 - Sur 2 


Qr 


2 r 2 


(e) Substituting the appropriate results from part (c) into part (d) gives 


<Pq (r) = Aqa 2 sin (j) cos (j >{2 sin 2 0 — cos 2 0 + 1 ) . 

Since x = r sin 9 cos </> and y = r sin 9 sin <f>, the electric potential is 

. . 9 X V 

w(r) = 12? “ + „»)»/» ■ 

the same as in part (a). 

(f) The definition of the components of the quadrupole tensor in part (a) is valid in Carte¬ 
sian coordinates only. 


Source: Prof. R. Grigoriev, Georgia Institute of Technology (private communication). 


4.16 Properties of a Point Electric Quadrupole 


(a) 


f,(r) = i /" 1 


, P(r') 1 


r — r' 47rer 


/ dV ld^ Q «W r '- r °) 


— I d 3 r'S(r' -r 0 )Q ij d' i d' j — i — = -'—Qijdidj [ dV<5(r'-r 0 ) 
Te 0 J J |r — r'| 47re 0 J 


47re 0 

1 


47re 0 "" ' |r - r 0 | 


r — r 


Qij dj 


This is a quadrupole potential so p( r) is correct as stated. 


(b) F = / d 3 rp( r)E(r) = Qij J d 3 rE(r)d i d :j 5(r - r 0 ) = Q ij d i d j E( r 0 ). 
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(c) The torque is r = f d 3 r r x p(r)E(r) so 

n = CijkQmt J d 3 rrjE k d m deS(r - r 0 ) 

= eijkQme J d 3 r5(r ~r 0 )d m de(rjE k ) 

— c ijkQmP J d v 6 ( r ro) {Sj(d m E k -T S m j Of E k -h rj 0 rn Of E k } 

— ^ijkQmj^mdtl k (jCi)') -T €ij k Qjgdj>E k (fo) t (f X F)^, 

where F is given by part (b). Finally, Q m j = Qj m so the total torque can be written 


as 


N = 2(Q-V) xE + r x F, 


where (Q • V)* = Q,yV r 


(d) V E = f d 3 r (p(r)p(r) = Qij J d 3 rS (r - r 0 )didj<p(r) = -Q ij d i E j ( r 0 ). 


4.17 Interaction Energy of Nitrogen Molecules 

The leading contribution to the interaction energy may be calculated by treating each 
molecule as a point quadrupole. The potential produced by molecule A is 

Mr) = y^v.v, 

The charge density associated with molecule B is 

M r ) = Q£ m VfcV m <S(r-r B ). 

Therefore, the interaction between the two is 

V E = J d 3 rp B (r)ip A (r) 

= QijQke Vj Vfc 


r A — r B\ 

^QtjQkm J d 3 r VfcV m 5(r — r B )V,-Vj 
^QtjQkm J d 3 rS( r-r B )V fc V m V i V j 
1 Q^Lvfv^vfvf 1 


1 


r - r A | 

1 

r — r A \ 


87re 0 


r B ~ r A 
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This shows that the interaction energy varies as R 5 where R = | ■ 


4.18 A Black Box of Charge 

Place a point charge at the center of the box. This gives an £ = 0 multipole and no others. 
Now take a point charge q and surround it by a spherical shell of uniformly distributed 
surface charge which integrates to —q. This point-plus-shell (PPS) object produces no 
electric field outside of itself. Therefore, placing any number of these PPS objects in the 
box away from the exact center produces a non-spherically symmetric charge distribution 
(with respect to the center of the box) with the desired property. 

Source: Prof. Scott Tremaine, Institute for Advanced Study (private communication). 


4.19 Foldy’s Formula 

(a) As indicated in the figure below, we choose an arbitrary origin O and locate the center 
of the neutron charge distribution at r. In that case, the electrostatic interaction 
energy is 

V E (r) = / d 3 s p N (s)ip(r + s). 



(b) When y?(r) varies slowly over the size of pn (s), a Taylor series expansion is appropriate: 


V?( r + s) 


<p(r) + s k d k tp{r) + -SjS k ip( r) H-. 


Substituting this above with pn(s) = Pn(s) gives 


V E {r) = 


d 3 s pn(s) 


<p(r) 


1 

+ 2 


J d 3 s SjSkPN (s) 


d 3 ss k p(s) 


djd k ip( r) 


s • V</?(r) 


The first bracketed integral is zero because the neutron has no charge. The second 
bracketed integral is zero because pw is spherically symmetric. For the same reason, 
only the j = k terms survive in the third bracketed integral. Hence, 




d 3 ss 2 k p N (s) 


Vl-^(r) = - 


d 3 s ~Pn(s) 


VV(r). 


The last equality follows because the spherical symmetry of pn{s) implies that the 
integrals with s 2 x , s 2 , and s? are all equal to 1/3 of the integral with s 2 = s 2 x + s 2 + s 2 z . 
Finally, Poisson’s equation for the electrostatic potential of the electron is 
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eoV 2 y> = -eS( r - r 0 ). 

Therefore, integrating Ve( r) over all of space gives the desired formula. 
Source: L.L. Foldy, Reviews of Modern Physics 30, 471 (1958). 


4.20 Practice with Spherical Multipoles 

(a) The volume charge density of the shell is 


p = cr 0 5(r - R) sin 9 cos <p = cr 0 y —d(r - R ) [Yi-i (&,</>) ~ Y ip{0,(j))\ ■ 

If B = ^/27t/ 3, the orthonormality of the spherical harmonics gives the exterior mul¬ 
tipole moments as 


A-H m — 


47T 

21 + 1 

47T(Jo 
21+ 1 


j d 3 rp(r)r%* m (e,f>) 

oo 

B j drr 2+e d(r — R) j dfl - F u (ft)} (ft) 


47rcr 0 „ 3 


-R -6(5^1 — dm.,1 } • 


(b) The potential outside the sphere is 

<p(r > R, 0, <f) = 


1 y~^ y~^ ^ Ye m (9, <f>) 

' -J ' v rp£-\~ 1 


47re b 

b £=0 m = — 

1 47T(T 0 i? 3 
47reo 3 r 

3e 0 r 
CTqR 3 x 


2 B {Yx t ^ 1 (9,<t>) — Y\p{6,(j))} 


2 sin 0 cos (j) 


(c) The charge density is real so p( r) = p*(r) and we can compute the interior spherical 
multipole moments from 


47T 

2£~+l 

47T(To 
2t + 1 


f* r r e+i Yim{,Q,<t>) 

OO 

B J drr^Sir-R) J dO {Y^Q) - ^(O)} Y e * m (Q) 


47TCTQ 


BSfp {d mj _i d mi i} . 
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(d) The potential inside the sphere is 


<f(r < R,9,<t>) 


OO i 

B lm r l Yl m [dA) 

0 1= 0 m=-e 

4^ rB {¥£_,. ( 9 , 0) - (0, 0)} 

——r sin 9 cos 4> 

3eo 

oo 

x. 

3eo 


(e) The potential is continuous at r = R as it should be. The tangential components of the 
electric field are similarly continuous at r = R. As for the normal component of the 
electric field, direct calculation shows that this matching condition is also satisfied: 


' dp < 

dp >" 


' a ° 

—2<jo R 3 " 

dr 

dr 

r = R 

3e 0 

3eor 3 


sin 9 cos <j> 


CTo 

e o 


sin 9 cos <j) 


eo 


(f) A general electric dipole potential is 


<P( r) 


1 p • r 

47T6q r 3 


Comparing this with results of (b) shows that the shell carries an electric dipole 
moment p = ^QRx where Q = 47rf? 2 (Jo is the total charge of the shell. 


4.21 Proof by Interior Multipole Expansion 

Choose the origin at the center of a charge-free spherical sub-volume. All the source charge 
must be outside the sphere so an interior multipole expansion for points inside the sphere is 

p(r, 0, ip) = --— Y B tmr l Y e * m (0, p) 

47re ° tr 


where 


Rim — 


47T 

2£ + 1 


J d 3 r^Y em (9,<t>). 


Using y 00 = 1/ = \J 47t and the orthonormality of the spherical harmonics, the desired 
average is 
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(<P)s = 


1 

47T 


dtt ip(R, fl) 



dnY 00 (n) 


1 

47re 0 


E 


B( m R e Yl m (0, ip) 


\[Yk 1 
47r 47reo 


-Boo- 


Rewriting this slightly gives the desired result: 


{<P) 


V47T 1 
47T 47T6q 


BoqYqoVYk = 


1 

47T60 


Boo ^oo 


^(0). 


4.22 The Potential outside a Charged Disk 

(a) The exterior moments are 


Atm = 2tTT / d3r 

Since Q = f d 3 rp{v) = 47ri? 2 o\ we must have p{r) = (a/r)S(cosO)Q(R — r) as the 
volume charge density of the disk. This gives 

4 _ _ 1 /* 27 T /*00 

= 21+1 J d ( cosS ) s ( cos0 ) J d(j>Y e * m (9,<l)) J drr e+1 Q(R-r). 

But 

1 / 2/ 4-1 

— I d4Yf m ( 9,= ^ cos 0) J mi0 

SO 




4tt crB f+2 

2f + 1 £+2 


27rP £ (0)5 mj0 . 


Substituting this into the exterior multipole expansion, 


<P(r) 


1 \ ' \ ' ■ Y( m (£l) 

47T6q lm r e+1 

u 0—(\ ™ — 0 


and using Y eo (d, (j>) = 


2t+l 

47T 


Pp (cos O') gives the desired result, 


■ 0 (r.«) = CL± (j 


47re ° r t^0 ^ r ' ^ + 2 


p e {o)p e (cose) 


r > R. 


(1) 
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(b) The potential on the 2 -axis of the disk is 


{7 + fi2 A 2 -i}- 


47T60 

q z 
27T60 R 2 


( 2 ) 


On the other hand, 

pt 

\fl + t 2 — 1=1 ds 

Jo 


VT 


= E^(°) L ^ +1 =E^2^(°) 


^=0 




and Pf(l) = 1. Therefore, (2) is indeed the same as the multipole expansion (1) 
evaluated at 6 = 0. 


4.23 Exterior Multipoles for Specified Potential on a Sphere 

(a) The general form of an exterior, spherical multipole expansion is given by 

Y em (Q) 


^( r ) = E E A(m 


r»^+ 1 


r > R, 


£—0 m — —£ 


where 


Atm 


4-7T 

2£+l 


J ppyty^wdy'. 


On the surface of the sphere, 


oo £ 


<p{R,n) = EE a 


£m ' 


£=0 m — —£ 
oo £ 


R l+l 


f ,p{R,Q!)Y? lm ,{tf)dtf = '£ E 4f£T [ Y tm {V)Yt, m ,{V)dQ.'. 

J 1 =0 m = -t ^ J 

The orthonormality of the spherical harmonics gives the expansion coefficients as 

At m = R e+1 J w{R,tt)Y?, m ,(tt)dtt. 

<p(r) = E E 7 ) <p{R, 

1 =0 m = -l ' ' J 


Thus 


r > R. 


(b) By examining figure (b), it is clear that we need the potential to change signs every time 
(j) is an integer multiple of 7r/2. Thus, m = ±2, which in turn implies that £ > 2. For 
the asymptotic form of the potential we need only keep the lowest value of t necessary. 
Examining figure (a), we can see that the potential must change signs every time 6 is 
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an integer multiple of tt/2 as well. It is clear that Y 22 oc sin 2 9 does not satisfy this 
requirement. However, Y 32 oc sin 2 9 cos 9 oc cos 9 — cos 3 9 does. Thus, the potential 
must be a linear combination of Y 3 - 1-2 and must equal ±V at r = R. That is, 


R 


¥>(r) = V — 2 W — (132+13-2) = V — sin 2 9 cos 9 cos 2 <f>, 


R 


4.24 A Hexagon of Point Charges 

(a) Choose the origin of coordinates r = 0 at the center of the hexagon. The charges q a 
(a = 1,... ,6) are positioned at r = r a . Using the geometry of a hexagon, we label the 
(x, y) position of each charge beginning with the topmost and proceeding clockwise: 

q -q q -q q -q 

(0,o) (x,a/2) (x, — a/2) (0, — a) (— x, — a/2) (— x, a/2) 

Then, by direct computation, 

Q = ^2<ia = q~q + q -q + q-q = 0- 

a 

The dipole component p z = 0 because z = 0 for all the charges. Otherwise, 
p x = q a x a = 0 — qx + qx + 0 — qx + qx = 0 

a 

p y = '^2 q a y a = qa — qa/2 — qa/2 + qa — qa/2 — qa/2 — 0. 

a 

The quadrupole matrix is symmetric and Q zz = Q xz = Q yz = 0 because z = 0 for all 
the charges. Otherwise, 

Q xy oc q a x a y a = 0 — qxa/2 — qxa/2 + 0 + qxa/2 + qxa/2 = 0 

a 

Qxx oc ^ q a x 2 a = 0 — qx 2 + qx 2 + 0 + qx 2 — qx 2 = 0 

a 

Qyy oc Y,q«y 2 a = qa 2 ~ qo 2 / 4 + qa2 / 4 _ q 0 ' 2 / 4 - qa 2 + qa 2 /4 - qa 2 /4 = 0. 

a 

However, the next (octupole) moment has non-zero components. An example is 
Oyyy oc (fax^ = qa 3 — qa ^/8 — qa 3 /8 + qa 3 — qa 3 /8 — qa 3 /8 = 3qa 3 /2. 
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(b) The potential of a monopole, dipole, and quadrupole vary as </? oc r , ^ oc r 2 , and 
ip oc Therefore, the next term in the expansion must behave as 

ip(r) oc r -4 . 


4.25 Analyze This Potential 

(a) The charge distribution must have (i) zero net charge; (ii) no dipole moment; and 
(iii) a quadrupole potential with only the single term Bx 2 /r 5 . Consider the traceless 
multipole expansion, 


<P(r) 


1 

47re 0 


Q 


P • r 

r 3 


. ©. T i r l 

r 5 


and focus on the quadrupole term. The desired term is Q xx x 2 /r 5 , so we must have 
0 IJ; ^ 0. However, the traceless condition is 


®xx 4 “ ®yy 4 “ ®zz 0 - 

Therefore, we must have Q yy ^ 0 or @ zz ^ 0 or both. In other words, quadrupole 
terms like y 2 /r 5 or z 2 /r 5 or both must also be present if x 2 /r 5 is present. We conclude 
that no charge distribution can produce the stated potential. 


(b) We can also use the primitive Cartesian multipole expansion, 


¥>(r) = 


1 


47re 0 


Q 


p r 


Qi 


3- r'S, 


We eliminate the terms with no factor of x 2 /r 5 by requiring that Q xy = Q xz = Q yz = 

0. The desired factor x 2 /r 5 appears in the remaining diagonal terms, 

1 Q xx (2x 2 - y 2 - z 2 ) + Q yy (2y 2 - x 2 - z 2 ) + Q zz (2z 2 - x 2 - y 2 ) 

^ quad “ 4^o r-5 

Rearranging this gives 

lx {2Qxx Qyy Qzz ) 4 “ y (2 Qyy Qzz Qxx ) 4 “ Z (2 Qzz Qxx Qyy ) 
V^quad — c • 

47reo r° 

We want to eliminate the y 2 /r 5 and z 2 /r 5 terms. This means that 


2Qyy QxX + Qz 


and 


2 Q 

zz Qyy Q 


The only solution to these equations in Q xx = Q yy = Q zz . However, this makes the 
coefficient of the ar/?’ 5 term zero also. Therefore, once again, we conclude that there 
is no charge distribution with a quadrupole potential of the form Bx 3 /r 5 . 

(c) If we permit charge to extend to any point in space, a charge distribution which produces 
the stated potential can always be found from the Poisson equation, 


P( r) = £oVV(r). 
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Chapter 5: Conductoring Matter 

5.1 A Conductor with a Cavity 

Earnshaw’s theorem applies to the cavity because it is free of charge. The potential on the 
conductor surface which defines the cavity is everywhere a constant because the potential 
is a constant at all points of a conductor. But Earnshaw’s theorem says that the potential 
has no local minimum or local maximum inside the cavity. The only possibility is that 
ip(v) = ipo at every point in the cavity. Therefore, E = 0 everywhere in the cavity. 


5.2 Two Spherical Capacitors 




(a) The electric field between the conductors is determined by Gauss’ law to be E = 
Qr/Aneor 2 . Therefore, 


Therefore, 


ip(a) - <p(b) 


ds • E = 


Q 

47T£o \a 



C = 


Q_ 

Atp 


47re 0 


ab 

b — a 


(b) We will assume (and then verify) that the presence of Q on the shell draws up a charge 
—Q' onto the ball from ground. This induces a charge Q' on the inner surface of the 
shell. This leaves a charge Q — Q' on the outer surfaces of the shell so the total charge 
of the shell is Q. Both shells contribute a constant to the potential at the surface of 
the ball. Since the latter is grounded, we get 


Q' 


a 


Q 

b 


= o. 


This shows that Q' ^ 0. Now, the potential infinitesimally outside the shell is 


<P(b) 


1 Q-Q' 
47reo b 


Q b — a 

47T6q b 2 


Moreover ip(a) = 0, so 



47re 0 


b 2 

b — a 
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Source: J.H. Jeans, The Mathematical Theory of Electricity and Magnetism (University 
Press, Cambridge, 1925). 


5.3 Concentric Cylindrical Shells 



We ignore fringe effects and treat the cylinders as infinitely long. The inner and outer 
cylinders share charge, but it is enough to focus on the charge per unit length X a which 
happens to reside on the inner cylinder. By Gauss’ law, the electric field between the inner 
and middle cylinders is E = X a p/2Tre 0 p. Therefore, 


<p(b) ~ <p(a) 



2ne 0 



Similarly, 

V?(c) -tp{b) = Xa 2 ^ b ln ^- 

But ip (a) — <p(c) so adding the previous two equations gives 

A fl In - = -A b In 

a b 

Therefore,the capacitance per unit length of this structure is 


C = 


Xh 


ip(b) - <p(a) 


Xt 2neo In (c/a) 

- 2 ^- In(6/a) In (6/a) ln(c/6)' 


Source: V.C.A. Ferraro, Electromagnetic Theory (Athlone Press, London, 1954). 


5.4 A Charged Sheet between Grounded Planes 

Neutralizing charge of opposite sign to a is brought up from ground but we don’t know how 
it is distributed between the two grounded planes. Put —a' on the z = d plane and the 
remainder on the z = —d plane. The figure below shows a representative field line for the 
uniform field produced by each of these three sources. Note that the sum of the fields from 
all three correctly gives zero when z < —d and when z > d. 
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(a) Let be the total field between z = — d and the charged sheet and let E r be the 
total field between the charged sheet and z = d. Clearly, 


1 fa' <j a — a' 


Er = 


to \ 2 2 2 

1 / er a' a — a' 


Er — . 

eo V 2 2 2 

By definition of the electrostatic potential, 


„ a — <7 „ 

z = -z 

eo 

a'. 

z = —z. 

eo 


Z 

/Q./ _ Q. 

dz ■ Ei = - (z + d) = —ip(z) 

eo 

—d 


and 


ip(z) — <p(d) = dz - Efl = —(d—z) = <p(z). 

J e 0 

Z 

Equating the two expressions for ip(z) gives 

z + d 


(a — <j')[z + d) = a\d — z) 


a = a- 


2 d 


(b) The force per unit area on the sheet of charge is 

f = \ct{E l + E fl ) = — (2a' - cr)z = ^z. 

2 eo 2 ed 

Source: P.C. Clemmow, An Introduction to Electromagnetic Theory (University Press, 
Cambridge, 1973). 


5.5 The Charge Distribution Induced on a Neutral Sphere 

(a) The total electrostatic energy is the sum of the self-energy of the sphere and the 
interaction energy between the sphere and the point charge. If r points from the 
sphere center to the position of q and r' points to the surface of the sphere, 


Ue = U\ + Us 


A- /bsyUT+d- 

47re 0 J |r — r'| 87re 0 


dS i 


dSo 


<r(ri)g(r 2 ) 
|ri -r 2 | 
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R N 


We have cr(r') = &ePe{cosd) with r' = (R, 6). Therefore, since R < r, 


m pi 

J -1 


Ui = -Y— ——— yYo’ef— ) / d(cos 9)P{(cos 9)P m (cos 9) 

47ren v z —' \ r ' 

(.,171 


q 2 ttR 2 ^ 2 „ (R 


47reo r 


^ a( 2l+l Sem ( r 


Therefore, 


1 ^ 2t + 1 r #+1 


eo 




To compute the self-energy, we have ry = r 2 = R so we use 


1 1 j 

= pE E WT^ Y (M((h^l)Y L M(0 2 ,fc) 


Iri — r21 R 2L + 1 

1 1 Z| L —0 M — — L 


and the self-energy is 


(1) 


U s = 


s~ f d ( cosd Y [ d(cos9o)P( (cos 9i)P(> (cos 02 ) 

»7reo 2T + 1 J_i J _i 

E f d ^ Y LM(°U<t>l) [ dhYLM^Al)- 

K m=-l J o J o 


However, 


and 


Therefore, 


1 r 2n /or i 

Jt d Y Y LM( 0 ,cj)) = \J ——— P l (cos 9 )S m ,o 

f 1 2 

J ^ dxP e (x)Pr(x) = 2l + 1 s er- 


Us = ^y. 


OO o 

07 


60 7^0 u + 1 


( 2 ) 
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(b) To find a(6), we minimize Ue{<Ji) with respect to each at. Adding (1) to (2) gives the 
total energy so 


dU E _ 1 y' 1 

f=n * J 


dot eo ^ 2£ + 1 

e =o 


This is solved by 


a t = -- 


4tt qR*+* 
R l 2l+l + ~P+ r 

(2£+l )qR t ~ 1 


= 0. 


47IT^ + l 

so the charge density induced on the sphere is 


OO / j-y \ t-\- 1 

<’W = -Cm'D‘ lt+ ')C) «(“»«)• 

e=o v ' 


Source: C. Donolato, American Journal of Physics 71, 1232 (2003). 


5.6 Charge Transfer between Conducting Spheres 


After connection, the balls have charges Q\ and Q — Q\. Since R is large, we assume that 
a point charge potential adequately describes the potential each contributes at the position 
of the other. Therefore, 


47re 0 ^i 


Q i Q — Qi 
r r + r 


47re 0 ^2 


Q i 
~R 


Q — Qi 

R 2 


The two balls are connected together, so tpi = tp 2 . This gives 


r i 

1 

11 

= Q 

r i 

n 



— — 

— 

Ur 

Ri 

r\ 

[R 2 

R J 


or 

_ Q(R-R 2 )R 1 

Wl {Ri+R 2 )R-2R 1 R 2 

This is correct, but does not yet take account of the fact that R R\,R 2 . For that purpose, 
we write 


Qi — 


QRi 
R\ + R 2 



/ 2 RiR 2 1 \ 

\ Ri + i?2 R ) 


QRi \( 1 _ RA A 2J?ii? 2 l\ 

+ f?2 \ 1? / \ R\ + i?2 -R / 


This gives the desired formula if we ignore the term of order Ri R 2 /R 2 . 

Source: V.C.A. Ferraro, Electromagnetic Theory (Athlone Press, London, 1954). 
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5.7 Concentric 

Before grounding, 


Spherical Shells 

the potentials of the innermost and outermost shells are 

1 e a + eb + e c 


<Po (c) = 


47re 0 


V 3 o( a ) = 


1 

47reo 1- a 


e, 

b c J 



When it is grounded, charge Q' flows from ground to the inner shell so that its total potential 
is zero, i.e., 


ip(a) = <po(a) 


Q' 

47reoa 


= 0. 


The charge added to the inner shell contributes to the potential at the position of the outer 
shell also. Therefore, 


¥>(c) - <A)(c) 


Q' 

47t e 0 c 



1 a [ea 
47re 0 c L a 



Source: V.C.A. Ferraro, Electromagnetic Theory (Athlone Press, London, 1952). 


5.8 Don’t Believe Everything You Read in Journals 

The electrostatic torque on any charge distribution is 


= J d 3 r {r x p(r)E(r)} . 


For the distribution cr(r 5 ) at the surface of a spherical surface S' of a conductor we must 
use the average of the interior and exterior electric fields. So, with respect to an origin at 
the center of the sphere, 


1 


J dS {r s x (j(r,s)E out (rs)} = J dS {r s x (T 2 (r s )n(r 5 )} = 0. 


s s 

We get zero because n = r^ for a sphere. 

Source: K. Hense, M. Tajmar, and K. Marhold, Journal of Physics A 37, 8747 (2004). 
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5.9 A Dipole in a Cavity 


(a) The surface density a must be chosen to cancel the electric field outside the cavity 
produced by the point dipole outside the cavity. This will certainly be true if, outside 
the cavity, the potential due to a is equal and opposite to the dipole potential produced 
by the dipole. If we choose z || p, the latter is 


<P P (r,9) 


1 p • r 

47reo r 3 


1 P 
47reo r 2 


cos 9. 


Now, we learned in Application 4.3 that a charge density a(0) = ao cos 9 on the surface 
of spherical shell of volume V = 4nR 3 /3 produces a potential 


{ vqz 
3e 0 

Vao co 
47reo r 


This shows that we will get the desired field cancellation outside the cavity if 


o-(rs) 


P • f 5 

V 


(b) The field produced by a inside the cavity is constant. This produces no force on a 
point dipole because the general expression for the force on a dipole is F = (p • V)E. 


5.10 Charge Induction by a Dipole 

Consider a conductor with charge Q and a volume charge distribution p{ r). Together, 
they produce a potential pc on the conductor and a potential y>(r) elsewhere in space. A 
comparison system is the same conductor with charge Q' and a volume charge distribution 
p'( r) which together produce a potential ip' c on the conductor and p'(r) otherwise. Green’s 
reciprocity states that 

QVc + J d 3 r p(r)p'(r) = Q'pc + j d 3 r p' (r)tp(r). 

For this problem, pc = 0 and we are told to choose p'( r) = 0. Therefore, 


Qp'c+ J d 3 rp{ r)v?'(r) = 0. (1) 

For our problem, p(r) = —p • V<5(r — ro) and p' c = Q'/AireoR with ip(r) = Q'/47reor for 
points outside the sphere. Substituting these into (1) gives 

d 3 r^-VS(r-r 0 ) = 0, 


or, after integrating by parts, 
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^ = - J d 3 rS(r - r 0 )p • = J d 3 r5( r - r 0 )^^. 

Therefore, 

Q = (P • ro)-2- 
r o 


5.11 Charge Induction by a Potential Patch 

Label the top plate as conductor 1, the bottom plate minus the finite square region as 
conductor 2, and the square region itself as conductor 3. We have tpi = ip% = 0 and ip 3 = V. 
Our task is to find Q = Q 2 + Q 2 ■ The reciprocity theorem reads 

Q'\ + WiQ!i + VzQ'z = f'lQ 1 + V 2 Q 2 + VzQ’ii 


v Q’z — V1Q1 + ’c'lQi + i p'iQ'i- 

We choose the primed, comparison system as a parallel-plate capacitor where Lp\ = 0 and 
^2 = ^3 = Tb In that case, the preceding equation reduces to 

VQ' 3 = <I>'Q. 

Q 2 +Q 2 , the definition of capacitance 


4Veg a 2 
d 


5.12 Charge Sharing among Three Metal Balls 

There are many solutions; here is one. Move the ball on the far right to + 00 . Bring the 
other two into contact and bring them (together) nearby to +Q. By electrostatic induction, 
the leftmost ball acquires a charge —q. By neutrality, the ball it touches acquires a charge 
+q. Now move the — q ball to the right nearly to + 00 . Then move the ball at 00 to the left 
and touch it to the —q ball. These two are nearly isolated. Therefore, by symmetry, each 
will have charge —qj 2 . 
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5.13 A Conducting Disk 


(a) The text gives the capacitance of a conducting disk is C = 8eo R- Using this and the 
charge density computed in the text, we can write the latter in the form 


<Kp) 


2e 0 U 1 

7T \J R? - p 2 ' 


Since every ring with area 2irpdp lies a distance sjz 1 + p 2 from a point z on the axis, 
and both sides of the disk contribute to the potential, 

R R' 2 

2 2e 0 U [ 2irpdp 1 _ 2V1 f dx _ 2V R 

^ 47TC0 7T J \JR 2 — p 1 Z 2 + P 2 77 2 J y/(R2 — x)(z 2 + X ) 7r \z\ 

(b) We treat the point charge as a tiny sphere. When the disk has charge Q and potential 
V, the sphere has charge q = 0 and potential v = <p{d) from part (a). The comparison 
has the disk grounded (V r = 0) with a charge Q' we wish to determine. The tiny 
sphere has charge q' = qo and potential v'. The reciprocity theorem tells us that 

QV' + qv' = Q'V + qv 


or 

Q ■ 0 + 0 • v' = Q'V + qoip(z). 


Therefore, 


Q 


2go 

7T 


tan 


R 

~d‘ 


Source: V.C.A. Ferraro, Electromagnetic Theory (Athlone Press, London, 1954). 


5.14 The Capacitance of Spheres 


(a) The self-capacitance of a sphere is C = where R is the sphere radius. The radius 

of the Earth is R — 6.4 x 10 6 m and e 0 = 8.85 x 1CU 12 F/m. Therefore, 

C « 7 x 10" 4 F. 


The self-energy of a sphere is Q 2 /2C. Therefore, the energy difference between a 
neutral sphere and a sphere with charge e is 



(1.6 x ur 19 C) 2 
2 x 7 x 10~ 4 F 


= 1.8 x 1(T 35 J 


1CT 16 eV. 


(b) For the nanometer-sized sphere, 


C = 4tt x 8.85 x lO" 12 F/m x 10 x 10" 9 m « 10" 18 F 



(1.6 x 10 -19 C) 2 
2 x lO" 18 F 


0.1 eV. 
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(c) If the sphere separation is large compared to their radii, 
a point charge. Therefore, 


each sphere feels the other as 


so 


and 


Qa Qb 

AireQRA 47reo R 

Qb Qa 

47reoI?B 47reo-R’ 



47re 0 


R~A 1 

R- 1 

R- 1 

R~b 1 


R~P 

-R- 1 ' 

R 2 Ra Rb 

^ 471-60 

RRa 

—Ra Rb 

-R- 1 

Ra . 

R? — RaRb 

R 

—RaRb 

Rb R 


(d) The diagonal elements Caa and Cbb approach the self-capacitances Ca and Cb in 
this limit. 


5.15 Practice with Green’s Reciprocity 

(a) We have g* = C, j cpj and q) = C l:) ip>j because the same set of conductors is involved. 
Therefore, 

N N N N N N 

E«& = EE Qj (pj (pi — EE Cj i (pi <pj — 'y ' qj (fj . 

i—1 i=l j=l i — 1 j — 1 j = 1 

(b) This is a direct application of the theorem. We get 

q 1 ■ cj) +q ■ 0 + q ■ 0 = q ■(/)' +q 0 ■(/)' + q 0 <t>' 

SO 

q' = (q + 2q 0 )^-. 

<P 


(c) By symmetry, the potentials are ((/>", </>o, (j>o) when the charges are (g", 0,0). We apply 
the reciprocity theorem twice, first using (0,0,0) with (q,qo,qo). This gives 

0"g + 20o go = H"- 

Now use the result of part (b) where we have (0', 0', 0') with (g', g', g'). This gives 

(0" + 20o )q = q"(j> ■ 

We now have two equations for the two unknowns, 0 W and 0o. Eliminating 0" yields 
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4'W - H/q) ; q,q" 

2q'(l~q 0 /q) (g 0 -g)(g + 2g 0 ) 


Substituting back gives 


(go + g)g" 


(go -g)(g + 2g 0 ) 


5.16 Maxwell Was Not Always Right 

(a) Maxwell discusses four objects: (A) a non-conducting square; (B) a non-conducting 

rectangle; (C) a conducting rectangle; and (D) a conducting square. It is meaningful 
to discuss the electrostatic energy Ue for each of them. Capacitance is a meaningful 
concept for the two conductors, where Ue = Q 2 /2C . Maxwell argues that Ue{B ) < 
Ue{A) and also that Ue(C ) < Ue{B). This shows hat Ue{C) < Ue{A). He doesn’t say 
so explicitly, but his line of argument also implies that Ue{D) < Ue(A). Unfortunately, 
all these facts do not allow you to conclude that Ue{C ) < Ue(D). The latter is needed 
to conclude that C iec t > C sq . 

(b) It costs an energy SUe = ( Q/C)5Q to add charge to a conductor. This number is bigger 

for a square than for a rectangle because, by the geometry, the added charge is closer 
to all the other charge on the square than for the rectangle. Hence, SUe{D) > SUe{C ) 
Or CV ec t > C s q. 


5.17 Two-Dimensional Electron Gas Capacitor 

The electric field in the upper gap is E\ = tri/eo directed downward. The electric held 
in the lower gap is E -2 = 02 Ao directed upward. Since the electrostatic energy density is 
ue = |eoE • E, the total energy per unit area of the system is 

u = TjCo (d — L) | Ei | 2 + ^€qL\E 2 | 2 + uq. 


Since 02 is the independent variable, the minimum energy requirement is 


0 = 



nh 2 (a 1 + er 2 ) 
2 me 2 



La 2 

eo 


nh 2 

me 2 


(cti + <J 2 ). 


This gives 02 = — o\ 
limit is Ti —» 0, so 


C 2 

C'2 + Cq 


as required, with C '2 = —and Co 

1j 


Ame 2 

irh 2 


. The classical 


Co —> 00 and cr 2 —> 0. 

This is the answer when the two-dimensional sheet is replaced by a perfect conductor, an 
example when the energy/area of the “sheet” Uq —> 0. 


Source: S. Luryi, Applied Physics Letters 52, 501 (1988). 
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5.18 Two Pyramidal Conductors 

(a) For a general two-conductor system, the symmetry of the Py implies that 

Ue = ^ \Qi p n + 2Q1Q2-P12 + Q2P22] ■ 

The charge transfer implies that 5 Q 1 = SQ and 8Q2 = —SQ. Therefore, 

SUe = — [2QiSQPn + 2Q2SQP12 — 2Q18QP12 — 2Q28QP22] ■ 

But Q 1 = Q2 so SUe = Q8Q{Pu — Pi2)- We conclude that SU < 0 requires P22 > P\i- 


(b) The P matrix is the inverse of the symmetric capacitance matrix C. Therefore, 

( C \ 1 C12 \ ( P[ 1 P\ 2 \ / 1 0 \ 

\ C12 C22 / \ P12 P22 ) \ 0 1 J 

This gives CnPi2 + C 12 P 2 2 = 0 

C12-P11 + C22P12 = 0. 

Eliminating P12 from these two gives 

P22 C22 _ 1 

pTiC^- ' 

Therefore, since P22 > P11 by assumption, we must have C22 < Cn- 

(c) When the two pyramids are widely separated, C\\ and C22 are the self-capacitances 

of the bodies, which scale with their linear size. Therefore, pyramid 1 is larger than 
pyramid 2 . This makes sense, since the charge can spread out when we transfer charge 
from a smaller conductor to a larger conductor. 


5.19 Capacitance Matrix Practice 

Let A, B, and C denote the regions to the left, above, and below the grounded plate, 
respectively. If up is positive, the electric fields in the three regions are 


E a = 


Pi - Pi 


E b = — 


Pi 

b-y 


and 


E C = ^. 

y 


The charge per unit area on any plate is cr = eoE • n. Therefore, the charges on the upper 
and lower plates are 

pi ~P2, f , . Pi , 

Q 1 = — e 0 d - ; - d(a - x) + eoi- xa 

b b-y 


Q 2 = Co d- 

Therefore, the capacitance matrix is 


, '-d(a — x) + eo 7- xd. 

b b-y 
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C = e 0 d 


x a — x 


b-y b 
a — x 


a — x 
b~ 

a — x x 

- T - 1 " 

<> y 


5.20 Bounds on Parallel-Plate Capacitance 

(a) We write out the right-hand side of the proposed identity: 

J d 3 r\SE\ 2 + 2 j d 3 rE 0 • < 5 E = J d 3 r|E - E 0 | 2 + 2J d 3 r E 0 • (E - E 0 ) 


d 3 r |E| 2 + / d 3 r |E n | 2 — 2 / d 3 rE-E n 


v v 

r 

1 3 „ 


-2 / d A r E 0 • (E-E 0 ) 


v 


d 3 r |E| 2 — / (i 3 r |E„| 2 . 


(b) If A is the potential difference between the plates, the exact capacitance is defined in 
terms of the total energy Up/- 

c =f? = ^/‘ iV|E|! - 

Since the integrand is positive definite we can restrict the integral to the volume V 
between the finite plates to get 

c > Zf dV|E|2 - 


On the other hand, by the definition of Eo, 

eo 


C n = ^ / d 3 r |E 0 1 2 . 


Therefore, we need only prove that the right-hand side of the identity in part (a) is 
not negative. The first term is manifestly positive. The second term is zero. To see 
this, we write it in the form 

J d 3 rX 7 <po-X 75 <p = J d 3 r V • (SipVipo) ~ J d 3 r dipS/ 2 ^. 


The last term on the right is zero because V 2 t/?o =0 in V. Gauss’ law transforms the 
first term on the right side to 


J dS ■ Sip ■ Vt^o- 


This is also zero because dip = 0 on the plates and n • Vt/?o on the cylinder walls. 
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5.21 A Two-Wire Capacitor 

(a) With respect to an origin at its center, the electrostatic potential produced by an 
infinitely long wire (we are advised to neglect end effects) with uniform charge per 
unit length A = Q/L is 

v{p) = 

27re 0 

Therefore, when the wires have equal and opposite charge per unit length, the total 
electrostatic potential is the sum of the two curves drawn below. 



(b) The potential difference between the wires is 2 Ay>, so the capacitance per unit length 
of this system is 

C _ A __A_ 

L 2 |A<ys| (A/7reo)[ln(d — a) — In a] 

Therefore, since d a, the capacitance of the two-wire system is approximately 

r _ 7 re 0 L 
In (d/a) 


5.22 An Off-Center Spherical Capacitor 


(a) When A is small, we expect C' = C + AA + BA 2 + • • •. But the +A capacitor is just 

the —A capacitor rotated by 180 °. Therefore, we must have A = 0 . 

(b) Since the outer sphere does not move, the magnitude of the force on the inner sphere 
is 

dU = l 2 dV 
dA 2 dA' 

But, F = 0 when A = 0 , because the outer sphere produces zero field inside itself 
when the spheres are concentric. In other words, 


0 = 


dC' 

5 A 


A —0 


This is true only if A = 0 . 
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5.23 The Force between Conducting Hemispheres 


(a) For a sphere charged to a potential V, Q = 4 ne 0 RV. Therefore, 

= _Q_ = eo^ 

4 t tR 2 R ' 

Moreover, the force per unit area which acts on any charged surface is f = ner 2 / 2 eo- 
Therefore, integrating over a hemispherical surface S and inserting a factor of cos 9 
because only the ^-component survives the integration (see figure below), we find 


z 



F = dSi = z dcj) 


71-/2 

[ dd sin 9 cos 9 ^— R 2 

J 2e 0 

o 


^7re 0 F 2 z. 


(b) For a spherical capacitor, the charge resides on the outer surface of the inner sphere and 
on the inner surface of the outer sphere. Therefore, the force density acts outward 
radially on the inner sphere and inward radially on the outer sphere. Therefore, 
because \Q\ = 47 re 0 al 4 = 4 ne 0 bVb, the result of part (a) gives a net force of repulsion 
with magnitude 



Q 2 

327TC0 




5.24 Holding a Sphere Together 


(a) Let a = Q/ 4 ttR 2 be the uniform charge density of the shell. The shell charge produces 
zero electric field just inside the shell boundary and E out = (a/eo)r just outside the 
shell boundary. E' is the continuous field produced by the point charge. The force 
density which acts on any element of shell is 


f = 


E / + -E out 


For this to be zero, we need E' = — -E out or 


Q' la 1 Q 

4 tt e 0 R 2 ~ 2 e 0 ~ 2 47 re 0 i? 2 ' 


This gives Q' = —Q/ 2 . 


(b) There is no change. By Gauss’ law, the electric field produced by the shell is the same 
in the two cases. 
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Source: D. Budker, D.P. DeMille, and D.F. Kimball, Atomic Physics (2004). 


5.25 Force Equivalence 

We adopt the Einstein summation convention so the inverse relation between C and P 
implies that 

PikP'km $im- 


This implies that 


d^PikCkm) — dPj k C km T Pi k dC km — 0. 


Hence, 


6P ik C km C~) = - P ik SC km C~) 


SP ik S ki = -Pi k 5C km C n 


Therefore, because Pi k = P k i , 


5 Pn = - " Pik^P'kmP'm.i — Pki^Ckm Pmj • 


This is the key result we need. Now, using <pi = PijQj we see that 


Qi^PijQj — QiPki^P'kmPmj Qj — ’ftkfoCk m 


Dividing by 2<5R p gives the desired final result: 


i dC km i SPu 

2 ^ 1=15 ^ m = ~2QiTFT~ Qj- 
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Chapter 6: Dielectric Matter 


6.1 Polarization by Superposition 


The Gauss’ law electric field produced by a sphere with uniform charge density p centered 
at the origin is 

f -Cr r <R 

\ 3eo 



An identical sphere, but with charge density —p displaced from the origin by 8 , produces 
the negative of this field except that r — > r — 8 . Moreover, to lowest order in 8 , 

|r-d|- 3 = [(r-<5).(r^)r 3/2 

1 r 2r • 8 S 2 1 _3/2 
— ^ r 2 ^ ^2 

1 I" 3r • d 

Hence, the total field produced by the superposition of the two spheres is 



-C[r-(r-<5)] 

0 €q 


p8_ 

3eo 


r < R, 


pR 3 f r 
3e 0 \r 3 



pR 3 8 — 3(r • <5)r 
3e 0 r 3 


r > R. 


This may be compared with the field produced by a sphere with volume V and polarization 

P: 



P 

3eo 

V [~ 3(r ■ P)r _ P_‘ 

47T60 L r3 r3 


r < R, 

r > R. 


The two are identical if we choose P = — p8. 


6.2 How to Make a Uniformly Charged Sphere 

The equation to be solved is 


V P = 


~Pv 

0 


r < R, 

r > R. 
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We solve this by analogy with the problem 


V-E = 


p/z o 
0 


r < R, 
r > R. 


The Gauss’ law solution for the latter problem is 


E(r) = 


Therefore, the desired polarization is 


P(r) = 


4~ r 

3eo 

r < R, 

p R 3 

3e 0 r 3 r 

r > R. 

— —v 

3 

r < R, 

pp R 3 

-r 

3 r 3 

r > R. 


Source: A.M. Portis, Electromagnetic Fields (Wiley, New York, 1978). 


6.3 The Energy of a Polarized Ball 

Choose P = Pi so the surface polarization charge density is 

crp (0) = P • n = Pi • r = P cos 6 . 

The volume polarization density is zero for this system. Therefore, the total energy is 


Ue = \ I dSa(0)cp(r s ) = ^— J dS j dS‘ 


, <T(0)a(6') _ P 2 f dS r dS , c.os(9) cos(d') 


ks-r'sl 87re 0 


l r s - r's| 


Now, cos# = J ^Yio(#, <j>) and, since rs = r ' s , we can use 


, oo L 


47T 


Irs-Psl ^ 2L+1 

' ° ° 1 L=0 M = -L 


^LM (0,ct>)Y LM (0', </>'). 


Both integrals are now examples of the orthonormality relation for the spherical harmonics: 


Hence, 


dnY e * m (n)Y e , m ,(n) = s u 6 „ 


Ue 


‘IP 2 R 3 
9eo 
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Source: A.M. Portis, Electromagnetic Fields (Wiley, New York, 1978). 


6.4 A Hole in Radially Polarized Matter 

The polarization is uniform in magnitude but always points in the radial direction outside 
an origin-centered sphere of radius R as shown below. 



of polarization charge density is 


The volume density 


p p = -V • P = -V • [Pr], 


Now, 


V -f = V • 



V-r 

r 


+ r • V 




2 

r 


Therefore, 

2 P 

pp(r ) =- r > R. 

r 

By Gauss’ law, both erp and pp produce purely radial electric fields outside the hole. Specif¬ 
ically, 


E„(r) = 


Q(r) 

47T£o r' 2 


7' 

with Q(r ) = —47t J dss 2 pp(s) = 47tP(P 2 — r 2 ), 


and 


4t rPP 2 , 
47reor 2 


E ff (r) = --- vr=- 


PR 2 
e 0 r 2 


Therefore, the total electric field everywhere is 

E(r) = E p (r) + E CT (r) = i e ° 

{ 0 


r > R, 
r < R. 


6.5 The Field at the Center of a Polarized Cube 

The volume polarization charge density is zero for a uniformly polarized object. The surface 
polarization op = P ■ n is P on the right (P) face of the cube and —P on the left ( L ) face 
of the cube. 
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► z 


Since we only have surface charge, 


At the origin, 


E(r) 


P 

47Te 0 



Lfl 



E(0) 



By symmetry, the x and y components of these integrals are zero. Therefore, if the origin 
of the primed system is at the center of the cube, 


E z { 0) 


47re 0 

2 P 
47re 0 




LR 


2P f dS>* 


47re n 


dS' ■ = 


47re 0 


dff. 


The integral is the solid angle subtended by the right face at the center of the cube. By 
symmetry, this number must be 47r/6. Therefore, the electric field at the center of the cube 
is 


E(0) = 


P 

3eo 


This is exactly the same as the electric field at the center of a uniformly polarized sphere 
found in Application 6.1! 


Source: Prof. H.B. Biritz, Georgia Institute of Technology 


(private communication). 


6.6 Practice with Poisson’s Formula 

A body with volume V and uniform charge density po produces an electric field Eo(r). If 
we replace po in the body by a uniform polarization Pq, Poisson’s relation asserts that the 
electrostatic potential produced by the polarized body is 


<p(r) 


Pq • E 0 (r) 

Po 


Let the plane 2 = 0 bisect the slab with uniform charge density p. From Gauss’ law in 
integral form, the electric field everywhere due to the slab is 
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E (z) 


sgn(z)0/ e o)z 
(pz/e o) z 


M > t, 

\z\ < t. 


As far as electrostatics is concerned, the slab with uniform polarization P is equivalent to 
a plane at z = t with uniform charge/area a = P • z and a plane at z = — t with uniform 
charge/area a = — P z. The potential of a sheet of charge at z = 0 with uniform charge/area 
<7 is y<s{z) = — (cr/2eo)|z| . Therefore, the potential of the polarized sheet is 


<f(z) = %r^{\z + t\- \z-t\}. 
ze o 

By checking the four intervals z < —t, — t < z < 0, 0 < z < t, and t < z separately, it is 
easy to confirm that <p(z) and E(z) do indeed satisfy the Poisson relation. 

6.7 Isotropic Polarization 


V?(r) 


— /dV P(r')-V' 1 


47re 0 

R 


47Te 0 


j d> r' PM-Vj 


- J dr' P(r') • V J 


dS 1 1 


47reo |r — r'| 


The quantity in square brackets is the potential <p'(r) of a sphere of radius r' with uniform 
surface charge density cr = 1. This means that the charge of that sphere is Q' = 47rr'“ and 


P'(r) = 


1 

r < r', 

eo 


r '2 

r > r' 

eo r 



(a) Substituting <p'(r) for r > r' above gives the potential of the polarized sphere for r > R: 

R 

ip( r) = — —^-— [ dr' r ,2 P(r') ■ V- = — —^-— / d 3 r'P(r') 

47re 0 J r 47re 0 J 


■ V-. 
r 


This is exactly the potential of a point dipole at the origin, 


with electric dipole moment 


, , 1 „1 

<P(r) = -P -V , 

47reo r 


P= / d 6 r P(r ). 


(b) ip'(r) is independent of r when r < r' so the potential of the polarized sphere is zero 
when r < R. 
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6.8 E and D for an Annular Dielectric 

(a) We treat the geometry shown below as the superposition of a ball with radius b and 
uniform polarization P and a concentric ball with radius a and uniform polarization 

-P. 



From the text, the field produced by an origin-centered polarized ball with volume V 
is 


E(r) = 


P 

3eo 

V f 3(r ■ P)r P 


47re 0 

Therefore, the field in question is 

0 


E(r) = 


r < R, 


r > R. 




r < a, 

p 

a 3 f 3(r • P)r P) 

a < r < b, 

3 to 

3e 0 1 r 5 r 3 J 

1 — a 3 

f 3(r • P)r P) 

r > b. 

3eo 

\ r 5 r 3 J 


(b) By symmetry, we must have D(r) = D(r) r. Therefore, the choice of a spherical 
Gaussian surface of radius r gives 


/dS ■ D = D(r)47rr 2 = Q c , enci = 0. 
S 

Therefore, D = 0 everywhere. 


Source: A.M. Portis, Electromagnetic Fields (Wiley, New York, 1978). 


6.9 The Correct Way to Define E 

In the presence of a charge q, nearby conductors or dielectrics are polarized and create a 
field Ej n d at the position of the charge. Therefore, if E is the field of interest, the force 
measured when q is placed at a point is 

Fq = <?(E + Ejnd). 
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The linearity of electrostatics guarantees that the induced field changes sign when the charge 
that polarizes the conductor/dielectric changes sign.Therefore, the force measured when — q 
sits at the point in question is 

F_ g = -g(E-Ei nd ). 

Therefore, the electric field we seek is 


E = 


F 

r Q 


~F- q 
2 q 


Source: W.M. Saslow, Electricity, Magnetism, and Light (Academic, Amsterdam, 2002). 


6.10 Charge and Polarizable Matter Coincident 


(a) We will compute the polarization from 


P = D-e 0 E = D— — = -—-D. 

K K 

Gauss’ law in integral form applies to a volume V enclosed by a surface S : 


dS ■ D = / d 6 rp c . 


This problem has spherical symmetry so D(r) = D(r) r. Choosing a Gaussian sphere 
of radius r gives 


Hence, 


4tf 

Z)(r)47rr 2 = p c —r 3 . 

3 


D(r) = — r => P = p c —x—-r. 

w 3 /c 3 k 


(b) The volume density of polarization charge is 


_ „ K — 1 1 — K 

p P = -V-P = ~p Q ——V • r = p c -. 

iti K 


The surface density of polarization charge is 


crp = P • r = p c —— R. 

oK 


Therefore, the total polarization charge is 


^ tx _1 

Qp = PpV + = p c - x -1- Pc - R x 47 tA 2 = 0. 

k 3 3k 

This is the expected value because the dielectric is neutral. The free charge p c is 
extraneous to the dielectric matter. 
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6.11 Cavity Field 

The matching conditions at a dielectric interface are the continuity of E|| and the continuity 
of Dj_ = [eE]j_. When h <C l, it is sufficient to enforce these conditions on the large flat 
surface with n as its normal. All we need is the decomposition 

E = Ej_ + Ey = (E • n)n + [E - (E • n)n] . 


Applying the matching conditions gives 

E cav = —(Eo • n)n + [E 0 — (E 0 • n)n] . 
eo 


6.12 Making External Fields Identical 

Both spheres produce a dipole field outside of themselves. The dipole moment of the dielec¬ 
tric sphere is 


^ ^ 

p = 47ra 3 e 0 — -^E 0 . 


The dipole moment of the conducting sphere is the n 
fields will be identical for r > a if p = p' or 


oo limit: p' = 47r6 3 eoEo. The 


6 = 


K — 1 

/■v T 2 


1 1/3 


6.13 The Capacitance Matrix for a Spherical Sandwich 

Let ip -2 and ipi be the potentials of the shells. For r > R 2 , the system acts like a point 
charge, so 

qi + <?2 

^2 = 1- 

47T £q Ct2 


From Gauss’ law, the electric field between the spheres is E(r) = 
Therefore, 


Ifil - if 2 



ds • E(r) 


gi ( 
47re 0 K \Ri 



r E(r) 


~ <h 
47T£oKr 2 


From the previous two equations, we deduce that 


qi = Alteon ^ lR2 Oi - (p 2 ) 
Ho — Hi 


q 2 = 47re 0 K 


R\R 2 
R\ — Ri 


■ipi + 47re 0 f?2 1 + k 


Ri 


Ro — R\ 


<P2- 
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By definition, the elements of the capacitance matrix satisfy 

91 = CnVi + Ci2</?2 

92 = C 2 itp\ + C 22 p 2 . 


Therefore, 


C n 


-C 12 


-Cu 


AneoK 


R\R 2 
R'2 — Ri 


Co: 


47re 0 i?2 



Ri \ 

Ro — Ri) 


6.14 A Spherical Conductor Embedded in a Dielectric 



(a) Gauss’ law in integral form is J d S ■ D = Qf yenc l- For this problem with spherical 

S 

symmetry where D = kcqE, we find immediately that 


0 


E (r) = 


Q r 

47 re r 2 

Q r 

47 T 6 q r 2 


r < R \, 

Ri < r < R 2 , 


r > R - 2 - 


There is no free charge anywhere except on the conductor surface so the bulk polar¬ 
ization charge is zero everywhere: 

Pp = —V • P = — (k — 1)V • E = 0. 


The surface density of polarization charge is 


crp(l?i) 


-P • r\ r=Rl 


-{k - l)E(Ri) ■ r 


k — 1 Q 

k AneoRi 


= {k-1)E(R 2 )-t = 


k — 1 Q 


ap(R 2 ) 


K 4:TT£qR 2 
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The dielectric is neutral so the total polarization charge vanishes, as it must: 


j d,S(Tp (R\) + 


dSap(Ro) = 0. 


r=Ri 


r=Ri 


(b) There is no bulk polarization charge as in part (a). Besides E 0 , which imposes azimuthal 
symmetry on the problem, the only electric fields in the problem are produced by sur¬ 
face polarization charge densities at r = R\ and r = R 2 . Therefore, the potential must 
have the form of an exterior azimuthal multipole expansion for r > R 2 (supplemented 
by E[j) and the form of a sum of interior and exterior azimuthal multipole expansions 
for Ri < r < R 2 . 


A 

^out(r,6») = -E 0 r cos 9 + -j^Pi{cos9) 

e=o r 
Ci 




L (r, 9) = 


e=o 


B/r 


r t+ i 


Pi (cos 9) 


From the fact that tpi n (Ri, 9) = 0, we conclude that 


r > i? 2 , 

Ri < r < R 2 . 


<Pin(r,9) = ^Bi 


e=o 


t Pi 
r — 


• 21+1 


-(+1 


Pi (cos 9) 


Ri < r < R 2 . 


We also have the two matching conditions at r = R 2 . One is y> out = v?in> which tells 
us that 

B 1 [R 3 - R 3 ] = - E 0 R% + A x 

and 

A e = B e [Rf +1 + Rl e+1 ] 1^1. (1) 

The other matching condition at r = R 2 is 


^ _ ^^out 

dr dr 


This tells us that 


and 


nB i [R A 2 + 2 R{] = -E 0 Ri - 2Ai 


A e = — kBi 


'+1 


r>2f+l , rill+l 
ii2 I ii| 


'/!■ 


( 2 ) 


Equations (1) and (2) are not compatible unless At = Bt = 0 for l ^ 0. Therefore, 
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where 


<AnO,#) = B 1 


Rf 


COS0 




-E 0 r + 


A\ 


cos 0 , 


-E 0 Rl(Rl~R 3 2 ) 

1 2{R\ - R\) + k{R\ + R\) 

O = __ 

1 2[1 - (i?i/i? 2 ) 3 ] + k[1 + 2(R 1 /R 2 ) 3 ]' 


The charge density on the conductor surface is a(6) = — eo{dip- ln /dr)\ r=Rl oc cosd. This 
integrates to zero; no charge is drawn up from ground. The external field polarizes both 
the neutral metal and the neutral dielectric, but there is no impetus to attract charge from 
ground. 


6.15 A Parallel-Plate Capacitor with an Air Gap 

The figure below shows the capacitor with the dielectric slab inserted. The potential differ¬ 
ence is maintained at V and a charge per unit area ±er/ develops on the inner surface of 
the conducting plates. A polarization charge develops on the surfaces of the dielectric, but 
we will not need this information to solve the problem. 



(a) We use the dark dashed Gaussian surface to find the electric field Ei in the air: 


E 2 = 


e o 


(1) 


We use the white dashed Gaussian surface to find the D-field in the dielectric: 


Di = <jf = Keo-^i- 


Finally, since the potential difference is maintained at V, 


z a 

V = f E\dz + f E 2 dz = E\t + (d — t)E 2 = ^—t + — (d — t). 
J J €q 


( 2 ) 
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The capacitance C is defined, so 


Q = a f A = CV. 

Therefore, using (2) to find <jf , we find 

c _ ep kA 

nd — (k — 1 )t 

(b) Electric breakdown occurs when the electric field exceeds a critical value. Therefore, 
the criterion that V be the breakdown voltage is 


E 2 


Vo 

d ' 


Using this and (1) with the results of (a) gives the desired result, 


V = — [t + n(d — i)] 

tvCL 


Vo 



Source: O.D. Jefknenko, Electricity and Magnetism (Appleton-Century-Crofts, New York, 
1966). 


6.16 Helmholtz Theorem for D(r) 

The Maxwell equations for dielectric matter are 


V • D = Pf 


V x E = 0. 


To exploit the Helmholtz theorem, we use D = cqE + P to write these in the form 


V • D — pf 


V x D = V x P. 


The Helmholtz theorem gives 


D(r) 



dV 


V' ■ D(r') 
r — r '| 



[ V' x D(r') 

J Ir-r'l 


= -i,- V 

47T 


'dvrAl 


47T 


-V x / d 


3 , V' x P(r') 


For simple dielectric matter, P = eoXeE. Therefore, VxP = eoXe V x E = 0. Consequently, 


D(r) 



P/( r ') 

|r - r'| 


1 

47T 


d 3 r' p f { r') 


r — r 

t* — r'|3 
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6.17 Electrostatics of a Doped Semiconductor 


(a) Gauss’ law is V • D = pf. Therefore, the electric field produced by the ions satisfies 
( d/dz)eE + = eNr> for 0 < z < d and ( d/dz)eE + = 0 outside this region. The latter 
means that the field is constant outside the doping region. Moreover, E + (d/ 2) = 0 by 
symmetry, so 


E + (z) 


eNo 

e 



0 < z < d. 


E + (z) is continuous everywhere because the charge density is not singular. The re¬ 
sulting field is plotted as the solid line in the left figure below. 

(b) The free charge in the doping layer has volume density e7V/j. Each ion polarizes the 
dielectric medium so the total charge in the doping layer has volume density eNjj /k. 
Therefore, by conservation of charge, the surface charge density (composed of ionized 
electrons and positive surface polarization charge) must be a = —eN^d/n. This layer 
of charge produces a field 


E 0 (z) = sgn( 2 ) 


1 7 

2eo 


-sgn(z) 


eN D d 

2e 


This is plotted as the dashed line in the left figure below. 

(c) The total field E = E + + E_ is plotted in the right figure below. The system of 
semiconductor plus dopant atoms has net zero charge. Therefore, from Gauss’ law for 
the total field, 

oo oo 

/' , d,E If, 

/ dz ——=— / dzp = 0. 

J dze 0 J 

— OO —OO 

On the other hand, the integral on the far left is E( oo) — E(— oo). This is consistent 



6.18 Surface Polarization Charge 

Let S be the dividing surface between the dielectrics. The dashed surfaces in the diagram 
below are 5 ou t and <Si n . Each lies entirely in the n ou t or n m material, respectively. 
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If Qf = Qk , Gauss’ law tells us that 


eo 


dS ■ E 0 


S Q ut 


Qf ~ t* Qpoi 


and 


Therefore, 


eo J dS • E in = Q/. 


eo 


j dS ■ E out ~ J dS- E in 
LSout S in 


— Qpoi • 


But D = eE, so we can change the integration range in both cases to the surface S when 
we write 

J dS JD 

s 

The surface integral of D over S is Qf. Therefore, 


eo 

eout 


_eo_ 


— Qpoi • 


^?poi Q 


l 

st>ut 


1 

Sit 


Source: T.P. Doerr and Y.-K. Yu, American Journal of Physics 72, 190 (2004). 


6.19 An Elastic Dielectric 

(a) The energy is 


U(q,d) = tk(d-d o) a + q 




The equilibrium is reached when dU/dd = 0, i.e., for 


d(q) = d 0 - 


2 keA 


(b) At equilibrium the potential difference is 


V(q) = 


q 


qd(q) 


q 


C{q) eA C 0 
Therefore, the capacitance is 


3% 2 


eA 


= ^r , C 0 = —, 3gQ = 2kedoA. 


Cd(q) = dq/dV = 


C 0 

1 - q 2 /ql ’ 


which diverges at q = qo. 
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6.20 A Dielectric Inclusion 

Let 14, be the volume with permittivity £i n and V out be the complementary volume with 
permittivity e out ■ The dipole moment of the entire system is 


P= J err P in + J err P 0 ut = eoXin J dr E in + e 0 Xout J d rE out . 

V'in V on t V la Vout 

But, because Ej n = — V^i n , E out = —V</? 0 ut> and dS points outward from the body, 

P = -eoXin y d 3 r V(/? in - eoXout J d 3 r\7ip ont =-e 0 x in J dS ip in + e 0 Xout J d 3 rdStp out . 

Vin V 011 t S S 

Finally, <^i n = </5 0 ut on the boundary, and e = eo(l + x)- Therefore, 


P = e 0 (Xout ^ Xin) / dS ip = (e out - e in ) J dS ip. 


6.21 A Classical Meson 


(a) If we orient p along the z-axis, the dipole makes a contribution (p/47re 0 r 2 ) cos 9 to 
the interior potential, ipi n . Our experience with matching conditions and interior and 
exterior multipole expansions tells us that the potential produced by the medium must 
vary as cos 6 also. Therefore, the most general potential for this problem is 


^(r, 0 ) = 


Ar - 


47reor 2 


COS0 


~^c°s9 


r < R, 


r > R. 


There is no free charge at the cavity boundary, so the matching conditions are 

e^out 


<Pm{R,0) = <Pout(R, 0) 


diPin 

dr 


r—R. 


dr 


r—R 


Solving these for A and B gives 
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A=- 


2 p re — 1 

47reo a 3 2re + 1 


and B = 


P 


47reo 2re + 1 


The corresponding electric field is 

p 3 cos dr — z 

! 4 

E M) = 


47TC0 


— Az 


B 


3 cos Or — z 


r < R, 


r > R. 


Finally, Din — eoEj, and D 0 ut — recoE on t ■ 

(b) We confirm immediately that D out = 0 when re = 0. Otherwise, 

R 

Um = \ J rf3rEin ' D in = \ /« J drr 2 e 0 |Ei, 

a<r<R a 


The various contributions to £/; n behave like 


1 

R*' 


R 3 Ini? 


and 


In a 


Only the first of these is independent of the cutoff and competes with the surface 
energy (oc R?) to determine the size of the cavity. 


6.22 An Application of the Dielectric Stress Tensor 



There is a radial inward force per unit area f m which acts on the inner surface of the shell 
and a radial outward force per unit area / out which acts on the outer surface of the shell. 
The hemispheres will stay together if / in > f out . 


The stress tensor formalism gives the force exerted on a sub-volume enclosed by a surface 
S as 


F = dS f= / dS , [(n-D)E-in(E-D)]. 
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To find /i n , we use the Gauss’ law fields in the dielectric just inside the inner surface of the 
shell: 

Q r 


Dj n — CO^Ein — 


4tt r ‘‘ 


.2 ' 


If the shell has radius R , this gives 


/in = 


Q 2 A 


D 2 


2eoK 32eoi? 4 7r 2 


To find / out , we use the Gauss’ law fields in the vacuum just outside the outer surface of 
the shell: 

D _ f f _Q + Q' r 

-LJout — eoH/out — 


This gives 


/out — 


4-7T r 2 

Dl ut (Q + Q') 2 


2e 0 32e 0 I? 4 7r 2 ' 

Therefore, the shell will not separate if Q 2 / n > (Q + Q') 2 or 

0 > Q 2 (l — —) + Q' 2 + 2QQ'. 


Since n > 1, this shows that Q and Q' must have opposite sign. If we put Q —> —Q' and let 
x = Q'/Q, the no-separation condition reads 


y = x 2 — 2x + 1 — — < 0. (1) 

K 

This function is positive at x = 0 and has positive curvature. Therefore (1) is satisfied for 
values of x that lie between the zeroes of y{x). From the quadratic equation, these occur at 

Q' , , i 

x= — = 1± 

Q V K 

Source: V.C.A. Ferraro, Electromagnetic Theory (Athlone Press, London, 1954). 


6.23 Two Dielectric Interfaces 

The dashed lines in each figure below show a surface S which snugly encloses an interface. 
The force on the interface is 

¥ = I ds 

s 

Let the z-axis point upward so the electric field in each medium is Ei = E\ z and E 2 = -E 2 Z. 


(n-E)D- -n(E-D) 



z t 




K 2 



k 2 i 

1 

1 

i Kl 

^1 


-► X 
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Horizontal Interface: The force per unit area f = fz is 

/ = -( E 2 D 2 — E 1 D 1 ) = -eo(K2^2 — Kl^l)- 
But D = Dz is continuous at the interface, so 


D = e 0 K\ Ei = e 0 K 2 E 2 . 

Therefore, 

2e 0 \k -2 ki J 

If the thickness of each dielectric layer is d/2, we have Eq = V/d and 


B,- + E 2 - = r=—- + —- 

2 2 2 €o^2 2 


D — 2e 0 E 0 


1 

Kl 



Vertical Interface: The force per unit area f = /x is 


/ = E 2 D 2 — E 1 D 1 . 

But Ei = E 2 = E 0 = V/d , so 

f = xe 0 -Eo( K 2 - ki). 


6.24 The Force on an Isolated Dielectric 

We set Pf = 0 because this piece requires no comment. Otherwise, we use 

( dkPk)Ei = dk(PkEi) + (dkEi)P k 
to eliminate the V • P contribution to get 

Fi = - J d 3 rd k (P k E l ) + J d 3 r{? \7)E i + l -jdS [n-P(r s )] [E^TE^. 

Transforming the first term on the right into a surface integral gives 

Fi = -JdS[h- P] [Eink + J d 3 r (P • V)E t + 1 J dS [n • P(r s )] [E in + E out ]. ; 

or 

F = J d 3 r (P • V)E + 1 J dS [n • P(r s )] [E out - E in ], 

Now, the matching conditions at the surface of a polarized dielectric are 

n • (E out Ei n ) = = ~ and n x (E ou t E, n ) — 0. 

eo d) 
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Therefore, 


E nl ,t. — Ei, 


(T P , n P „ 
—n = -n. 

£o e 0 


Using dS = dS n and restoring the free charge gives the final result: 


F = d 3 r[p f ( r) + P(r) • V]E(r) + 


1 

2eo 


dS [n(r s ) • P(r 5 )] 2 


6.25 Minimizing the Total Energy Functional 

Using the hint, we seek a minimum of the functional 

F[V ] = \ J d 3 r ^ - J d 3 r^(r)(V • D - p f ). 

v v 


The factor of | and the minus sign are inserted for convenience. Operationally, we compute 
SF = F [D + (5D ] — F [D ] and look for the conditions that make 6 F = 0 to first order in 
(5D. This extremum is a minimum if <5 F > 0 to second order in <5D. 

The first step is to integrate by parts to get 

F[B] = \J d3r ^- + J d 3 r[T> ■ X7<p + p f <p\ - J dS ■ D tp. 

V V s 

A direct calculation of SF to first order in <5D gives 

SF = J d 3 r 

v S 


D „ 

-1- Vy> 

e 


■SB- dS-SB(p. 


Finally, since the variation (5D is arbitrary, SF vanishes if D (r) = — e V^(r) and n-<5D|,s = 0. 
The second of these is true if we specify the normal component of D on the boundary surface. 
The first implies that V x D = 0. Together with the divergence constraint, this guarantees 
that D and E = — X/tp satisfy Maxwell’s electrostatic equations. The second-order term in 
the variation of F[D] is ^ f d 3 r | <5D | 2 /e- This is a positive quantity, so the extremum we 
have found does indeed correspond to a minimum of the total electrostatic energy. 
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Chapter 7: Laplace’s Equation 


7.1 Two Electrostatic Theorems 

We will use these facts about spherical harmonics: 


YooW 


Y 10 (n) 


Y 1± i(fl) 




1 



x ± iy 
r 


dnY (m {n)Y e *, m ,{n). 


We will also use the fact that the potential satisfies Laplace’s equation in and on S, so 


OO £ 


ip(r, n) = EE (£~2) — Aqo^OO + y 4^1 


£=0 m — —£ 


(a) 


dSip( r) 


R 2 ^ A eR e f dflY em (n)Y 00 (Cl)V^r 

ellm 

VAkR 2 A 0 


= 47rf?V(0)- 


(b) 


[ dSzy( r) = R 2 ^ A e R i+2 

ellm 


dnY em (n)Y 10 (n) 




p , , dp 
But — 
az 



Therefore, 


dSz v (r) = f R 4 g 


7.2 Green’s Formula 

Orient the equipotential surface so that, at the point of interest P , the z-axis is normal and 
the x- and y -axes point along the directions of the principal radii. 
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Method I: Then, if z = z(x, y ) is the equation of the equipotential surface, we have 
dz/dx\p = dz/dy\p = 0 and n = \ [d 2 z/dx 2 + d 2 z/dy 2 ] p . Laplace’s equation is 


_ 2 _ c£p^ (Pp cPp _ d_ (dpdz\ d_ (dpdz\ 

^ dx 2 dy 2 dz 2 dx \dz dx) + dy \dz dy ) dz 2 

But d/dz = d/dn and dz/dx\ P = dz/dy\ P = 0 by construction, so this is 


dpfd 2 z d 2 z\ d 2 p_ dp d 2 p 
dn \ dx 2 dy 2 J dn 2 K dn~^~ dn 2 


by the definition of the curvature given above. This was Green’s method of proof. 


Method II: The coordinate-free definition of mean curvature is 2k = V • n where n is 
the unit normal to the surface. For our problem, the gradient Vn = ndp/dn because the 
surface is an equipotential. Therefore, 


0 = vV 


V • (Vy>) = V • 



(n-V) 


dp 

dn 


dp - 

w-V ' n = 
on 


dn 2 dn' 


7.3 Poisson’s Formula for a Sphere 

The general solution of Laplace’s equation inside the sphere is 

OO £ 

p{r) = p(r,Q) = Aer e Ye m (Q). 

£—0 m — —£ 

The boundary values are p(R, fi) = p(fl) so, using the orthogonality of the spherical har¬ 
monics, we get 


p(r, n) 


oo £ 

E E w R ) lY * 

£=Q m — —£ 



dQ'p(Q')Y e * m (n'). 


We do the sum on m using the addition theorem for spherical harmonics, so 
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td r 00 i 

t p( r ,fy = — / dn'ip{n l )^2— I ^ T {2£+l)P e (r-y s ), 
J 1=0 n 

where ys = (ys,Ll r ). Now let 


so 


^ = £ 


00 t 


£=o 


R e + 


Pi(r ■ ys) = 


F - 2/s I 


1 

[r 2 + R 2 — 2rRcos(f ■ ys)} 1 ^ 2 


dl BI 

r — — n - 

dr OR 


OO 


£ 


R t+1 


(2^ + 1 )P e (f-y s ) 


R 2 - r 2 

I r - ys I 3 ’ 


Therefore, 


H) 


i?(i? 2 - r 2 ) 
47T 


riir 


F - ys I 3 


as required because dys = R 2 dtt'. 


7.4 The Potential inside an Ohmic Duct 

The geometry is 


-V 



The corner values imply that the potential is invariant when x —> —x or when y —> —y. 
This tells us that B = C = F = 0, so <p(x,y) = A + Dx 2 + Ey 2 . Moreover, the potential 
inside the duct satisfies Laplace’s equation. Therefore, 


V72 _ dV 

V ^ dx 2 


d 2 ip 

dy 2 


= 2D + 2E = 0. 


This gives D = —E and our trial solution becomes 


tp(x,y) = A + D(x 2 — y 2 ). 


We get V = A + Da 2 from y>(a,0) = V. We get —V = A — Da 2 from y>(0, a) = —V. 
Combining these two gives A = 0 and D = V/a 2 . Therefore, the potential inside the duct 
is 


101 











Chapter 1 


Laplace’s Equation 




V I 2 2\ 

—\x -y)- 


7.5 The Near-Origin Potential of Four Point Charges 

(a) The charge distribution is invariant when x —> —x or y —> — y orz-» —z. This means 

that all the terms proportional to x, y, z, xy, xz, and yz are absent. Symmetry also 
implies that H = I. Otherwise, A > 0 trivially and J < 0 because the potential 
must decrease away from the origin on the iz-axes. Finally, 0 = V"<p = 4 H — 2| J\ so 
H > 0. We conclude that 

<p(x,y,z) = A + H(x 2 +y 2 ) - \ J\z 2 H-. 

(b) We get a point charge field very near each charge and far away from all of them. 
Otherwise, part (a) implies that E points radially inward near the origin in the z = 0 
plane. Therefore, 



Source: E. Durand, Electrostatique (Masson, Paris, 1964). 

7.6 The MicroChannel Plate 

The general separated-variable solution in Cartesian coordinates has the form 

<p(x,y) = (A) + B 0 x)(C 0 + D 0 y) + ^ 2(A a e ax + B a e~ ax )(C p e 0y + D p e~ 0v ), 

a,(3 
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where a 2 + /3 2 = 0. On the other hand, the boundary conditions imply that <p(x,y + b) = 
ip(x, y)+ 2. We can achieve this by writing ip(x, y ) = 2y/b+f(x, y) where f(x, y) = f(x, y+b) 
is periodic. In that case, 

2 y °° 

tp(x,y) = {A n smhLhmx/b) + B n cosh(27 xnx/b)} {C n siwLhmy/b) + D n cos(27t ny/b)} 

b ^ t 

n — 1 

where y = 0 corresponds to the midpoint of the ip = 0 electrode. The coefficients are found 
by imposing the Dirichlet boundary conditions on the plates. Thus, multiplying the x — 0 
condition by sm(2nmy/b) and integrating gives 

6/2 oo f 6/2 

/ dy[p(0, y) - 2y/b\sm(2nmy/b) = Y, B n <C n f dysin(2Trny/b)sin(2Trmy/b) 

- 6/2 >1 = 1 [ - 6/2 

(1) 

6/2 

+D n / dycos(2Trny/b)sm(2nmy/b) 

- 6/2 


6/2 

Making use of, e.g., J dysm(2Trny/b)sm(2Trmy/b) = \b5 mn , gives 
- 6/2 

-BjjCjj = (2/7rn) cos 7 tto = (— ) m {2/ivn) 

because the integrand of the second integral on the right side of (1) is odd. Similarly, 
multiplying the x = 0 condition by cos(27r?ny/&) and integrating similarly gives 

6/2 qq ( 6/2 

/ dy[<p(0,y)-2y/b\cos(2Trmy/b) = B n <C n J dysm(2Trny/b)cos(2nmy/b) 

-6/2 n = 1 [ -6/2 

(2) 

6/2 

+D„ / dycos(2Trny/b)cos(2nmy/b) 

— 6/2 

The integral on the left and the first integral on the right side of (2) are zero because their 
integrands are odd. This gives B n D n = 0. Combining this with the above gives D n = 0. 

We now impose the boundary condition at x = d, multiply by sin(27r my/b) and integrate. 
This gives 

0 6/2 

/ dy [ip(d, y) - 2 y/d\ sin(27 xmy/b) + / dy [ip(d, y) - 2 y/d] sin(27r my/b) 

-6/2 o 


oo &/2 

= C„ f dy sin(27rny/6) sin(27rmy/6) {A n sinh(27rd/6) + B n cosh(27rd/6)}. 
n=t - 6/2 


The integrals are the same as before and we get 

2ir/n — C n B n cosh(2nd/b) 2ir 


A n C n — 


sinh(27rd/6) 


nsinh(27rd/6) 


{1 — (—)" cosh(27rd/6)} . 
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Putting all of this together gives the final result for the potential: 


v&v) = ^ + 


sin(27rra//6) f 1 — (—) n cosh(27r/6) . 2nnx 


sinh(27r/6) 


sinh ■ 


+ (—) n cosh 


2irnx 'l 


b J 



Source: V.K. Zworykin, G.A. Morton, E.G. Ramberg, J. Hillier, and A.W. Vance, Electron 
Optics and the Electron Microscope (Wiley, New York, 1945). 


7.7 A Potential Patch by Separation of Variables 

(a) Separation of variables in Cartesian coordinates gives a general solution of the form 

<p(x,y,z)= ^2 X a (x)Yp(y)Z 1 (z) 

a,/3 ,7 


where 

y / \ ( Ao + B 0 x a = 0, 

a[X> \ A a e iax + B a e~ iax a^O 

and similarly for Yg(y) and Z 1 (z), subject to the constraint that a 2 + (3 2 + y 2 = 0. 
The potential is an even function of x and y and must be bounded when either of 
these variables goes to infinity. This suggests an expansion of the sort 

/ oo poo 

da / d/3 A(a)B(/3) cos(ax) cos((3y)Z a ^(z). 

-oo J — OO 


The choice 


Z a ,p(z) 


e y/a 2 + /3 2 z _ e y/a 2 +/3 2 (2d.-z) 
l _ e 2 dy/a^+P 2 


guarantees that <p(x,y,z = d) = 0 and Z a ^(z = 0) = 1. The boundary condition at 
z = 0 is satisfied if we demand that 


SZodaA(a) cos(ax) = j J j^j < a 

fZo d PB(u)c°s(py) = | J \y\<a. 


104 















Chapter 1 


Laplace’s Equation 


To extract, say, A(a), multiply both sides of the first equation just above by cos (0x) 
and integrate: 


oo a 

daA(a) J dx cos(aa;) cos(0x) = J dx cos (0x) = 


2sin(/3a) 

P ' 


The orthogonality integral we need, 


OO 

J dx cos(ax) cos (0x) = 7n5(a — 0), 

OO 

is derived by taking the real and imaginary parts of the identity 


1 

27T 


dk exp[ifc(a 


— OO 


P)\ = 


( 3 ). 


1 sin pa 

The final result is A(p) = B{p) = — -. Therefore, 


7r p 


V 


sin aa 


sin 0a 


ip(x, y, z) = — / da -cos ax / d0 —-— cos 0y 


0 


Oy/a 2 +P 2 z _ e y/a 2 +0 2 {2d-z) 
X — e 2dy/ct 2 + f3 2 


(b) The induced charge on the lower plate is 

Q = 

But 


oo poo 


dx I 


—oo «/ —oo 


so 


Q = - 


/ oo poo 

dx / dy cr(x, y) = -e 0 

-oo J —OO 

/ OO pOO 

dx cos ax / dy cos /3y = An 2 5(a) 6(0), 

-oo J —OO 

,t/ 0 , xf s /°° .o c/m sinaasin/3a / 2 , „ 0 l + e 2d ^ a2+f} 

4:Veo a 2 / da 6(a) / d0S(0) --— \Ja 2 + 0- - - r 

J -oo J-oo aa 0a 1 _ e 2 d^< 


a 2 +P 2 


4:Veo a 2 


(c) 



Source: Prof. M.J. Cohen, University of Pennsylvania (private communication). 
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7.8 A Conducting Slot 

The potential tp(x, z) does not depend on y and ip(x, z) —» 0 as z —> oo. Because the 
potential must reflect the symmetry of the slot with respect to reflection through x = a/2, 
we conclude that 


tp{x,z) = E [A 7 exp(i 7 a;) + B 1 exp(— i'yx)] exp(— 72 ). 

7>0 


The Dirichlet boundary conditions on the walls and base of the slot determine the expan¬ 
sion coefficients and further restrict the allowed values of the separation constant 7 . Thus, 
ip( 0, z) = 0 fixes -B 7 = — A 7 and ip(a, z) = 0 requires that 7 = mr/a where n is a positive 
integer. The final boundary condition at z = 0 is 


OO 

Po = E A n sin(mrx/a) 0 < x < a. 

n — 1 

We determine the coefficients of this Fourier series by multiplying both sides of the foregoing 
by sin(m7ra:/a), integrating over the indicated interval, and using the orthogonality integral 


a 


/ 


. T17TX . TH7TX 

ax sin-sin- 

a a 



The result is A m 
is 


= (2(^o/ra7r)(l — cosm 7 r). Therefore, the electrostatic potential in the slot 

ip(x,z) = —sin(ra7rx/a) exp(— mirz/a). 

m = 1,3,5,... 


The most significant feature of this potential is its behavior when z a. The m = 1 
term dominates in that case and 




4y?o 

7r 


sin (nx/a) exp (— 7 r z/a). 


This shows that the influence of the source charge at y = 0 penetrates up the slot no farther 
than a distance of the order of a itself. The transverse variations of the potential vary on the 
same spatial scale. It could hardly be otherwise—the slot width is the only characteristic 
length in the problem. 


7.9 A Two-Dimentional Potential Problem in Cartesian Coordinates 

By symmetry, tp(x,z) = (p(x,—z). This tells us that the potential cannot contain a linear 
term in z. There also cannot be a term linear in x because the solution domain extends to 
±00 in the ^-direction. Hence, if we insist on a Fourier representation in the ^-direction, 
the general form of the potential between the plates must have the form 

1 f°° 

<p(x,z) = — / dkA(k)e lkx cosh kz. 

J — OO 
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To find the function A(k), we evaluate this expression at z — id, use the Fourier inversion 
theorem, and regularize the integrals using 


The result is 


c±oo 


dxe 


—ikx 


c±oo 

lim / dxe~ ikx e TSx . 

5 ^° J 0 


A(k) cosh kd 


dx <p(x, d)e 


—ikx 


= ^0 


dxe~ ikx 



2po 

ik 


Therefore, 


<fi(x ,z) 


fo f°° dk cosh kz ^ kx 
7 ri 7^00 k cosh kd 


2 c?o f°° dk cosh kz . 

- /-si 

7 r J 0 k cosh kd 


7.10 An Electrostatic Analog of the Helmholtz Coil 

The general solution to Laplace’s equation inside the shell is 

OO f 

<p(r, 6 ) = ^At (-^) P e (cos 6 ) r < R. 

e=o 


We would get a uniform electric field E = —(Ai/R)z everywhere inside the sphere if all the 
Ak were zero except for k = 1. By symmetry, only odd l contribute to the sum. Hence, 
we should choose 9q so A 3 = 0 because this term in the sum varies most rapidly near the 
origin. The orthogonality integral for the Legendre polynomials is 

7T 

/ d9 sin 9P n (cos 9)P m (cos 9) = -—— S nm . 

J in + 1 

0 

Therefore, if V(9) = <p(R,9), the expansion coefficients above are 


In particular, 


of + 1 f 

At = ——— / d9 sin 9P( (cos 9)V(9). 


A 3 = ^ J d9 sin 9P 3 (cos 9) V (9) 
0 

7T 

= 7 V J d9 sin 0P 3 (cos 9) 

0 

0 

= 7 y J dxP 3 (x). 


COS #0 
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Now Pz{x) = |x 3 — \x so the condition A 3 = 0 becomes 

5 cos 4 9 0 — 6 cos 2 9 0 + 1 = 0. 

The solutions to this quadratic equation are cos 2 9 0 = 1 and cos 2 9 0 = 1/5. Only the second 
of these makes physical sense so we conclude that 

9 0 « 63°. 


Source: C.E. Baum, IEEE Transaction on Electromegnetic Compatibility 30, 9 (1988). 


7.11 Make a Field inside a Sphere 


Integrating each component of E = 

- — Vt/3 gives us 


x : 

p = 

^x 2 y + f(y,. 

2 ) 

y ■ 

V = 

§ (■ x2 y - h 3 

) +g(x,z) 

z : 

V = 

-- ^z + h(x,y ). 


Therefore, when x 2 + y 2 + z 2 < R 2 




V(x,y,z) = 

Vo 

R 3 

(x 2 y — |j/ 3 ) + 

V 0 

— z + const 

R 


(1) 


This potential satisfies Laplace’s equation. Therefore, no volume charge is present inside 
the sphere. On the other hand, in spherical coordinates, we know that solutions of Laplace’s 
equation take the form 


V(r, 9) 


2_ c e ( p) Y e,m{0,4>) 

£ ,m 

< 

00 / R\ l + 1 

Y. c e ( — J Ye,m(9,<t>) 

e,m ' 


r < R, 


r > R. 


The cubic terms in (1) can come only from a linear combination of I = 3 terms. The linear 
term is an t = 1 term. Therefore, because x = r sin 9 cos </>, y = r sin 9 sin <f>, and z = r cos 9 , 
we get 


V?(r, 6>, </>) = 


sin 3 9 (cos 2 (f> sin <j>—\ sin 3 </) 

r < R, 

R\^ 

— j sin 3 9 (cos 2 <j> sin <j> — \ sin 3 (f>) 

r > R. 
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The charge density follows at once from the matching condition 


v{0,4>) = £o 


dip 

dr 


£o 


r — R~ 


dip 

dr 


r = i? + 


= eo -^r [3 cos 9 + 7 sin 3 9 (cos 2 </> sin | sin 3 </>) ] 


Source: Prof. M.J. Cohen, University of Pennsylvania (private communication). 


7.12 The Capacitance of an Off-Center Capacitor 



(a) Let (f 2 , 9) denote a point on the outer shell with respect to the origin of the inner shell. 
By the law of cosines, R 2 = r 2 + s 2 — 2r2SCOs9. Therefore, to first order in s, the 
boundary of the outer shell is 


i ~2 = R 2 + s cos 9. (1) 

If the shells were exactly concentric, the potential between them would have the form 
ip(r) = a+b/r. Therefore, in light of (1) and the general solution of Laplace’s equation 
in polar coordinates, we expect the potential in the space between the displaced shells 
to take the form 


ip(r, 9) = a+-+s(cr+ ) cos0 + 0(s 2 ). 


To order s, the boundary conditions at the shell surfaces are 


Vi = if(R\ ,9) = a + -^- + s ^cRi + ) cos 9 


( 2 ) 


(3) 
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V 2 = <p(r 2 ,9) 


i ?2 + s cos 0 


+ S ( c[i?2 + s COS 9} + 


[i?2 + SCOS0] 2 


COS0 


b 

a+ -R, + ’ 


(cR 2 + 


d 



(4) 


V\ and V 2 are constants so the coefficients of cos 9 must vanish in (3) and (4). This 
fixes d = —ci?f and b = c(i?| — Rl) ■ Moreover, subtracting (4) from (3) gives 

b = (V 1 -V 2 )R 1 R 2 /(R 2 -R 1 ). 


Therefore, 


c=(V 1 -V 2 )- 


Ri R'2 


d=-(V 1 -V 2 )- 


r\r 2 


(Rl - Rl)(R 2 - Ri) z ’(Rl~R\)(R 2 -mo¬ 

using (2), we conclude that the charge density on the surface of the inner shell is 


° (e) = ~ e » % 


= e 0 - 


r=R i 


Ri R 2 (V 2 -Vi) 
R 2 — Ri 


3s 


Rl Rl - Rf 


cos 9 


The angular term in cr(9) integrates to zero. Therefore, the total charge on the inner 
shell and the capacitance (to first order in s) are identical to the zero-order case of a 
concentric capacitor: 

r — Q — a R\Ri 
0 ~ Vi -V 2 ~ ne °R 2 -Ri' 

(b) By symmetry, there is only a z-component to the force on inner shell. Explicitly, 


F = / dS —n = z,2ttRa / dO sin# 

J 2e 0 1 J 




2eo 


cos U = — 


Q 2 


s z 


47T60 R 2 — R\ 


(c) The force in part (b) can be computed from a variation of the capacitor energy. There¬ 
fore, if we imagine the charge fixed, 


F z = - 


Integrating this gives 


dUE 

ds 


Q 2 


d Q 2 Q 2 dC 

~ds2C ~ 2CF ~dJ ~ ~4^Rl-Rf 


1 


1 


1 


C 4tt e 0 R%-Rl C 0 ' 
Therefore, to second order in s, 


C = C 0 


1 - 


Co 


Attcq Rl — Rf J 
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7.13 The Plane-Cone Capacitor 


(a) The geometry of the capacitor is invariant to rotations around the cone axis and to 

rescaling the radial variable from r to A r (where A is a constant). These facts imply 
that the potential cannot depend on either variable. 

(b) Since <p(r) = ip(9), Laplace’s equation reads 


vV 


1 d 
r 2 sin 6 89 



= 0. 


Hence, 


8 _ 

89 



= 0 


dip 

sin# —— = K = const. 
89 


This gives the potential as 

ip(9) = A + [ . = A + B lntan(#/2). 

/ sm 9 


The boundary conditions are 

<p{ir/2) = 0 
•n7(7r/4) 


A + B lntan(7r/4) = A 
V = B lntan(7r/8). 


Therefore, 


<p(9) = V 


In tan {9/2) 
lntan(7r/8)' 


7.14 A Conducting Sphere at a Dielectric Boundary 

Let the polar z-axis pass through the center of the sphere perpendicular to the dielectric 
interface. 

(a) The general solution of Laplace’s equation outside the sphere is 

00 A 

<fi(r,9) = J2 -JTT P ^ cose )- 
e=o r 


At the sphere boundary, we must have <p(R, 9) = const. This tells us that Af = 0 for 
all £ ^ 0 so 

^( r , 9 ) = ^ =► E=^f. 

Therefore, wherever the dielectric constant is Ki (p = 1,2), 


Dj(r) = e 0 K t 
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The constant Aq follows from V • D = p c . Using a spherical Gaussian surface, 


dS ■ D = eoA()2TT 


tt/ 2 7r 

K\ J d6 sin 9 + k -2 J dO sin ( 

0 tt/2 


= 27reoAo(Ki + k 2 ) = Q- 


Q 1 


We conclude that 

^ (r) = 2 rre 0 ( Kl + k 2 ) r' 

(b) The free charge on the surface of the sphere follows from Gauss’ law as 

K\ Q 


= D (R) ■ f = 


K\ + k 2 2ttK 2 

k 2 Q 

K\ + k 2 2ttK 2 


m region k\ , 


m region n- 2 . 


There is polarization charge at the sphere boundary. Its value is crp = (1 — k)ct c /k. 
This charge is compensated by polarization charge at infinity. There is no polarization 
charge at the k\/k 2 interface because E and hence P are everywhere radial. This 
means that P • n = 0 at the interface. 


7.15 The Force on an Inserted Conductor 

The grounded, inserted sphere draws up charge to its surface. The potential <p a due to this 
surface distribution must exactly cancel <^ e xt everywhere inside the sphere. Moreover, <p a 
satisfies Laplace’s equation and is continuous at r = R. Therefore, 


‘Pa (r , 9) 


' OO / V \ n 

- J2 a n ( p ) Pn (COS 9) 

n= 1 

00 / R\ n + 1 

~ Y, O-n [ ~ ) Pn (COS 9) 

n=l \ r / 


r < R, 


r > R. 


We get the force on the sphere by integrating the induced surface charge density over the 
sphere surface S: 



s 


The unit normal is n = r = cos 9z + sin 9 sin <py + sin 9 cos </>x and the surface charge density 
is 


cr(9) = - e 0 


d(Pa T Pext) 


dr 


r=R+ 


= ~eo y^(2n + l)^-P„(cos9). 


n = l 


Only the z contribution survives the (j> integration in dS = R 2 sin 9d9d(f>. Therefore, if 
x = cos 0, 
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F z = 7 re 0 ^ y^(2n + l)(2/c 

n=lfc=l 


l)a n a^ J dxP k {x)xP n (x). 

-l 


Using the hint, 


Fz = ^2 E( 2n + + 

n—1k =1 


l 

2n -|- 1 


dxP k (x ) [(n + l)P„+i(x) + nP„ _i (or)]. 


-1 


On the other hand, 


l 

J dxP n {x)P k (x) 

-l 


2 n+l 5nk 


Therefore, 


(2 u + l)(2n 4- 3) n + 1 

2 — ^C 0 / y ^ £^n^n+l < 


n — l 


2n T 1 


2n T 3 


(2n + l)(2n — 1) n 

27T6Q / ^ ^ O^nC^-n — 1 


n—l 


2n + 1 


2n — 1 


The n = 1 term in the second sum does not contribute because «o = 0. Therefore, we start 
the sum at n = 2 and define m = n — l. This makes the second sum identical to the first 
sum, so 

OO 

F z = 47re 0 ^(n+ l)a„a„+i. 

n—l 


7.16 A Segmented Cylinder 

Inside the cylinder, the general solution to Laplace’s equation in polar coordinates that 
satisfies tp(p, </>) = <p(p, —<fi) and is finite at the origin is 


OO 

<p(p, <t>) = E Am 

m = 0 


P\ m A 
— I cos mq>. 
KJ 


Therefore, using the boundary conditions and the integral 


dcj) cos m(f> cos n4> = 7r(5„ 


(m yf 0), 


we find 



d(f> p{R, p) cos n<j) 



OO 

d(f> cos n</> = E^ 

m = 0 



dqb cos m(f> cos n<j>. 


We conclude that A m 


2 sin ma 

- when m > 0 and Ao = a/Tr, so 

run 
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<p(p> <t>) 


a 
7 r 


oo i 

- v — (— V 

7 r to \RJ 


m — 0 


sin ma cos m<j>. 


7.17 An Incomplete Cylinder 

The general solution of Laplace’s equation inside and outside a cylinder of radius R is 
Pin(r,9) = A 0 + J2A„(r/R) n G n (6) 


<Pout{r, 0) = Aq - -^-ln (r/R) + V A n (R/r) n G n (0), 
27re 0 


where G n (0) stands for a linear combination of exp(±mP) functions. The logarithmic term 
is present because the cylinder looks like a line charge when viewed from a great distance. 
The difference in induced surface charge density between the inner and outer surfaces of the 
shell is 


^out CTin — Co [^out T ty?in] r _ r — 


A 

2ttR 


Therefore, the difference in the total charge per unit length between the inside and outside 
is 


Qout Qin — R 


r‘2n fp 


dO {(Tout ^in) 


A 

p' 


But Qtot = Qout + Qin = A so we can solve for 


Qout — 2 ^ 


1 + 


This gives the fraction of charge on the inner surface of the shell as 


Q tot Q i] 

Q tot 


1 - - 
p. 


Source: Prof. M.J. Cohen, University of Pennsylvania (private communication). 


7.18 The Two-Cylinder Electron Lens 

Our strategy is to find ip(p, z ) separately for 2 
together at z = 0. The boundary conditions are 

= { Vr 

Rotational symmetry demands that only the zero-order Bessel functions Jo(kp) and No(kp) 
can be involved. The latter is not regular at the origin and the potential must be bounded at 


< 0 and z > 0 and match the solutions 

z <0 

z > 0. 
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\z\ —> oo inside either tube. Therefore, if we write the zeroes of Jq(x) in the form x m = k m R, 

<P(P, -) = 


Vl+EZ 1 A n J 0 (k nP )e kn * 

2 < 0, 

Vr+EZ 1 B n Mk n p)e~ knZ 

2 > 0. 


The cylinders possess a reflection symmetry through the plane 2 = 0, which implies that 
E z (p,z) = E z (p,—z) where E z = —dp/dz. This gives A n = — B n . The same conclusion 
follows from the fact that p{p,z) varies smoothly from Vl at 2 —> —00 to \{Vl + Vr) at 
2 = 0 to Vr at 2 —> +00. Finally, the potential must be continuous at 2 = 0 for p < R. This 
yields 

OO 

V L -V R =2Y J BnMk nP ). 

n = 1 

Now multiply both sides of this equation by dp Jo(k m p)p and integrate from 0 to R. Using 
the integrals given in the statement of the problem, we find 

B V l-Vr _ 

k n RJ\{x n )' 


If sgn( 2 ) = 2 /| 2 |, the potential inside the cylinders is 


<p(p, z) = ~(V R + V L ) + sgn( 2 ) 


i(U + VM - (Vi - Vi) £ ^ eM-K 

n = 1 


This expression is discontinuous at z = 0 when p = R but is perfectly continuous everywhere 
within the cylinder (where the particle trajectories are confined). 


7.19 A Periodic Array of Charged Rings 



In cylindrical coordinates, the general solution for <p(p, 2 ) involves a multiplicative factor of 


! Sk exp (kz) + tk exp(—fcz) k ^ 0, 

s 0 + t 0 z k = 0. 

The potential must be bounded as \z\ —> 00 , so we are obliged to set t 0 = 0 and choose 
the separation constant k = in to be purely imaginary. Combining this with the fact that 
p(p, 2 ) is independent of the azimuthal angle </> tells us that the radial solution is a linear 
combination of In p and the modified Bessel functions Io(np) and Ko(np). Io(np) is finite 
at the origin and diverges exponentially as p —> 00 . Kq(kp) diverges as p —> 0 but goes 
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to zero exponentially as p —> oo. This suggests we construct a matching surface at p = R 
and retain only the Iq functions when p > R and only the Kq functions when p > R. We 
retain the In p piece of the radial solution when p > R because the potential of the rings 
approaches the potential of a charged line when p —* oo. Finally, the potential is periodic 
[< p(z + b) = viz)] and even [tp(z) = ip(—z)\ so cos kz with k = 2'Knz/b is the only possible 
z-dependence. Combining all of this information together leads us to write 


V>(P, z) = { 


OO 

F A n COS 

n — 1 


oo 

F A n C0S 

n — 1 



Io 

K 0 


2 w n 


' 2 tt n 

C~b~‘ 


Ko 

I/O 




+ Aq In (p/R) 


P< R, 

p> R. 


Notice that we have “built in” the continuity of the potential at p = R by inserting the 
constants K 0 (2TrnR/b) and I 0 (2TrnR/b) into the p < R and p > R sums, respectively. To 
determine the expansion coefficients, we use the matching condition 

bLpout bLpin, 

_ di~ + ~di 

Exploiting Example 1.6, we write the surface charge density of the rings on the p = R 
cylindrical surface in the form 


= g 0) 
n= rt e o 


(1) 


o{z) 

eo 


Q 

2tt cq R 


F s ( z ~ 


mb) 


Q 


2tT6qR 


2 ( 2irnz 

fe F cos 

n—1 


V b 


( 2 ) 


With y = 27rnf?/6, the left side of the matching condition (1) is 

F A* cos C| [I' 0 (; y)K 0 (y) - J 0 (y)K> (y)] - ^. (3) 

n — 1 ^ ' 


Using the hint and the linear independence of the cosine functions, we 
condition by equating similar terms in (2) and (3). The final result 
solution is 


A 0 = - 


Q 

2 tt 6 q b 


and 


= Q 

ne 0 b' 


impose the matching 
which completes the 


The sums in <p(p, z) converge (although A n does not depend on n) due to the exponential 
behavior of the modified Bessel functions when their arguments get large. 

Our solution has the property that 


v ^-^b HplR) 

as p —> oo. This is exactly the result we expect because the “apparent” line charge has 
a charge/length A = Q/b. Notice that this observation would have told us to retain the 
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logarithm term (to match the Aq term) if we had not realized at the beginning it should be 
there. Always check asymptotic and limiting cases! 


Source: Prof. M.J. Cohen, University of Pennsylvania (private communication). 


7.20 Axially Symmetric Potentials 

The proposed solution satisfies U(0, z) = V(z). Uniqueness guarantees that the proposed 
solution is the only solution if it satisfies Laplace’s equation. The latter is 

1 d dV d 2 V _ 

r dpP dp dz 2 


Now, 


1 d dV i 

p dpP dp 7 ip 


7T 7T 

J d( cos£ V'(z + ipcosQ — — J dC, cos 2 £ V"(z + ip cos £) 


and 

d 2 V _ 1 
dz 2 7r 


7171 71 

J dC, V"(z+ipcosQ = — J dC, sin 2 ( V"(z+ipcos() +— J dC, cos 2 ( V"{z+ipcos ^). 


This leaves us with 


V 2 V = — [ d( cos( V\z + ipcos Q + — [ dC, sin 2 ( V"(z + ipcosQ- 
t xpj it J 


Finally, integrate the first term by parts to get 


V 2 v = — U'sinC 

np 


7T 7T 

J d£ sin 2 £ V"(z + ipcos ()+ — J dC, sin 2 ( V"(z + ipcos Q = 0. 


This proves the assertion. 


7.21 Circular-Plate Capacitor 

(a) Laplace’s equation must be satisfied everywhere except on the plates. Since Jo(kp) is 
part of the proposed solution, the most general solution for the z-dependence is 

Zk{z) = Sk exp (kz) + tk exp(-kz). 

To avoid divergences at z = ±oo, we divide the space into three regions and write 
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au exp (—kz) z > L, 

f(k , z) = hk exp(fcz) + Cfc exp (—kz) —L < z < L, 

dk exp (kz) z < —L. 

Using the given integral, inspection shows that the boundary conditions at the plate 
are satisfied in all three regions if 

ak = exp (kL) — exp(— kL) 


bk = exp(— kL) Ck = — exp (—kL) 

dk = exp (—kL) — exp (kL). 

All of this can be combined to write the proposed solution as 

OO 

<fi(p, z) = J dk 1 2 J_. 2kL [exp(-fc|^ - L\) - exp(-k\z + L\)] J 0 (kp). 

o 

(b) Using the results of (a), the discontinuity in the normal (z) component of the electric 
field at z = L is 


dip 


dz 


z — L 


dp 


dz 


z—L + 


= 2 


J dk kA(k)Jo(kp). 


o 


When p < a, this quantity is the difference in the charge density induced on the top 
and bottom of the z = L plate. But when p > a, we are out in the vacuum, and this 
quantity should be zero, which it is not. Therefore, the proposed solution is fallacious. 


Source: B.D. Hughes, Journal of Physics A 17, 1385 (1985). 


7.22 A Dielectric Wedge in Polar Coordinates 

(a) Put the junction at the origin of a two-dimensional polar coordinate system. The 
potential cannot depend on the radial coordinate p because the geometry is invariant 
to a change of scale where p —» A p. 

(b) Since there is no p-dependence, the most general solution to Laplace’s equation in the 

two regions between the plates is 

pi (</>)= a + b<t> pi ((f) = a' + b’(f>. 

Continuity of the potential at (f> = 0 tells us that a = a'. Continuity of the normal 
component of D at <f> — 0 tells us that K\b = nib'. Moreover, 

= a + b<j>\ = Vj and pi(~(fi) = a - —bfa = Vi. 

Kl 
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Therefore, 


Av2^1^2 — KlfoVl 
K 2<t>l — Hl4>2 



7.23 Contact Potential 


(a) Imagine a radial expansion of the space z > 0 by a real scale factor, so p —> A p. This has 


no physical effect whatsoever on the z = 0 boundary conditions because the potential 
is constant for 4> = 0 and also for <f> = n. Therefore, the potential for z > 0 cannot be 
affected either. But if <p(p, <fi) depended in any way on p, factors of A would appear in 
the solution, which contradicts the previous sentence. Hence, <p(p,<j>) = <p(</>). 

(b) The general solution of Laplace’s equation in plane polar coordinates is 

¥>{p,<t>) = (A) + B 0 In p) (a 0 + M) + E [A a p a + B a p a ] [a a sin acf) + b a cos acj)}. 

a^O 

Since there is no p-dependence, the only possibility is 

ip(4>) = A + Bcj). 

The boundary conditions force A = 0 and B = V/ir, so 




V 


IT 


(c) The electric field is 



The field lines are half-circles as shown below. The field intensity (and hence the 
density of field lines) increases as the origin is approached. 
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7.24 A Complex Potential 


The given function is analytic for \w\ < R and w > R. This suggests that wj| = R, is the 
boundary of interest. Both the real and imaginary parts of this function satisfy Laplace’s 
equation. We investigate the latter in light of the factor i in the first term. Therefore, our 
trial potential is 


<p{w) 


Vi+V 2 

2 


V!-V 2 


Im In 


R + iw 
R — iw 


Now, since w = x + iy, 


In 


R + iw 
R — iw 


In 

In 

In 

In 


(R + iw)(R — iw)* 

(R — iw)(R — iw)* _ 

(R + iw)(R + iw*) 

(R — iw)(R + iw*) _ 

R 2 + iR(w + w*) - |z| 2 
R? + iR(w* — w) + \z\ 2 

R 2 + i2Rx — x 2 — y 1 
R 2 + 2 R.y + x 2 + y 2 


Only the numerator of the bracketed quantity has an imaginary part. Therefore, 


Imln 


R + iw 
R — iw 


Im In [R 2 — x 2 — y 2 + i2Rx] . 


We now recall that 

lnic = In |u>| + iarg(w) = In |w| + ztaiW 1 

Therefore, 

Im In 

Writing this in polar coordinates (p, (f>) gives 

R + iw 


Imu> 


Re w 


R + iw 
R — iw 


= tan 


2 Rx 
[ R 2 — x 2 — y 2 J 


Imln 


= tan 


R — iw 

and we conclude that the potential in question is 


2 Rp 
L R 2 - p 2 


COS (j) 


<p(p, <t>) 


V1 + V2 

2 


V1-V2 

7r 


tan 1 


2 Rp 

R 2 - p 2 


COS (j) 


(1) 


The argument of the inverse tangent diverges when p —» R. Therefore, the inverse tangent 
itself approaches </>/2 when —7 t/2 < <fr < tt /2 and approaches —7r/2 when in the interval 
7 t/2 < cj) < 37r/2. Consequently, (1) is the electrostatic potential inside the circle p = R, 
with ip(R,(f>) = V\ when —7 t/2 < <f> < 7t/ 2 and ip(R : (j)) = V 2 when tt/2 < <f> < Htt/2. A 
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physical realization is a metal cylinder of radius R cut in half lengthwise. The two halves 
are separated by an infinitesimal distance, with one half held at potential V\ and the other 
half held at potential V 2 ■ 


7.25 A Cylinder in a Uniform Field by Conformal Mapping 

(a) The circle w = aexp{i9) and the part of the a;-axis outside the circle map onto the 
u-axis as follows: 


w = aexp(i9), 0 < 8 < ir => g 


w = x, — 00 < x < —a => g 


a(exp(i9) + (exp (—id)) 


2 a cos 9 => 


—2a < u < 2 a, 
v = 0, 



—00 < u < —2a, 


w 


v = 0, 


w = x, a < x < 00 => g = w H- 

w 


2 a < u < 00 , 
v = 0. 


(b) If the potential of the cylinder is zero, symmetry demands that the potential must be 
zero everyone on the x-axis outside the cylinder. In the g-plane, we define a complex 
potential 

f(g) = ip(u,v)+ iif>(u,v) (1) 

and insist that V 2 ip = 0 with the boundary condition tp(u,v = 0) = 0. We also need 
—V</? = £flV. By inspection, the solution is <p(u,v ) = —Eqv. The Cauchy-Riemann 
relations tell us that 

dip dif) 

dv du ’ 

Therefore, if)(u,v) = Equ. Hence, using (1), 

f(g) = -E 0 v + iE 0 u = iE 0 (u + iv) = iE 0 g. 


(c) Returning to the rc-plane, the complex potential is 


f(x, y) = iE 0 g = iE 0 [w + — J = iE 0 \^x + iy + 
Therefore, the physical potential is 

ip{x, y) = Ref = - E 0 y \ 1 - 


x + iy 


= iEn 


x + iy + 


a 2 (x — iy) 


x 2 + y 2 


x 2 + y 2 
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The corresponding electric field is 


E = —X7ip 


2 E 0 a 2 xy „ 

( x 2 +y 2y x + 


Eq + 


E 0 d 2 (y 2 - x 2 )' 
( x 2 + y 2 ) 2 


y- 


The corresponding field lines and equipotentials are shown below: 
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Chapter 8: Poisson’s Equation 

8.1 The Image Force and Its Limits 

The diagram below shows the real system, called A, and the comparison system, B, which 
replaces the point charge q by no charge at all (q = (p = 0) and replaces the grounded 
conductor by a conductor with charge qc that produces a potential (pc ■ 


q C ><Pc = 0 4o<Pc 



If the position of q is the origin, the reciprocity theorem for this situation reads 


qy?{ 0 ) + qcpc = #( 0 ) + qcpc- 

Because the conductor is far from the body, we may write </3(0) ~ qc/^e^s. Moreover, 
because q = 0, the charge and potential of the conductor in B are related by the self¬ 
capacitance of the conductor: qc = Ctpc- Therefore, the equation above simplifies to 


qc 

l~. - 

47re 0 s 


QC n 

qc~x = o 
o 


o. 


Hence, 

qC 

qc = -• 

47reoS 

The self-capacitance depends only on the size and shape of the conductor. Therefore, in the 
limit of interest, the Coulomb force between the conductor and q varies as 


8.2 Point Charge near a Corner 


-Q • 

Z - 

a zq 

P 1 




Q • 


•-Q 
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The diagram above shows an image system for the potential in the volume x > 0 and 2 > 0 
because it grounds both the z = 0 and x = 0 planes. Moreover, all the field lines which leave 
Q end on one of the conducting surfaces because both are infinite in extent. This permits 
us to focus on the charge Qi„d induced on the z = 0 plane for x > 0; the charge on the 
x = 0 plane for 2 > 0 must be — Q — Qj m t- 


The text tells us that the image solution for a charge q at the point (0,0, Zo) above the 
(grounded) z = 0 plane corresponds to a charge induced on that plane equal to 


cr(x,y) 


ggQ _1_ 

27 t (x 2 + y 2 + 2 q ) 3 / 2 


For our problem, we have a charge Q at (s, 0, 20 ) an d a charge —Q at (—s,0,2o). Taking 
account of their images, both contribute to the charge density induced on the 2 = 0 plane. 
The total charge induced does not depend on the choice of origin for either charge. Therefore, 
the charge induced on the horizontal plate is 


Qz 0 


OO OO 


Qind = / dx 


dy 


Qzo 


2 n J J (y 2 + x 2 + 2 q) 3 / 2 2tt 

—s — OO 

OO OO 

Qzo I" 2 dx Qzo I" 2 dx 

27r J x 2 + Zg + 27t J x 2 + Zq 

— S 

Qzo 2 

27t Zq 


2 Q. ( s 

-tan — 

7T \z 0 

2 Q 

- a. 

7 r 


OO OO 

hi 

s —OO 


dy 


(y 


2 rp 2 \ r 2 


) 3/2 


tan" 1 (—) 

OO 

tan" 1 ( — ) 

00 | 

L \ 2 oy J 

—s 

L \~o/J 

5 i 


The charge induced on the vertical plate is Q{2a/Ti — 1). 


8.3 Rod and Plane 

The total electric field is produced by the rod and its oppositely charged image rod located 
at the mirror position. Hence, the problem is to evaluate the force between two identical 
rods with opposite charges at distance a — 2d from each other. 
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conducting plane 



(a) If k = l/47reo, the force between two small segments of the rods is attractive and has 
magnitude 


dF = k - 


Xdx\Xdx 2 


\ 2 ' 


a 2 + (aq - x 2 y 

We only need the component of the force normal to the plane. This is 


d,F± = dF ■ cos 9 = k 


X 2 dx\dx 2 


, dx\dx 2 

= kaX~ 


a 2 + (aq x- 2 ) ^ja 2 + (aq - x 2 f (a 2 + (aq - x 2 f ) 


3/2 ' 


Consequently, the net force is 

r L ! 2 r L / 2 dx\dx 2 


F = kaX“ 


/-i/2 J-Lj 2 


kx 2 r L/2 

a J-L/2 


a 2 + (aq - x 2 y 
L/2 - x 2 


3/2 


-L/2 - x 2 


\J(L/2 - x 2 ) 2 + a 2 \J (- L/2 - x 2 ) 2 + a 2 


dx 2 


2kX 2 


^\/ L 2 + a 2 — aj . 


Since a = 2d, the final force is 


F = 


2nen 


- 1 


(b) In the limit when d /g> L, we expand the square root above and use Q = XL to get 

F= J-&. 

47re 0 4d 2 

This is the force between two point charges, as expected. 
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(c) The induced charge density is cr(x,y) = 2eoE±(x,y), where E±(x,y) is the normal 
component of the electric field created by the rod at the surface point (x,y). The 
factor of 2 accounts for the fact that the image rod contributes equally to the total 
electric field at (x, y). Using the angle 6 as defined in the figure below (note difference 
from previous figure), 


Therefore, 


Ex 




dx i 

(xi — x) 2 +y 2 + d 2 


3/2 


kXd 
y 2 + d 2 


L/ 2- 


L/2- 


(L/2 - xf + y 2 + d 2 J(L/2 + x) 2 + y 2 + d 2 


Hence, 


<r(x,y) = 2Ej_e 0 = 


A d 


2n ( y 2 + d 2 ) 


L/2-x 


E12 x 


(L/2 - xf + y 2 + d 2 yJ(L/2 + x) 2 +y 2 + d 2 _ 


(d) The plane has infinite capacity to draw charge up from ground. Therefore, the total 
induced charge is equal, but opposite, to the total charge of the rod. In other words, 
Qind = XL. 


Source: Dr. A. Scherbakov, Georgia Institute of Technology (private communication). 


8.4 A Dielectric Slab Intervenes 

From Section 8.3.2, we recall that 


1 

yj p 2 + z 2 


OO 

J dk Jo(kp) exp(— k\z\). 
o 
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Then, in Region I (z < a), a general solution of Poisson’s equation that respects the cylin¬ 
drical symmetry of the problem is the sum of the potential of the point charge, 


V(p,z) = 


1 


47Te 0 47Te 0 sjp 2 + £ 2 47Te 0 


dk Jo(kp) exp(—fc|z|), 


plus a general solution of Laplace’s equation that does not diverge as 2 —> — 00 , namely, 


Pi = 


47T60 


dk Jo(kp) exp(— k\z\) + / dk A(k)Jo(kp) exjp(kz) 
Lo 0 


In region II (a < z < 6), a general solution of Laplace’s equation is 


P2 = 


47re n 


dk B(k)Jo(kp) exjp(-kz) + / dkC(k)Jo(kp)exjp(kz) 
Lo 0 


In region III (z > b) , a general solution of Laplace’s equation is 


<P3 = 


47re 0 


dk D(k)Jo(kp) exp (—kz). 


The linear independence of the solutions indexed by different values of k implies that it is 
sufficient to require the integrands to satisfy the matching conditions: the continuity of p 
and ndp/dz at z = a and z = b. The result is four equations in four unknowns: 


e~ ka + Ae ka 

Be~ ka + Ce ka 

De~ kb 

Be~ kb + Ce kb 

ke~ ka + kAe ka 

= k [-kBe~ ka + kCe ka 

-kDe~ kb 

= k [—kBe~ kb + kCe kb ] 


Solving for D gives 


D(k) = 


4k 


(k + l) 2 — (k — l) 2 exp [2 k(a — 6)] 

Since c = b — a and 1 — /3 2 = 4k/ (k + l) 2 , the potential in Region III is 


P3{p,z) 


OO 

g(l ~ P 2 ) f ,j Jo(kp) exp (-kz) 
47reo J 1 — /3 2 exp(—2 kc) 
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The infinite-sum form of the potential follows immediately from the integral quoted above 
from the text and 


1 

1 — (3 2 exp(—2 kc) 


P 2n exp (—2 knc). 

n = 0 


Source: W.R. Smythe, Static and Dynamic Electricity (McGraw-Hill, New York, 1939), 
Section 5.304. 


8.5 The Force Exerted by a Charge on a Dielectric Interface 



(a) The stress tensor formalism calls for a surface which encloses the volume upon which 
the desired force acts. The “volume” here is the z = 0 plane and the dashed lines in 
the diagram indicate the appropriate enclosing surface: a sandwich S composed of a 
plane at z = e and a plane at 2 : = —e, both in the limit when e —> 0. The force on the 
interface is 


F = 


dS [(n-D)E 


s 


n(E • D)]. 


By symmetry, the force is in the ^-direction. Moreover, the outward normal is n = z 
for the z = e surface and n = —z for the z = — e surface. Therefore, using the notation 
we use to evaluate an integrated quantity between its limits of integration, 


F z 


dS 


D Z E Z — — D || ■ Ey - -D Z E Z 


-1 R 


dS [D Z E Z - D,| - E,|]|2 


Now, D z and E| are continuous at z = 0. Therefore, we use D = eE to write 


F, = 


f 

\ Dl I 

/ dS 

-f - eE ll ‘ E ll 


1 R 


which evaluates to 


F ' = \ 


z =0 


dSDi -- - 


£R 




dS Ej| • En(e_R — cl)- 


2=0 


Using the image-theory discussion of this problem in the text and the factors d/r and 
p/r to project out the normal and tangential components of the fields (see diagram 
above), we find that 
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n / n x Ql d 1 q L p 2 k r 

D~(z = 0) = -—^ “ and E \\i z = 0) = — -—j - where q L = --- q. 

47t r z r 47rr / r kl + kr 

The integrals we need are 


2 — 0 0 


2 1 
= ( — ] 2-7T 


4d 2 


and 


2 — 0 


" SE 5 = fe)' 


27 r / dp 


p 3 = ( ^ y 1 

(p 2 +d 2 ) 3 V 4 ^/ 4d2 ' 


Therefore, 


/• = ( 


1 


. 2 7T 

|7l_ 

_ 1\ 

tR - 1 

2 

\47ry 

1 2d 2 


cl) 

C4 


167 TCZ 2 (kl + Kr) 2 


(k l - kr)(kr + k l ) 1 
k| e 0 Ki 


In other words, 


^ _ 1 q 2 k l - kr 

4:ire L Ad 2 k l + kr Z ’ 


which is indeed the opposite of F„ quoted in the statement of the problem. 


(b) By symmetry, the force is in the ^-direction. Then, from Example 6.2, we use 

, ) _ 1 k l - k r qd 

27 tk l kl + Kr r 3 

and 

„ Er + Ei _ 1 gd 

0 2 47tk£ r 3 ’ 

where r = p 2 + d 2 . Therefore, 


27 T 

f dpp 

1 k l - kr gd 

'1 g 2 d 

eo J 

2-jtkl kl + kr (p 2 + d 2 ) 3 / 2 _ 

47tk£ ( p 2 + d 2 ) 3 / 2 _ 


o 


The integral is the same as the D 2 integral in part (a) and we find 

F =F = 1 q 2 k l - k r l 

47re£ 4d 2 kl + kr kl 

This differs from the correct answer by a factor of 1/kl- 
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8.6 Image Energy and Real Energy 

Let ip(r) be the potential produced at r by the conductor held at potential ipc- If qc is the 
charge on the conductor, the total electrostatic energy of the real system is 


U A 



+ 2 <7+( r «)- 


By construction, ip(r q ) is the same as the potential produced by the image point charges. 
Therefore, 


U A 


If. 1 

2 J d 3 rp(r)<p(r) = - 


N 

E 

k= 1 


qqc 


r„ - r fc 


1 

2 qcpc 



Specifically, Ua = Ub /2 when the conductor is grounded. 


8.7 Images in Spheres I 

The sphere cannot be neutral because there is an attractive force between a point charge 
and any isolated neutral object. According to image theory, a grounded sphere acquires a 
charge q' = —qR/s where s is the distance between q and the center of the sphere. The 
image itself lies a distance d = R 2 /s from the center. Now, suppose we add a second image 
charge q" = Q — q' at the center of the sphere. By Gauss’ law, the total charge on the sphere 
is now Q and the sphere boundary is still an equipotential. This is the situation we want. 


We have s = 2R , so q' = —q/ 2, s = R/ 2, and q" = Q + q/2. We need to choose Q so that 
the force between q and the two images is zero: 


9 \ 

r q' ,q" 1 

L- « J 

f -q/2 Q + q/2\ 

47re 0 ] 

[ (s - df s 2 J 

' 47T60 1 

{(2R — R/2) 2 ( 2R ) 2 j 


This gives Q = j$q- When we move q so that s = 3 R, the force formula on the left is still 
correct with q' = —q/ 3, d = R/ 3, and q" = Q + q/3. Therefore, the force is 


q 2 1 

f -1/3 7/18 + 1/3] 

\ q 2 \ 

r 3 is i 

1 173 q 2 

47re 0 1 

[ (3i? — R/3) 2 (3 R) 2 J 

i 47re 0 I? 2 1 

[ 64 162 J 

1 _ 47re 0 5184 i? 2 


Source: Prof. M.J. Cohen, University of Pennsylvania (private communication). 


8.8 Images in Spheres II 

Let the sphere center be the origin. The image of Q at 2 R is Qo = —Q/2 at R/2. The image 
of Q' at —41? is Q' 0 = —Q '/4 at —R/A. 
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Q' 



-2R- 


Q 


Rl 4 


The force on Q' is the force due to the other three collinear charges. It is 


F = 


Q' 

4ne 0 

Q' 


-074 


Q 


-Q /2 


(4R-R/4) 2 (4R + 2R) 2 (4R+R/2) 2 _ 

4 Q' , Q 2 Q 


4n e 0 -R 2 


15-15 36 9-9 

This is negative ( Q ' repelled from sphere) if Q' < (25/144)Q. 

Source: Prof. M.J. Cohen, University of Pennsylvania (private communication). 


8.9 Debye’s Model for the Work Function 


(a) The text gives the potential outside an isolated conducting sphere with radius R and 
charge Q in the presence of a point charge q at a distance r > R from the center of the 
sphere. From this, we may immediately infer that the force which the sphere exerts 
on q is 

Q qR QRr 

r 2 + r 3 ( r 2 _ #2)2- r ' 

The Debye model proposes that W = — f^ +d dr ■ F. The integrals are elementary and 
we find 



W=~- 


47re 0 


Q 

r 


R-\-d 


qR 

2 P 2 


— qR 


R-\-d 


1 1 


2 r 2 - R? 


R-\-d 


Evaluating this expression with q = — e and Q = e gives the proposed formula, 

W = 


e 

e 

eR 

eR 1 


47Te 0 

R + d 

2 (R + d) 2 

2 R 2 -(R + d) 2 

e 2 

2 

R 

R 


8tt£o 

R + d 

(R + d) 2 

(R + d) 2 - R 2 
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(b) The limit R —> oo naively gives W = 0. To do better, we let x = d/R and take the 
limit as x —> 0. The result is 


W = 


87reo d 


1 

x + 2 


x(l + 2x) 
(1 + x)' 2 


167reo d 


as 


0 . 


8.10 Force between a Line Charge and a Conducting Cylinder 

(a) We need the potential to compute the charge density. The text shows that the cylinder is 
an equipotential if the line charge A at distance b = 2R from the center is accompanied 
by an image line charge with strength —A placed at a distance R?/b = R/2 from the 
center. We are interested in computing tp(p, <f>) with p and <j> defined in the diagram 
below. 



Adding the contributions from the two line charges gives 


A , A , A , p 2 A p 2 + R 2 /4 — pR cos <f> 


V(p, 0) = - x- In P2 + x- In pi = 


2tT6\ 


2ire n 


In — = " In ■ 

47re 0 pi 47re 0 p 2 + 4 R 2 — ApR cos <j> 


Consequently, 


( r, 


p=R 

2 p — Rcoscj) 


A_ 

47T 

A 

2ttR V 5 — 4 cos < 


2 p — ARcoscj) 


p 2 ~\~ R 2 /4 pR, cos (j) p 2 + 4R 2 — 4pR cos (j> 

3 


p=R 


(b) If n is the outward normal to the conductor, the net force on the cylinder may be 
computed from 

F = [ dSa 2 n. 

2eo J 

For the cylinder, n = p = x cos (j> + y sin (j). By symmetry, the force per unit length f 
is along x. Hence, 
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f = 9A2 [ u cos ^ 

47r 2 €oR J (5 —4 cos 4>) 2 
0 

Using Tables of Integrals, Series, and Products by Gradshteyn and Ryzhik (1980), 


7T 



COS (j) 

(5 — 4 cos (j)) 2 


1 

9 


5 sin </> 

5 — 4 cos </> 0 


7 ^5 — 4 cos 4> 

o 


The integrated term is zero and 


4 

9 



1 

4 cos <f> 


if [ tan M 3tan (>/ 2 )}]o =» 


Hence, the force per unit length that acts on the cylinder is 

9A 2 4tt„_ 4 A 2 A 

“ 47r 2 e 0 i?27 X_ 

(c) We can also compute the force on the cylinder as the negative of the force that acts on 
the line charge A. The distance between this line and its image is 3R/2. Therefore, 


A 2 _ 4 A 2 , 
2tt£q(3R/2) 3 47reo-R 


8.11 Point Dipole in a Grounded Shell 

We treat the point dipole as finite, with an electric moment with magnitude p = 2qb. We 
keep the shell an equipotential using two image charges, each a distance s = R 2 /b from the 
origin (but on opposite sides of the shell) and each with charge magnitude q' = ( R/b)q. 



E m is the field produced by q' and —q' when q —> oo and b —> 0 but p = 2qb remains finite. 
In that limit, q' and —q' go off to infinity and E; n differs negligibly from the field at the 
midpoint between q' and — q'. That field, in turn, is identical to the field at the p = 0 point 
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of the surface of the grounded, conducting plane for which q' and —q' are the image system. 
This we compute using the stated charge density when s 2 = R 2 /b —> oo. When b and q are 
finite, the magnitude of E; n is 

F- = I/rfm = ql = Rq/b = qh 

m eo 2tt€qZq 2tt6o(R 2 /b) 2 2neoR 3 

The field due to q' and —q' points in the direction of p, so 


E, 


P 

47T£o R 3 


8.12 Inversion in a Cylinder 


(a) The problem states that 


1 d I <9$'l 1 d 2 <P _ 
dp p dp J ^ p 2 dcj) 2 


(p<R). 


Multiply this Laplace equation above by p 2 , let u = R 2 /p , and use the fact that 

du = —( R 2 / p 2 )dp = -~(u/p)dp. 

This gives 

d J <9$ 1 d 2 $ _ 1 d f <9$ 1 ia 2 $ 

1 du{ du J dcj) 2 u du J u 2 dcj) 2 

Therefore, 'L(p, (j>) = <h(u, (j)) satisfies Laplace’s equation when u < R, i.e., when 
p > R. 


(b) Center the cylinder on the origin. Choose <!> as the potential of a line charge placed 
at a distance s > R from the origin. This function satisfies Laplace’s equation inside 
the cylinder. On the other hand, d/(p, 0) = d>(i? 2 /p,(t>) satisfies Laplace’s equation 
outside the cylinder. Finally, 


Therefore, outside the cylinder, the potential 

v{p,4>) = ®{p,4>) - v(p,<t>) 

vanishes on the cylinder and satisfies Poisson’s equation outside the cylinder (with the 
line charge as its source). Since p = R 2 /u, the same argument shows that ip{p,(f>) = 
'F(p, <f>) — <F(p, 4>) satisfies the line charge Poisson equation inside the cylinder and 
vanishes on the surface of the cylinder. 


(c) The geometry is 
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ic 2 


Again, choose <J> as the potential of a line charge placed at a distance s > R from the 
origin. As suggested, we try a linear combinations of $ and 4' outside the cylinder. 
Inside the cylinder, we can try only a multiple of $ because the potential must satisfy 
Laplace’s equation there: 


Pout {p > R, <t>) = $(p, 0) + SV(p, 4>) = ${p, (/)) + S${R 2 /p, (f>) 
Pin (P <R,<t>) = T$(p, (j)). 

The matching conditions at p = R are 


Piu{.Ri4^) Pout[Ri4*) 


«1 


dpin 


dp 


p—R 



p=R 


The continuity of the potential (left equation above) gives 1 + S 1 = T. The continuity of 
the normal component of D (right equation above) gives K\T = (1 — S)k 2 - Combining 
these completes the solution: 


K2 - Hi 
K2 + Kl 


2k 2 

K2 + Hi ' 


An entirely similar argument applies if the line charge lies inside the sq cylinder. 


(d) ^(p,(f>) is the potential of a line charge located at a distance R 2 /p from the origin on 
the line which connects the origin to the line charge represented by 4>(p, </>). But if the 
line source represented by 4'(p, (f>) lies inside the cylinder, we only used this function 
in the space outside the sphere and vice versa. Therefore, 4'(p, </>) has exactly the 
characteristics of an image potential. 


Source: L.G. Chambers, An Introduction to the Mathematics of Electricity and Magnetism 
(Chapman and Hall, London, 1973). 


8.13 Symmetry of the Dirichlet Green Function 

Green’s second identity is 

J d 3 r [fX7 2 g - g\7 2 f] = JdSh • [fVg - <?V/]. 

V s 

We choose /(r = Gjj(r',r) and g (r = Gd{ r",r) where 

eo V 2 G'z 5 (r', r) = -<5(r' - r) G D (r', r 5 ) = 0 
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and 

£oV 2 Gd( r",r) = -6(r" - r) G fl (r'',r s ) = 0. 

Substituting these into the left side of Green’s identity gives 

I d 3 r [G D (r', r )V 2 G D (r", r) - G D (r", r )W 2 G D (r', r)] 

V 

J d 3 rG D { r',r)<J(r"-r) + i J d 3 rG D (r",r){(r^r) 


1 

eo 


= -G D (r',r")+Gz>(r",r'). 

With our choices for / and < 7 , the right side of Green’s identity gives 

J dSh ■ [G d (r', r s )VG D (r", r) - G D (r",r s )VG fl (r', r)] = 0, 
s 

because Gn(r',rs) = Gn(r",rs) — 0- This proves the desired result. 


8.14 Green Function Inequalities 


(a) Let S be the surface of the closed volume V. Gd{ r,r') is the potential at r £ V due 
to a unit positive point charge at r' € V when the boundary S of V is grounded. 
This means that A(r, r') is the potential due to negative charge that is drawn up from 
ground and resides on S. This potential must be negative so A < 0. Therefore, 


G d ( r,r') < 


1 1 
47reo |r — r' | 


(b) Let f 1 be the volume V minus an infinitesimally small sphere centered on the point r' 
where the unit point charge resides. This means that V 2 G£)(r,r , ) = 0 everywhere in 
Cl. Earnshaw’s theorem says that Gd cannot have either a local maximum or a local 
minimum in Cl. But Gd is zero on the surface of V and large and positive on the 
surface of the infinitesimal sphere. Hence, Gd cannot be negative anywhere in Cl (or 

V). 



Source: G. Barton, Elements of Green’s Functions and Propagation (Clarendon, Oxford, 
1989). 
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8.15 The Potential of a Voltage Patch 

By symmetry, <p(x,y,z) = <p(x,y, —z). Therefore, we restrict our attention to the z > 0 
half-space where n = — z. There is no charge in this volume so the magic rule gives the 
solution as 


p(x,y,z> 0) =-e 0 J dS'ip(r') (r, r') = e 0 <A) J dS' (r, r') 

z =0 s 0 


(1) 


z '=0 


From the method of images, the Dirichlet Green function for the volume 2 > 0 is 


Gd{ r,r') = 


Therefore, 


47re 0 


\/{x — x') 2 + (y — y') 2 + (z — z') 2 \/{x — x') 2 + (y — y') 2 + (z + z') 2 

dG D { r,r') 


dz’ 


2 z 


z '=o ^ 7re ° [{x — x') 2 + (y — y') 2 + 2: 2 ] 3 ^ 2 


( 2 ) 


Substituting (2) into (1) gives 


f{x, y, z > 0) = ^ J 


poZ f d 2 r' 


r — r 


'13 ’ 


The symmetry p(x, y , z) = p(x, y , —z) produces the suggested result. 


8.16 The Charge Induced by Induced Charge 

The unit normal to the solution volume z > 0 is n = —z. Moreover, the only free charge in 
that volume is confined to Sq. Therefore, the magic rule gives the potential in the solution 
volume as 


<p(x, V, z > 0) = JdS'G D{ r,r >0 (r's) + e 0 vJ dS' 

So z'—O 


dG D (r, r') 


dz' 


The first term above is the potential induced by the added conductor. Therefore, the charge 
induced on the z = 0 surface by that conductor is the z = 0 value of 


a{x,y) = ~ e o Jr J dS'G D (r,r')ao(r' s ) 

So 


(1) 


z=0 


From the method of images, the Dirichlet Green function for this geometry is 


G d ( r,r') = 


47re n 


\/(x — x') 2 + (y — y') 2 + (z — z') 2 \/{x — x') 2 + (y — y') 2 + (z + z') 2 
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Therefore, 


dG D { r,r') 


dz 


2 z' 


2 — 0 


[(x — a ;') 2 + (y — y ') 2 + z /2 ] 3,/2 


Substituting (2) into (1) gives the final result, 


1 

27re 0 |r s - r'| 3 ' 


cr(x,y) 


J_ f ja, M r 's)z' 

2 W |r s -rf 


( 2 ) 


8.17 Free-Space Green Functions by Eigenfunction Expansion 

In N dimensions, the normalized eigenfunctions of V 2 ^ = —A ip are plane waves, 


V’kO) = 


1 


■ exp(ik • r), 


(2n) N / 2 

where k and r are TV-dimensional vectors. The eigenvalue is A = k • k = k 2 so 


G W( rr /) = l f d k exp[zk • (r - r')] 


eo J (2tt) 


N 


k 2 


In three dimensions, 

Gf(r,r') = 


1 


(27r) 2 e 0 

1 


dk J d( cos 6 »)e u|r - r ' |cos0 


dx 


sin x 


1 1 


27r 2 e 0 |r - r'| J 0 x 47re 0 |r-r'|' 
In two dimensions, we need a few tabulated integrals of Bessel functions: 


i r 2r # 


Gq (r, r') = — 


e 0 J 0 (27 r) 2 


J^_ e ik\T-r'lcos(j> _ 1 f°° 

k 2 tt€ 0 Jo k 


Jo(k\r - r'|). 


The last integral does not exist so we use a limiting process with the Bessel functions Jo (a;) 
and K 0 (x): 


Gf (r,r') 


-lim 

27TC0 T7—>o 



dk k 


J 0 (fc|r - r'|) 
k 2 + r/ 1 


-In |r — r'| + const. 

27re 0 


o-limA' 0 (??|r-r'|) 

/7reo o—>o 


The constant is proportional to In rj. We drop it because its divergence has no physical 
consequences. In one dimension, 


G { o\x,x') 


1 

27re 0 



dk ik(x-x') 

k 2 


— -—\X — X 


2eo 
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This follows because cPG^ /dx 2 = —S(x — x')/eo by inspection and 


dx 


/ x—x' 

dyS(y). 

-OO 


8.18 Free-Space Green Function in Polar Coordinates 

In polar coordinates, we want to solve 


__ 2 ~ d f dG\ 1 d 2 G 1 r . 

V ' G = Tp [ p Si ) + -„W = ' tA"~^~* 1 

because the source is a line charge with unit charge/length. The completeness relation 


— E exp [im{<t> - 4>’)\ = 5{<t> - cj>') 


m =—oo 


suggests the ansatz 


G o\c r ')=^ E 


m =—oo 


Substituting this above yields 


d ( dG„ 
P~ 


m 


dp \ dp J p 

The solution to the homogeneous equation is 


- G m = -8{p-(f). 


G m = Ap~ m P + Bp m P 
G m = Chip + D 


in/0 
m = 0 . 


Continuity at p = p' gives 


| m | 

Gm (p, P ) — A rn (1 S m || j ryy T B m 5 m ,0 bi p>. 

p> 


The jump condition 


dG n 


dp 


P=P +e 


= -1 


p=p'-e 


determines the coefficients A and B to be A m = 1/2 \m\ and B m = —1, so 

1 1 777, 

Go 2) (r,r') = -In p > + -E — cosm (0 “ </>')■ 

Z7T€n /xrac c .—/ rn n" 1 


27T€o ' m 

m = 1 
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8.19 Using a Cube to Simulate a Point Charge 

(a) A completeness relation for the one-dimensional interval —a < x < a is formed from 
solutions of Laplace’s equation with homogeneous boundary conditions, namely, 


ipm {x) = \j ~ sin 


mnx 


and 


1 

- cos 
a 


(2m — l)7rx 

2 a 


where m = 1, 2, 3,... Both are needed because the sine functions are odd in x and the 
cosine functions are even in x. We use these to make the delta function 


S(x - x')S(y - y') = — ^ ^ ip n (x) ip* (x) ip m (y) %p* m (y). 

m — 1 m — 1 

This motivates us to make an ansatz for the Green function: 

1 oo oo 

G(x,x') = - 2 ’ l Prn{x)ip^(x)ip n {y)ip*(y)g(z,z , \m,n ). 

Substituting this into eoV 2 G(a:, x') = —S(x — x')6(y — y')S(z — z') gives the ordinary 
differential equation 

(Jz 2 ~ r2 ) 9 ^ Z ’ Z '^ = _ z ' )’ 

where 

7T 2 

k 2 = —j (rri 2 + n 2 ) and g(±a,z' Ik) = 0 . 

4 cr 

The continuous solution that satisfies both boundary conditions is 
g(z, z\k) = C sinh n(a + z<) sinh n(a — z>). 


The jump condition, 

dg(z,z'\ K ) z=z ' +e 

dz z=z'-e 

fixes 

C = 1 /k sinh( 2 Ka). 
Therefore, the final Green function is 


G(x,x') 


1 

eo a 2 


^™{x)ipl l {x)'ip n {y)ipl{y) 

n — 1 m — 1 


sinh n(a + z<) sinh n(a 
«sinh (2 na) 


z>) 


(b) Put a charge — Q at the center of the box. When the box is grounded, the charge 
density induced on the inside walls of the box must exactly annul the field of — Q at 
every point outside box. That is, it is the field outside the box that would be produced 
by a point charge +Q at the center of the box. We will compute the charge density 
induced on the plane z = a. Since sinh 2na = 2 sinh na cosh na, 
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&{x,y) = -Qe 0 


dG(x, y, z, 0,0,0) 


dz 


() \ —' v—' / i i\ ,i 

~ 9^2 E E COS On 


2 a 2 

- = a m = l,3,... n = l,3,. 


nirx miry 1 

-— COS —2---. 

2 a 2 a cosh na 


Notice that only the cosine terms survive the sum because the position of the point 
charge is x' = 0. We conclude that 


r(0,0) = ^ V V - F __ n 

2a COsh l>/ 2 )Vm 2 + n 2 


1 


Q 

0 . 12334 . 

a z 


(c) Example 8.3 gives the charge density on the z = a face of a box which occupies 
0 < x, y, z < a as 


v(x,y) = ^ 

7 r a z 


E (- 1) 1 


\(n+£+m — 3) 


m 


n,£,m odd 


i 2 + £ 2 + m 2 


sm 


mrx 


sm 


hr y 


We evaluate the foregoing at the center of the face (x = y = a/2) and then let a —> 2a 
because the edge length of the box in the present problem is 2a. The final result for 
the charge density at the center agrees with part (b): 


= ^ E (-‘I* 

7r a z 

n,£,m odd 


(n+£+m — 3) 


sm 


n 2 + £ 2 + m 2 L 2 


sm 


hr 

~2 


= % Y. (-D* 

7r er ' 


(m- 1 ) 


n,£,m odd 


■ i 2 


m 


Q 

= 0.12334. 

a z 


Source: Prof. M.J. Cohen, University of Pennsylvania (private communication). 


8.20 Green Function for a Sphere by Direct Integration 

(a) Since 


e 0 V 2 G(r, r') = —<5(r - r') = - 


S(r - r')S(9 - e')S{<j> - </>') 


r 2 sin 6 

we use the given completeness relation to make the ansatz 


e 0 G(r,r') = ^ ]T G em (r,r')Y (m (r)Y; m ( f') 


1=0 m — —£ 


for the Green function. From, say, the wave mechanics of the hydrogen atom, we 
know that the angular part of the Laplacian in spherical coordinates makes up the 
total angular momentum operator. Specifically, 


V 2 G 


14 EE 

r 2 dr \ dr 
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where 


L 2 Y em = 


1 d 
sin 8 dd 



1 d 2 ' 

sin 2 8 d(j) 2 _ 


Y em = -£(£ +l)Y (m 


Using the three preceding formulae in the differential equation for G isolates the dif¬ 
ferential equation satisfied by G( m (r,r'): 


d_ 

dr 



+ i{t + 1 ) 


Ge(r, r') 


S(r — r'). 


Notice that we have changed notation to Ge(r,r') because the equation above does 
not depend on m. When r ^ r', our experience with Laplace’s equation in spherical 
coordinates leads us to write 


Ge(r, r') 


B(r e 0 < r < r' 

A' e r~( e+1) + A e r e r' < r < R. 


because the Green function must be regular at the origin. The three coefficients 
are determined from (a) the boundary condition Ge(R,r') = 0; (b) the continuity of 
Gt (r, r') at r = r'; and (c) the jump condition 


lim 

e —>0 



r=r'+e 

r—r'—e 


-l. 


A few lines of algebra give 


so 


Ge(r,r') = 


1 


r < 2 ri 


2£+l \ rl +1 R 2e+1 


-j c 

G < r '0=-i: e 

1=0 m — —l 


l 


r t r t 


2£+l\r{ +1 K 2l+1 


Y(m (f)F/ m (f'). 


The stated formula, 


G(r,r') 



( i 
r K Ty 

R 2t + l 


Pe(r-r'), 


is correct because 


Pe (f • r') = 


47T 

2i+l ^ 

m = —l 


Y lm {v)Yl m {v'). 


(b) Define a vector Q = (R 2 /r')f' so r • Q = r • r' . Now use 




' r ~ r 1 “*■> 
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twice: once as it stands and once with r' replaced by Q. This shows that the interior 
Green function we derived above can be written in the form 


G(r,r') = 


1 J 

f 1 R/r' 1 

L- 1 J 

r 1 R/r' \ 

47T60 1 

llr-r'l |r-Q|J 

47TC0 1 

( jr — r'| |r — R 2 r'/r' 2 \ j 


This is the image formula for the potential derived in the text. 


8.21 The Charge Induced on a Conducting Tube 

Begin with the exterior Green function for a tube of radius R derived in the text: 


G(r, r') = 


27r 2 e 0 


E 


C°° K (bn ^ 

dk {K m (kR)I m (k P< ) - K m (k P< )I m (kR)} 


K m {kR) 
x e ™(<£—<£') cos k(z — z'). 


(a) To find the charge density induced on the tube surface, let z' = (j)' = 0 and p' = s be 
the coordinates of q. Using the Wronskian for Bessel functions, 


&(<!>, z) = 


dG(p,(/),z\s) 


dp 


p=R 


oo 

- 2 ? £ 


m =—oo 


- Km{kp)I m {kR)\ p=R 

oo °° 

q eim * / dkcos(kz) 


k m ( kR ) dp 

K m ( ks ) 


m =—oo 


2 t t 2 R 

(b) The total induced charge is 

T /»00 /* 

Q = R dcf> dz a((f>, z) = — — / 
J o J- oo 7r J o 


Km (kR)' 


dk 


K 0 {ks) 


o K 0 (kR) 


OO 

J dz cos(kz) = —q 


because lim Kq(x) = — In a? and / 0 °° dk 8(k) = 


(c) By symmetry, the angle-averaged linear charge density is an even function of z: 

^ ~ /, °° K 0 (ks) 


f l7r q 

A (z) = R / d(j>a(<j), z) =-/ dk cos kz 

Jo * Jo 


K 0 (kR )' 


Therefore, it is sufficient to focus on 2 > 0. When 2 —> 00 , the integral is dominated 
by wave vectors in the immediate vicinity of k = 0 because cos kz oscillates wildly 
otherwise. Moreover, Kq{x) —> exp(—a;) /\/2ttx as x —> 00 and /\o(:r) — 1 ► — ln(x/2) 
as x —> 0. Therefore, when 2 —» 00 , A(z) « —(q/'K)A(z), where (using a convergence 
factor e > 0) 


A(z) 



dke~ k€ 


cos kz 


ln(fcs) 

ln(fcl?) 


dke ke cos kz 


In (s/R) 
In (kR) 
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8.22 

(a) 


The factor exp (—fee) cuts off the integral for values of k 1/e . Therefore, it has no 
effect on an integral dominated by values of k near zero. Below, we put e —> 0 (after 
the integral is performed) unless a non-zero value is needed to guarantee a finite result. 
With this understanding, the first term in the square brackets gives no contribution. 
Hence, 


A{z) = 


In (s/R) f 00 dkf(k) 

In (z/R) J 0 1 — \n(kz) / \a.(z / R) 


In (s/R) 


dkf(k) 


1 + 


In k z 
ln(z/R) J 


In (z/R) Jo 

where f(k) = exp(— ke) cos kz. Again, the first term gives zero so, for large z, 

In (s/R) 


A{z) 


dye ke cosylwy. 


z\vl 2 (z/R) Jo 


The integral is finite so we get the desired result. 


Green Function for a Dented Beer Can 


The ansatz is based on two completeness relations. One is for the particle-in-a-box 
eigenfunctions for a grounded, one-dimensional “box” defined by 0 < z < h. The 
other is the same except the box is defined by 0 < J> < 2n/p. The first of these is 

2 . / mrz \ . / rnrz' \ , 

r) sm (nrJ =<(z - 2) - 

n — 1 x 7 

The other is the same except that h —> 2n/p: 

*>(?¥)=su-t). 

17 m= 1 V / V / 

Consequently, all the requested boundary conditions are satisfied by the ansatz 
n ( /\ 2 P v' v- • (U'kz\ . f nnz'\ . (mp<j>\ . (mp<j>'\ , 

c *' l = riZ.z. ™ (-fr) si “ I ■nr j sm (■t - j sm (■— J >• 

Substituting this into 

e 0 V 2 G(r,r') = -<5(r-r') = ~-8{p - p')S((/) - J)')5((t> - J)')6(z - z') 

P 

and defining n = rm/h and a = mp /2 gives the desired one-dimensional equation: 


1 d 


e ° \ - P dp ) ~ r + 7 ) ) 9a (p ’ P ' W)= ~- P 6{p - p/) - 


1 
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(b) The equation above defines the modified Bessel functions. We need a solution that is 
regular at the origin, vanishes at p = R, and is continuous when p = p'. If p< denotes 
the smaller of p and p' and p > is the larger of p and p' , a linear combination of I a (Kp) 
and K a (up) that satisfies these requirements is 

g a {p,p'\n) = A/„(kp<) [K a (nR)I a (np > ) - I a (KR)K a (Kp >)\. 

The coefficient A is determined by the jump condition 

P=p '+(5 

= - 1 . 

p=p’-S 


eo P 


j dg 
dp 


Writing this out gives 


Ae 0 np'I a (nR ) {I' a {np')K a {up') - I a (n.p')K' a (up')} = -1. 


The Wronskian in the brackets is given in the text as 1/up'. Therefore, A = — 1/eo I a (kR) 
and the final Green function is 


= isEE 


€q 7 xh 


sin 


n — 1m =1 


/ U7TZ\ 

\~h~ ) 


sm 


sm 


/ mp<j>\ . / mp(j)'\ I m p/2(nnp</h) 

V 2 / m V 2 / Imp/-2{nnR/h) 


x [lmp/ 2 {mTR/h)K mp/2 {mrp > /h) - K mp/2 {mrR/h)I mp/2 (mrp > /h)\ . 

Source: Prof. M.J. Cohen, University of Pennsylvania (private communication). 


8.23 Weyl’s Formula 

A two-dimensional delta function in the x and y directions is 

■72 1 


/ = *(rx - rP. 


We use this to make the ansatz 

„/\ _ 1 f d ^-L Jki-(ri-r', 


G 0 (r,r') = — [ 

eo J 


( 27r ) 2 


J - ) G 0 (2,Z , |fc_L). 


Substituting this into V 2 Go(r, r' = —5(r — r')/eo gives 


d 2 

'd^ + k± 


k 2 


G(z , = — S(z — z'). 

eo 


When z ', 


Ae 


— fc_|_2 


z> z l 


Go{z, z’\k±) = 


B e +kxz z<z * 


on account of the Dirichlet boundary condition Go(z —> ±oo, z'\k±) = 0 appropriate for free 
space. We get the constants from continuity, 


lim Gq(z, z'\k±)\ z=z ,_ e = lim G 0 {z, z'\k±)\ z=z , +e , 
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and the jump condition 


lime 0 ^-Go(z,z'\k±) 
e—*o dz 


= - 1 . 


The result is 


Therefore, as advertised, 


G i] (z,z'.k.)= ' « *• 

2e 0 k± 


G 0 (r,r') = 


- J_ [ ^^ A-tn-r',) 1 k± \z~z'\ 


2 eo J (27r) 2 


*1 


8.24 Electrostatics of a Cosmic String 

(a) Go(p,p') is the potential at p due to a unit line charge at p'. For a unit line source 

at infinity, Gauss’ law gives the electric field as E = —p/2neop. Therefore, the Green 
function of interest is 

G(P,P') = ln|r-r'|. 

27re 0 

(b) The periodicity condition is Gg(p, <f>, p') = Gg(p, </> + 27T /p, p') so we will need to have 

8{<f> — (j)') = 5(<j) + 2 tt/ p — This suggests a Fourier series in the interval (0, 2tt/p). 
The basis functions are exp {impcj)) rather than the usual exp(zrm/>) so, by Fourier’s 
integral theorem, 




oo 

E f me imp<t> = 

771= — OO 



d<pS(<p)e- impv 


OO 

imp(f) _ P \ ^ impcj) 

2n 

m = — oo 


(c) The result of part (b) suggests the ansatz 


oo 

Gl{pA\p'A') = ^ E e im ^-^G m (p,p'). 

m =—oo 


Substituting this into egV 2 G(p, p') 


9 ( dG„ 
P- 


dp \ dp 
The general solution when p ^ p' is 


5{(f) - </>')5{p - p')/p gives 
—G m = -5{p-p'). 


G m = Ap~ mp + Bp mp m/0 
G m = C\np + D to = 0. 

Imposing continuity and the jump condition 
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limeo/o dG m /dp\ 


p=p'+e 

p=p'-e 


= -1 


gives 


G m (/?, p ) 


1 fim, 0 

2p\m\ 



fim, 0 In P> • 


Consequently, 


1 _°°_ i / \ m P 

G P o (p, <t>\p’, &) = ^- ^2 ~ cos i m P(^ ~ ^)] ( — ) - In P> ■ 

2ne o 171 \P> J 27reo 

(d) To perform the sum, note first that Gg is obtained from Gj by the replacement p —> pP 
and tf> —* <f>p and similarly for the primed variables. Moreover, for p = 1 , Gg must be 
identical to the result of part (a): 

Gl(p,p') = P'\ = - 2 ^ ln ^ P 2 + p ' 2 ~ 2pp ' cos ^ _ 

Combining these facts gives 


Gq (p, p') = — —*— In \Jp 2p + p r2p — 2 pPp'P cos p{(f> — (//). 
27 T£g 


(e) The required force is 


F = —9 2 V [Gg(p, p') — Gj(p, p')] p = p, > 


where the second term is present to ensure that there is no force when p = 1. The 
result is 


F = —^— lim 
47T€o p->p' 


pp~ 1 

p -— 

pp - p’p 


l 

p- p'_ 


p 


or, using l’Hospital’s rule, 


F 


- lim 

47TC0 P^p' 


lim 


47re 0 p->p' 

lim 

4-7reo p ^ p ' 


ppp 1 (p - p r ) - pp + p'p 
{pp -p fp )(p-p') 


ppp 1 — pp ,p 1 


pp - pp 

p{p-!)(?-■ 


pp 


> p~ 1 


(P~ !) 


TP 

47 T e 0 p' 
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8.25 Practice with Complex Potentials 

Write the potential in the form 


/(*) 


A 7 TZ 

-in tan — 

27reo a 


A r . 7 tz nz ' 

- in sin-In cos — . 

27T6q L a a - 


Let z = na + azo/n where n = 0, ±1, ±2,... and |zo | “Cl, i-e., a complex number in the 
immediate vicinity of x = na. This gives In s,iii{ttz/ a) ss In zq (plus a non-essential constant) 
so the first term in the brackets approaches the potential of a positive line charge very near 
x = na. Now let z = (n + |)a + azo/n. This gives lncos(7r,z/a) « In zo so the second term 
in the brackets approaches the potential of a negative line charge very near x = (n + |)a. 
The physical potential is 


= Ref(z) 


A 

47T60 


In 


cosh(27ry/a) — cos(27r x/a) 
cosh(27r y/a) + cos( 27 t x/a) 


The asymptotic behavior of this potential is 

lim tp(x,y) ~ e~ 2 ^ v ^ a cos(27ra '/a). 
Ilf I—►OO 
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Chapter 9: Steady Current 

9.1 A Power Theorem 

The rate at which an electric field E does work on a current density j confined to V is 


V = J d 3 r j • E. 

v 

A static electric field satisfies E = — V<p. Therefore, 


V = - j d 3 rj • Vt/3 = J d 3 r<pV • j — J d 3 r\7 ■ (j<p). 


V V V 

A steady current satisfies V • j = 0. Therefore, using Gauss’ theorem, 


V = 


dS ■ jtp = 0. 


s 

This integral is zero because confinement of the particles implies that dS ■ j = 0. 


9.2 A Salt-Water Tank 

Let a be the conductivity of the water. The current density is j = crE, where E = —Vip and 
the electrostatic potential obeys Laplace’s equation. The boundary condition at z = h is 


<p{x,y) 


V 0<x< LI 2, 
0 L/2 < x < L. 


The boundary condition at x = 0, x = L, 

n • j 


and 2 = 0 is 


dl P n 
= ^ =0 - 


Solutions of Laplace’s equation pair sines and cosines with sinh and cosh functions. There¬ 
fore, a moment’s reflection shows that 


<p(x, y,z) = ^2 A n cos ) cosh ( 


n = 0 


(717TZ\ 

h 


)■ 


To get A„,, multiply by cos(mirx/L) and integrate from x = 0 to x = L. This gives 


L/2 

p OO 

V / dxcos(nnrx/L) = ^ A n cosh(n7r) 


The integral on the far right gives ( L/2)5 mn so 


L 

J dxcos(mrx/L) cos(mnx/L). 
o 
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J° 

A" | 2V sin(m7r/2) 
[ m r cosh(?n7r) 

Source: Prof. T.M. O’Neil, University of California 


n even, 

n odd. 

San Diego (public communication). 


9.3 Radial Hall Effect 

(a) From Ampere’s law in integral form, the azimuthal magnetic field at radius r is 

B(r) = — f dsj(s)s. 
r Jo 

The Lorentz force on a charge q is F = q(E + v x B) , so B(r) must be opposed by a 
radial electric field 


E(r) = f dsj(s)s. 

r Jo 

(b) If p(r) = p + + p c {f) is the source of E(r) , Gauss’ law in integral form says that 

1 f r 

E(r) = — / dsp(s)s. 
re o Jo 

But j = p c v, so equating the two expressions for E(r) gives 

v 2 p 0 [ dsp c (s)s = — [ ds[p c (s) + p+]s. 

Jo e o Jo 


This gives 


[ V P 

/ dsp c (s)s = -- -/ dsi 

Jo 1 - V /c z Jo 


which must be true for every value of r. Therefore, 


Pc(r) = Pc 


P+ 

1 — V 2 1 c 2 


Remark: By conservation of charge, the wire must still be charge-neutral. Therefore, 
a constant density of mobile charge that is slightly greater (in magnitude) than the 
immobile positive charge density can only be achieved if all the mobile charge carriers 
squeeze radially inward a tiny bit. This leaves a very thin layer adjacent to the surface 
swept free of mobile charges. 

(c) The atomic weight of Cu is 63 and its density is 8.8 g/cm 3 . Then, if each atom 
contributes one valence electron, the positive ion density is 
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P+ = 


gin 

cm 3 


lmol 6 • 10 23 atom 1 electron 1.6-10 19 C 10 6 cm 3 


63 gm 


mole 


1 atom 


1 electron 


We suppose that p c 



P+ 


This gives v 2 / c 2 ~ 10 
field is 


i p + to estimate the mobile charge velocity from 

I 1A _ 7 , 

—— = - i — -—- 7 —- = 8 x 10 m/s. 

Ap + 10 4 m 2 x 1.3 x 10 10 C/m 3 

_3 ° so p c = p + is an excellent approximation. The radial electric 


, v 2 p c po [ r , 1 2 

E[r) = - / dss = -v p 0 p c r 

r Jo 1 

so the potential difference in question is 

A ip = f B drE(r) = \v 2 p, 0 p c R 2 . 


9.4 Acceleration EMF 

(a) The total acceleration of the electrons is a + v and the Drude drag force depends on 
the relative velocity v. Therefore, with no external electric field, 

m(a + v) + mv/r = 0. 

A steady solution has v = 0 so v = — ar. With the Drude conductivity a = ne 2 r/m,, 
this gives a current density 


j = —nev = nera = crma/e. 


Therefore, a current 


I = Aama/e 


flows through a wire with cross section A. 


(b) We have 


£ = 


/ 


d£ ■ E', 


where E' is an effective field which produces a force F = qE' so the electron motion 
described by mv = F has the same effect as the true, non-electrodynamic current 
flow. We have mv = -ma from part (a). Therefore, because q = — e, 


E' = 


ma 

e 
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(c) The linear acceleration is a = rCl and the ring area is S = nr 2 so 

E 1 mrtl 2mSfl 

I = — = — -2 irr = -. 

R R e eR 

Let the angular motion of the ring be 9(t) = 6 0 cos ut, with 9 q = 27t/ 360 radians. 


/ = 


2mnr 2 uj 2 9oAan mru> 2 9oAo 
e 2 nr e 

(9 x 10 _31 kg)(0.01 m)(500sec _1 ) 2 (27r/360)(10 _6 m 2 )(6 x 10' ohm -1 m -1 ) 


1.6 x 10 -19 C 


= 15 nA. 


9.5 Membrane Boundary Conditions 

At an interface S where the conductivity changes abruptly from o 3 to 02 , the matching 
condition is 

<7ini • Ei| s = cr 2 n • E 2 | s . 


The electrostatic condition V x E = 0 implies that E = —Vy>. Therefore, V • j = 0 implies 
that each region of our problem is characterized by 


Accordingly, 


y(z) = 


r 

dz 

dz 2 °‘ 

A\Z + Bi 

z < 0, 

A 3 z + B 2 

0 < 2 < 6, 

A 3 z + B 3 

z > 5. 


From the continuity of (p(z) and oip'(z) at each interface we get the conditions 

B\ = B 2 

A 28 + B 2 = A 315 + B 3 
oA\ = o' A 2 
o' A 2 = 0 A 3 . 

Using these identities, direct evaluation gives 


^(<5+) - y>(0") = A 3 S + B 3 -B,= A 2 6 = 5^A 3 = <5^ ^ 

o' o' dz 


z= 0- 
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Similarly, 


dip 

dz 


— — A-i — 


: = 6 + 


dip 

dz 


0 = 0 " 


Source: R.W.P. King and T.T. Wu, Physical Review E 58, 2363 (1998). 


9.6 Current Flow to a Bump 

Let S be the hemispherical surface. Ohm’s law is j = crE so 


r/2 


/= dA\ = 


J = ° 


dA ■ E = 2naR 2 / d9 sin 9E r (R). 


The radial electric field at the surface of the bump is related to its surface charge density by 
E r (R) = Tj/cq. When d > ft, the field near the surface of the bump is nearly the same as 
the field near a sphere in a uniform field Eo if the latter is perpendicular to the flat plate. 
Therefore, 

tt/2 

I = 6E 0 ttctR 2 J ddsin 9 cos 9 = 3naR 2 Eo = 3TraR 2 Vo/d. 
o 

Eo — Vo /d is approximately true when dip> R. 


9.7 The Charge at a Bend in a Wire 

The figure below indicates the physical origin of the surface charges that appear at the 
bend. The leftmost panel is the situation when the lines of current density j = 11A = aE are 
unaware of the bend and thus terminate over an area A of wire surface. The charges induced 
on the wire surface produce the indicated electric field inside the wire (which “bends” the 
field line pattern) and are the source of a normal electric field E n = a/e = Q/Acq outside 
the wire. Combining the two equations in this paragraph gives the desired estimate: 


Q = crA = £q EA = e 0 


I 

Aa 


A = e 0 I/a. 





Source: A. Butoni and J.-M. Levy-Leblond, Electricite et Magnetisme (Librairie Vuibert, 
Paris, 1999). 
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9.8 Spherical Child-Langmuir Problem 


(a) We generalize the text’s derivation of the Child-Langmuir law to a spherical geometry 
and assume that tp(a) = 0, ip(b) = V. The current density at distance r from the 
center of the system is 

3 = 4^2 = ^ r M r )' 

where p{r) is charge density and v(r) is the velocity of the electrons. Because we 
assume v(a ) = 0 the kinetic energy of any electron is | mv 2 (r ) = eip(r). Hence 

. . I pm 1 

“ 4tt r 2 V 2e Ppp' 

Poisson’s equation, V 2 </> = —p/e o> for this situation reads 


r 2 dr \ dr J 


I 

47reo r 2 



and we will require tp(a) = 0 and dp/dr | r=a = 0. 
The change of variable 


r = aexp(f) 
simplifies (1) to 


and 


p(r) = y(t) 


47TE0 


2/3 


d 2 y dy 1 

W + di = 


with the “initial” conditions 

y{ 0) = 0 and dy/dt\ t=0 = 0. 


(1) 


( 2 ) 


The differential equation for y(t) cannot be solved in closed form. Nevertheless, given 
a solution which satisfies (2) and the initial conditions, the potential on the outer 
sphere of radius b is 


V = y (In[6/a]) 


/ p rrl \ 

47t6q V 2ey 


2/3 


Solving for I in the preceding gives the advertised result, 


I = 



V 


3/2 


[y(x)\ 


x = In (b/a). 
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(b) With t = In (b/a), we search for an asymptotic (t 3> 1) solution to (2) of the form 
y(t) = Ct n . Substituting this guess into the differential equation gives 

■* 2/3 

y(t) = \ 

because we may disregard the term proportional to f -4 / 3 in the limit of interest. 
Hence, when b a, the maximum current takes the value 


I 


/2e87re 0 H 3 / 2 

V to 31n(6/a) 


Source: I. Langmuir, Physical Review 2, 409 (1913). 


9.9 A Honeycomb Resistor Network 

Assume segment AB is not missing and let a thin wire carry a current I from infinity to 
the point A. By symmetry, a current 1/3 flows through the segment AB. Now, remove the 
first wire and use a second wire to carry a current I from point B to infinity. By symmetry, 
a current 1/3 again flows through the segment AB. Finally, connect the first wire back to 
point A so a current I flows both from infinity to point A and from point B to infinity. 
In that case, the total current which flows through AB is 1/3 + 1/3 = 21/3. This means 
that the total current which flows through the rest of the circuit is I — 21/3 = 1/3 , which 
is one-half the current which flows through the segment AB. Since the rest of the circuit is 
connected in parallel to r at AB, the resistance of the infinite hexagonal network without 
segment AB is R = 2r. 



Source: Dr. A. Scherbakov, Georgia Institute of Technology (private communication). 


9.10 Refraction of Current Density 

The matching conditions for ohmic matter are 

n • [ji — j 2 ] = 0, hence jix = j 2 _l 
n x [Ei - E a ] = 0, hence jq \/o\ = n\\/o 2 . 

Combining these matching conditions we obtain 
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iin/ii_L = ( 0 - 1 / 02 ) • {ji\\/ji±) 


or 


tan 6*i cr 1 

tan 9-2 cr 2 


9.11 Resistance to Ground 

Let a current I be expelled radially through the surface of a hemisphere S of radius r. By 
the definition of current density, 


I = 



= 2nr 2 j. 


If this takes place in ohmic matter with conductivity a, 


Therefore, 


_ dip 


<f(r) = 


2 nra ’ 

and the voltage across the 1 J 2 layer next to the sphere is 


<P(a) - P( b ) = 


I (1 1 


27rcr 2 \a b 


The resistance of this layer is 


R 2 = 


1 (1 1 


27T(72 \ a ^ 
Similarly, the resistance through the Earth is 

1 1 


27TCT e \b OO J 


The overall resistance of the earthing device is equivalent to the resistances R\ and 1? 2 in 
series. Hence, 

1 1 \ 11 

a b J 2ttije b 



Source: V.V. Batygin and I.N. Toptygin, Problems in Electrodynamics (Academic, 
London, 1978). 
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9.12 A Separation-Independent Resistance 

The text shows that RC = e/<r relates the desired resistance R to the capacitance of a 
two-conductor capacitor with the same geometry. Moreover, when 01,02 d, each sphere 
contributes a point charge potential at the position of the other. Therefore, 


Pi 


' 1 

1 ' 


Qi 






47reai 

47t ed 



' P 11 

P 12 


Qi 

P2 


1 

1 


Q 2 


. p i2 

P 22 


Q 2 


. 47rec? 

47rea 2 . 







We know from our previous work with conductors that the Pij are the coefficients of potential 
and that the capacitance of a two-conductor capacitor is 


P\ I + P‘22 — 2Pi2 

Therefore, the resistance between the conductors for the problem at hand is 


R. 


47rcr 


1 

ai 


This expression becomes independent of d when 


1 2 ' 

02 d 

d is large enough. 


9.13 Inhomogeneous Conductivity 

Inside the strip, the electric field is 


E = j/cr = — (1 + a cos kx)x \y\ < L. 

‘ er 0 

Outside the strip, the potential p{x,y) satisfies \/ 2 p = 0. The tangential component of the 
electric field is continuous, so we impose the boundary condition 


dip 

dx 


v=±L 


O) 


(1 + a cos kx). 


A convenient strategy is to write the potential as the sum of two functions, 


ip{x,y) = ipi{x,y) + ip 2 (x,y), 


each being a particular solution of Laplace’s equation with the boundary conditions 


dp 1 
dx 


y=±L 


j_ 


and 


dp 2 
dx 


y=±L 


— — cos kx. 
<?o 
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By inspection, 

Pi{x,y) = ~—x. 

(JQ 

To find ip 2 (,x,y) we separate variables in the usual way to sine and cosine functions in 
one direction and real exponentials in the other. A solution of this form that satisfies the 
boundary condition above is 

J O' 

Pi (x, y) = - —r sin kx exp [±k(y ± L )\, 
a 0 k 

where the ± sign is chosen for y < —L and y > L so <£>2 —> 0 as y —♦ ± 00 . We conclude that 

J J O' 

tp(x, y) = - x —-—- sin kx exp [±fc(y ± L)\ . 

(To <Jo k 

The corresopnding electric field outside the strip is 

J J O' 

E = — 'S/p = — {1 + acos for exp [±k(y ± L)}} x ± — sin kxexp [±k(y ± L)\ y. 

(Jo (Jo 

Source: V.B. Gil’denburg and M.A. Miller, Collection of Problems in Electrodynamics , 2nd 
edition (FizMatLit, Moscow, 2001). 


9.14 A Variable Resistor 
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If the current is I and copper has conductivity a, the resistance between a point 1 and a 
point 2 is 

2 

R ^Ji j de >' 

1 

Any integration path between the two points can be used because V x E = 0 and j = <tE. 
Unfortunately, we cannot simply compare the shortest path lengths (or even the shortest 
lines of j) in each case to determine the relative resistances because the magnitude of j is 
not constant. On the other hand, it seems clear that R a < Rb and Rd < R a because the 
former is the latter taken in parallel. R c is surely a small resistance, but it is difficult to 
compare it to Rd quantitatively. Therefore, the best we can do is 

Rd ■ Rc ^ Ra ^ Rb • 

Source: A. Butoni and J.-M. Levy-Leblond, Electricite et Magnetisme (Librairie Vuibert, 
Paris, 1999). 


9.15 The Resistance of an Ohmic Sphere 

The geometry of the problem is as follows. 



The potential satisfies V 2 ^ = 0 inside the sphere. The general solution with azimuthal 
symmetry which is regular everywhere is 


ip(r,6) = 7>r'P,(cosfl). 
e=o 


(1) 


The boundary conditions involve the radial component of the electric field. This is 


E r 


dip 

dr 


OO 

^ Aflr^ 1 Pe(cos9). 

e=o 


( 2 ) 


To find the At, evaluate (2) at r = R, multiply the far left and far right terms by 
sin 9P m (cos 9) and integrate over x = cos 9. Using the orthogonality of the Legendre poly¬ 
nomials, 


l 

J dx P e (x)P m (x) 

-l 


2 TO + 1 
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we find 


Am. — 


2 r? +1 1 

2 m Ft 1 "- 1 


dx E r (R, x)P m {x). 


-l 


Because j = crE, E r ( R ) = 0 everywhere except on the electrodes. On the electrodes, the 
boundary condition is 

jr I 


E r {R) = — = ± 


a aTr(Ra)' 2 ’ 

where the plus (minus) sign applies to the electrode where the current leaves (enters) the 
sphere. Consequently, 


J dx E r (R,x)P m (x) = a7T ( Ra y J dxP m (x)- J dxP m {x ) 

— 1 [cos a —1 


7T —cos a 


Using the hint given and the parity of Legendre polynomials, P m (—x) = (~) m P m (x), we 
find 


I 

J dx E r (R,x)P m (x) = 


0 


m even, 


an(Ra) 2 2 m + 1 


[P m -1 (cos a) — P m +i (cos a)) m odd. 


Using this to evaluate A m and substituting back into (1) gives the potential at any point 
inside the sphere as 


I 00 ' i r 2k+l 

^ e) = crixiRa ) 2 ^ [P2fc+2 (c0S a) “ Pafc ( C0S ^ P2t+1 ( C0S ^' 

' ' k—0 


The potential difference between the electrodes is 
V = <p(R, d = tt) - <p(R, 9 = 0) 

J °° D 

= — TW T2 WUTT [ p 2t+2(cosa) - P 2 fc (cosa)] [P 2 fc+i(-l) - A*+i(l)] • 

cnr(Ra) z ' 2k + 1 

k = 0 

The last quantity in square brackets is equal to —2. Therefore, because V = IR defines the 
resistance, 

2 °° 1 

R = Wto - a E 2FTT - p “«< cos “)l ■ 

k = 0 

The k = 0 term causes P to diverge when a = 0 because we are trying to force a finite 
amount of current through a point of infinitesimal size. 


Source: E. Weber, Electromagnetic Fields (Wiley, New York, 1950). 
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9.16 Space-Charge-Limited Current in Matter 

This is a one-dimensional problem where v = fiE and E = —dtp/dx. Therefore, Poisson’s 
equation takes the form 


<$P_ = _P = _j_ = j_ (^f_\ 1 

dx 2 e ve fie \dx J 


This is the same as 


or 


dr p dp j 

dx 2 dx fie 1 

d fdp\ 2 j 

dx \ dx J fie 


Integrating this using the conditions <p = 0 and dp/dx = 0 at x = 0 gives 


(dp\ _ 2ja; 

\ dx J fie 

Taking the square root and integrating again gives 


p(x) 


- f^L r 3/ 2 

3 ]j fe ' 


Now, p = V at x = L. Therefore 




or 


9 _ V 2 


This is often called the Mott-Gurney law. 

Source: N.F. Mott and R.W. Gurney, Electronic Processes in Ionic Crystals , 2nd edition 
(Clarendon, Oxford, 1948). 


9.17 van der Pauw’s Formula 

(a) The potential of a line source has the form p(p) = Ain p. To find the constant A we 
insist that 

1 = JdS j = J dSjp, 

s s 

where S is the surface of a half-cylinder of radius a which encloses the contact at A and 
j p is the radial component of the current density in cylindrical coordinates. Because 
j p = aE p = -adp/dp , 
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I = —nadcrA — In p 
dp 


= —ndaA. 


p—a 


Therefore, p(p) = — ( I/nda ) In p. The radial distance from A to C is a + 6, so 


Pac =-— ln(a + 6). 

nda 


(b) With our definitions, 


V D — Vc — pad — Pbd — Pac + Pbc 


Hence, 


Similarly, 


I 

7r da 


[ln(a + b + c) — ln(6 + c) — ln(a + b) + In b]. 


Rab,cd 


Vo — Vc 

I 


1 (b + c)(a + b ) 

-in-. 

7r da b(a + b + c) 


Va - Vo — PBA - Pc A — PBD + PCD 



ln(a + b) — ln(6 + c) + In c], 


so 


R V A -V D 1 (b + c) (a + b) 

Rbc,da — - j -= —hi-• 

1 nda ca 


Now, because b(a + b + c) = (b + c)(a + b) — ac, we have 


exp[-Trd<TR A B,CD] 


(a + &)(& + c) — ca 
(a + b)(b + c) 


and 


exp[-TrdaR B c,DA] 


ca 

(a + b)(b + c) 


Therefore, 


exp(-ndaR A B,CD) + exp(-ndaR B c,DA ) = 1- 


Source: L.J. van der Pauw, Phillips Research Reports 13, 1 (1958). 


9.18 Rayleigh-Carson reciprocity 

Following the discussion of current sources in the text, the Poisson equations satisfied in the 
two situations are 
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aV 2 (p A (r) = I A [<5(r - ri) - 6(r - r 2 )] 

and 

aV 2 ip B ( r) = I B [<5(r - r 3 ) - S{ r - r 4 )] . 
Moreover, j = crE = —aVip. Therefore 


M 


J d A r [VipA • j b - Pa'V • j B - Viy o B ■ U - V?bV • ja] 


J d 3 r [-VipAV ■ - ip A a V 2 ip B + X7p B cr • Vc p A + <Pb^ 2 <Pa\ 

J d A r (tpA&lB [6(r - r 3 ) - <5(r - r 4 )] - ip B aI A [<5(r - r 4 ) - S(r - r 2 )]) 
aI B \ip A ( r 3 ) - 4 )] - <tIa[<Pb( ri) - <PB(r 2 )] 


= a(I B V A -I A V B ). 


On the other hand, evaluating M using the divergence theorem gives zero because there is 
no current density at infinity. Therefore, Va = V B if I a = 1 B . 


Source: H.H. Sample et al ., Journal of Applied Physics 61, 1079 (1987). 


9.19 The Electric Field of an Ohmic Tube 

(a) The general separated-variable solution to Laplace’s equation in two dimensions is 
p(p, <t>) = (A) + B 0 In p)(x 0 + 2/o0) + E [A a p a + B a p a ] [x a sin oxf) + y a cos atj)]. 

a^O 


The foregoing must match continuously to ip{a,4>) = (Vo/2 n)<f>. This motivates us to 
write a Fourier series for a straight line on a finite interval: 


■ = *£ 


(— l) k 1 sin k<j) 


k= 1 


— 7T < (f> < 7T. 


By inspection, the unique solution inside and outside the cylinder is 


<p(p,<t>) = S 


Vo (— p/a) k sin k<j> 

7T k 

k= 1 

Vo ^2, (— a/p) k sinkcj) 

7T k 

k= 1 


p<a, 


p > a. 
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(b) Using the hint, we find immediately that 


v{p,<!>) = < 


U, _! 

— tan 

7r 

psinc^ 

a + p cos <p 


—i 

— tan 

7T 

a sine/) 

p + a cos <p 


P < a, 


p> a. 


(1) 


From the diagram below, we see that tana = psimp/(a + pcoscp). Therefore, 


<p{p < a, <p) 


Un 


which shows that the equipotentials inside the cylinder are the suggested straight lines. 



(c) Far from the origin of coordinates, 


P(P > a,(p) 


Vo i a smd> 
— tan - 

7T p 


Vq a sin <p 
7r p 


( 2 ) 


This is a dipole potential in two dimensions. To see this, recall that the potential of 
a line with charge per unit length A at the origin is 


P{P) = -o- ln P- 

27TC0 

Superposing this with a line with charge per unit length —A located on the rr-axis at 
a small distance po from the origin gives 


A , , A rz „ T~ 2 Xpo cosp 

Ptot = ~~ -In P+ --In UP - 2 PPo cosp+ p z 0 « --. 

2neo 27T£o v 27reo p 

We can now let A —> oo and p 0 —> 0 in such a way that d = Xpox is a finite dipole 
moment per unit length. In that case, 


dp d cos <p 
<y9t ° t 27 T£oP 27T60 p 

Comparing this with (2) shows that the dipole moment of the ohmic cylinder is oriented 
along y rather than x, as we (arbitrarily) assumed for this calculation. 
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(d) Using (1), it is straightforward to find the radial component of the electric field. Sur¬ 
prisingly, perhaps, 


V 0 


a sm< 


F = - 8<p = 
p d P 


7T a 2 + 2ap cos 0 + p 2 
Vo a sin 0 


p<a, 


p > a. 


7 t a 2 + 2 ap cos 0 + p 2 

Using cr ou t = eop-Es and cr in = -e 0 p • E 5 gives 

eo Vo sin 0 e 0 Vo 

^out — ^in — 0 1 , — 0 tan a. 

27ra 1 + cos 0 2 n a 

The equipotentials inside and outside the cylinder look like the following. 


(3) 



(d) The angular component of the electric field inside the cylinder is 

1 dip Vq p+ a cos 0 


E ( j > (p < a) = - 


p dp 7r a 2 T 2 ap cos 0 + p 2 


From the figure above, the denominator of the last term is s 2 . Using E p from (3), 


_, . Vo a sin 0 „ Vo p + a cos 0 

E (p < a) = - p - -0. 

ns s ns s 


Substituting 


p = cos 0x + sin 0y 
into the preceding equation gives 


0 = — sin 0x + cos 0y 


(4) 


E (p <a) = - — 

7 TS 


p sin d> ^ a + p cos 6 A 

--—-x +---—y 


On the other hand, mimicking (4), 


„ . „ „ p sin 0 A a + p cos 0 „ 

a = — sin ax + cos ay =-x H-y. 
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Therefore, as suggested, 


V n 

E(p < a) = - a. 


The electric field line pattern inside and outside the cylinder looks like the following. 



Source: M.A. Heald, American Journal of Physics 52, 522 (1984). 

9.20 Current Density in a Curved Segment of Wire 

The potential difference A ip is a constant, independent of r, between any two cross sectional 
cuts of the wire. Therefore, if 6 parameterizes a traversal through the bend, 


A ip = E • d£ = ErdO 


must be independent of r. Hence, E oc 1/r and j = aE oc 1/r also. For a very narrow wire, 
r ss const, so j ss const., which is the usual answer. 

Source: F.B. Pidduck, Lectures on the Mathematical Theory of Electricity (Clarendon, 
Oxford, 1937). 


9.21 The Annulus and the Trapezoid 


(a) In polar coordinates, the potential tp(r, <j>) satisfies the Laplace equation: 


V> = 


1 d ( dtp\ : 1 d 2 (p 
r 2 d(f> 2 


r dr V dr 


= 0 . 


Because the edges CD and FA are maintained at a constant potential difference, we 
see that <p(r, </>) = <p{4>) and 

d 2 (p 


dej) 2 


= 0 . 


If <p(0) = 0 and = V, the unique solution is 

¥#) = V-- 
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The associated current density is 


_ 1 dip 2 V 2 

J = — (TV ip = -CT-—0 = O' 05 

r ocp r 7T 

so the total current through any line 4 > = const, is 


T V I dr V (b , 

/ = —ta — / — = —ter — In — ) . 

7r / r 7T V a , 


Hence, the resistance of the annulus is 


R=X :7 = 


|/| tain (6/a) 

(b) Using the result of part (a), the resistance to an azimuthal flow of current through an 
annulus with radius r, width dr , and length L = nr is 


dR(r) = 


n 


ta ln[(r + dr)/r] tadr 
The resistances from different sub-annuli are in parallel with one another. Therefore, 


1 /' 1 f ter dr ta 

R = J dW) = J V7 = 7 ln(w 


This reproduces our previous result because the lines of current density in each annulus 
with infinitesimal thickness are the same as the lines of current density obtained for 
the complete annulus by solving Laplace’s equation. 


(c) Because the edges ABC and DEF are maintained at a constant potential we see that 
ip(r,(j)) = tp(r). Therefore, Laplace’s equation reads 

2 1 d ( d<p\ 

If (p(a) = 0 and <p(b) = V, the unique solution is 

ln(r/a) 


¥>(r) = 


ln(6/a) ’ 


The associated current density is 


dip „ aV 1. 

so the total current through any line r = const, is 
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I = j ■ Trrt 


tanV 
In (b/a) 


The resistance in this case is 


R = \V/I\ 


ln(6/a) 

irta 


Using the result just above, the resistance to a radially flowing current through an 
annulus of radius r and width dr is 

= In [(r + dr)/r\ = dr 
nta ntar 

The resistance from different annuli are in series for this geometry. Therefore, 


b 



a 


This reproduces our previous result because, in both cases, the radial lines of current 
density are everywhere parallel to edges where no current exits perpendicular to the 
edges where the current enters and exits. 


(d) The diagram below shows the lines of current density that would result from the 
Laplace’s equation solution. Note that they are perpendicular to the edges where 
current enters and exits. If this solution were used for the tiny trapezoid indicated, the 
lines would be perpendicular to the horizontal edges of the tiny trapezoid also, which is 
not what the true lines of current density do at these points in space. Summing these 
tiny trapezoids overestimates the amount of current flowing normal to any horizontal 
line (because the real current density has a horizontal component almost everywhere) 
and thus underestimates the resistance, compared to the exact solution. 



Source: L.G. Chambers, An Introduction to the Mathematics of Electricity and Magnetism 
(Chapman and Hall, London, 1973). 
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9.22 Joule Heating of a Shell 

In spherical coordinates, Laplace’s equation on the shell is 

1 d ( . A d<p\ 1 d 2 * n 

sin e do V ln 6 do ) + sin 2 0 d(f> 2 ~ ' 

The imposed potential suggests we seek a solution of the form ip = U(0) cos n<fr. This guess 
reduces the equation above to 


sin 0-^- ^sin— n 2 U = 0, 
dO \ dO ) 

subject to the condition U = V at 6 = a, U = — V at 0 = n — a. The suggested substitution 
further simplifies the equation to 


d 2 U 

dy 2 


— n U = 0. 


The general solution is 

U = A exp(ny) + B exp(-ny) = A tan™ (0/2) + Scot™ (0/2), 
where A and B are determined from 

V = A tan" (a/2) + Scot’ 1 (a/2) 


and 


—V = Atan"((7r — a)/2) + Bcot"((7r — a)/2) = Acot™(a/2) + B tan’ 1 (a/2). 


Specifically, 


A = 


V 

tan™ (a/2) — cot™ (a/2) 


and B = —A = 


V 

cot™ (a/2) — tan™ (a/2) 


Finally, the electric field 

E = — V(p 


1 

R 



e- 



n sin n(f) 


4 > 


has components 

E e = - n p C0S7 ^ (Atan™ (0/2) - Scot™ (0/2)) 
H sm 6 

and 

E<t, = (Atan™ (0/2) + Scot™ (0/2)). 

H sm u 

The associated surface current density is 


K =crE =a(EgO + £/,</>). 
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Therefore, the rate of Joule heating generated between the two rings is 


U = / dS K E 


7 r—a 2n 


= R 2 cr J sin 6 d6 J (Eg + Efy d<j> 

a 0 

it— a 

= 2n 2 an J / — [ A 2 tan 2 ' 1 (9/2) + B 2 cot 2n (fl/2)] dO 


= 2n~anA 


2 2 ^ [eot 2n (cr/2) —tan 2n (o/2)] 


2 n 


= 2nnaV 


2 cot n (a/2) + tan" (a/2) 
cot" (a/2) — tan" (a/2) 


2mraV 2 


cos a 


Source: L.G. Chambers, An Introduction to the Mathematics of Electricity and Magnetism 
(Chapman and Hall, London, 1973). 


9.23 The Resistance of a Shell 


(a) The potential is confined to a spherical surface and has azimuthal symmetery. There¬ 
fore, ip is a function of 6 only and Laplace’s equation simplifies to 


d_ 

86 



= 0 . 


The boundary conditions are <p = 0 at 9 = a\ and i p =V at 6 = n — 012 - The suggested 
substitution further simplifies Laplace’s equation to 



The general solution is 


ip = A + By = A + B In [tan(0/2)], 
where A and B are determined from 

0 = A+B In [tan(ai/2)] and V = A+B\n [tan((7r — a2)/2)] = A—Bln [tan(a2/2)]. 


Solving these gives 
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B = 


V 


In [cot(ai/2) • cot(« 2 / 2 )] ’ 
and we will have no need for the constant A. The electric field is 


m = vm = -- e = ——o 

a \ 06 asm 6 


and the associated surface current density is 


K(0) = crE = — -^—G. 

a sin 6 


The total current which flows past the sphere’s equator, say, is 

/ = |A'(7t/2)| • 2-rra = 2naB = 2tujV f {In [cot(ai/2) • cot(a2/2)]} . 
Therefore, the resistance between the terminals is 


R= = — 1 — In [cot(ai /2) • cot(a 2 /2)]. 
1 Zira 


(b) Consider a thin ring on the surface of the sphere defined by an angle 0. The radius of 
the ring is r = asin0 and its width is add. Therefore, the resistance of the ring to the 
current flow is 

1 add 1 dd 

d R= = -- 

a 2 tt r 2 na sin d 

Integrating this over the ohmic portion of the sphere gives the total resistance between 
the poles as 


R 


1 

27 t a 



dd 
sin d 


«i 

-[In (tan(7r — a. 2 )/ 2 ) — ln(tan(a 1 /2))l 

27rcr 

In [cot(ai/2) • cot(a 2 / 2 )]. 

27rcr 


Source: L.G. Chambers, An Introduction to the Mathematics of Electricity and Magnetism 
(Chapman and Hall, London, 1973). 


9.24 The Resistance of the Atmosphere 

The resistance of the atmosphere is R = V/I where I is the total current that flows through 
the atmosphere and V is the potential difference between the Earth’s surface and the upper 
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atmosphere. The first of these is straightforward because the current density near the surface 
of the Earth is 

jo = cr 0 E 0 = ^3 x 1(T 12 A/m 2 . 

Therefore, the net steady current which flows from the atmosphere to the Earth is 

/= |jo|47rrg « 1500 A. 

To find V, we need E(r) and hence j(r). The latter obeys the steady-current condition, 




r 2 dr 


Integrating this differential equation gives 


j(r) = Jo4- 


Hence, the electric field at a distance r from the Earth’s center is 

J'W 


E{r) = 


Jor-o 


<j(r) 


cr 0 + A (r - r o y 


The potential difference follows immediately as 


r 0 + H 


ro + H 


V = - j E(r)dr = -j 0 rl J 


dr 


cr 0 +A(r-r 0 y 


The integral can be done, with the result that 


V = — 


jo*o 


\/^ o(cto + ArlY 
ct 0 + Arl 


V / A(Arg — ctq ) tan 


-i ( VA(r - r 0 ) 


ct 0 + A(r - r 0 ) 2 \l ro+ff 


— Aro In 
r 

Substituting the given numerical values yields 

V « 370 kV. 

Therefore, our estimate for the resistance of the Earth’s atmosphere is 

R = j « 250 n. 


Source: A.N. Matveev, Electricity and Magnetism (Mir, Moscow, 1986). 
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9.25 Ohmic Loss in an Infinite Circuit 

Let R be the equivalent resistance between terminals A and B. Because the three-resistor 
motif is repeated indefinitely, nothing changes by the addition of one additinal motif. Hence, 
the circuit shown in the diagram below is equivalent to the original circuit. 


^-WW 

r 2 


R R2 

M/WW 



R 


As a result, the equivalent resistance of the circuit is 


R — 2R 2 + 


R\R 
i?i + R' 


The foregoing rearranges into the quadratic equation 


R 2 — 2 R 2 R — 2R 2 Ri — 0 , 


which has the positive solution 

R = R 2 + \J R ‘2 T 2 / ) -i //1. 

Now, assume that the voltage between the terminals is Vq. The current flow between the 
terminals is / = Vo / R, so the voltage drop across the first resistor R\ is 

Hi = Ho - 2 R 2 I = H 0 (1 - 2 R,JR). 

Similarly, the voltage drop across the second resistor Ri is 

H 2 = Hi (1 - 2 R 2 /R) 

and the voltage across the nth resistor f?i is 


Vn = Ho (1 - 2 R 2 /R) n . 


Using this information, the rate at which heat is produced by the nth resistor Ri is 
Kn{ 1) = H n 2 /f?i = H 0 2 (1 - 2R 2 /R) 2n /R u 
and the rate of Joule heating by all the R\ resistors together is 


ft(l) = 


T /2 00 t /2 

0 (1 - 2 r 2 /r) = 0 


1 


R 


Ri V 1 — (1 — 2 R 2 /R) 


- 1 


H 0 2 (j?i +R 2 - y/R% + 2R 2 R^ 
2R ly /R% +2R 2 Ri 
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On the other hand, the rate at which heat is produced by the entire circuit is 


n = V 0 2 /R 


V 2 

v o 


i ?2 + \J R 2 + 2 R 2 R 1 


Finally, by the definition of a, 

71(1) (j^ 1 7- R 2 — \/R% + 2i?2-Ri^ (jl 2 + \/R\ + 2R 2 R 1 ) 

K ~ 2R ly /R 2 2 +2R 2 R 1 

This expression shows that 

1 

a < 2 

To complete the problem, we set x = Ri/R 2 , write 

a = \ (l- 1 ) , 

2 V VT+2i) 


ifl__ 

2 \ y /R 2 +2R 2 R 1 


and solve for x. The result is 

Ri 2a(l — a) 
X= ~R 2 = (1 - 2a) 2 ' 


Source: Dr. A. Scherbakov, Georgia Institute of Technology (private communication). 
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Chapter 10: Magnetostatics 

10.1 In-Plane Field of a Current Strip 

This problem amounts to superposing the fields from a collection of long, straight wires. 
The surface current density is K = (//&) z. Therefore, an infinitely long filament at y with 
width dy carries a current dl = Kdy. Treating this as a wire gives a contribution to the 
magnetic field of 

p 0 Kdy 

dti = — — -7-;-rX. 

27r(a + b — y) 

Therefore, the total field at the observation point is 


B = 


Pol f dy ^ _ p 0 I 
2nb J a + b — y 2 tt b 



dl 



dy 



0 b a + b 


10.2 Current Flow in a Disk 

The field has only a tangential component in the immediate vicinity of the top and bottom 
of the disk. That field changes direction when the observation point passes through the disk 
itself. From the direction of the field, we must have a circulating distribution of current in 
the body of the disk as shown below. However, the field far away looks like that produced 
by a loop with current circulating in the opposite direction. We get a consistent picture if 
we assign that current to the perimeter of the disk. Thus, 



Source: C.L. Pekeris and K. Frankowski, Physical Review A 36, 5118 (1987). 
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10.3 Finite-Length Solenoid I 

(a) Place two identical, semi-infinite solenoids end-to-end so their windings turn in the 
same direction. The magnetic field through their common plane is longitudinal and 
the magnetic flux through this plane is the same as the flux through any cross-sectional 
plane far from their common plane. Now separate the two slightly. By symmetry, the 
field line pattern is symmetric with respect to the midplane between the two open 
ends. The longitudinal component of every field line which exits one solenoid (and 
thus contributes to the magnetic flux of interest) has a counterpart field line which 
enters the other solenoid with the same longitudinal component of the field. The radial 
components have opposite signs for the two solenoids. Therefore, adding the two fields 
together reproduces the field inside an infinite solenoid. This proves the assertion. 

(b) All the field lines form closed loops. Moreover, from part (a), only half the field lines 

exit the solenoid at each end. The other half must pass through the walls and form 
closed loops as shown below. Indeed, the field lines which exit through the open ends 
meet up to form closed loops also. We emphasize that there is no reason for field 
lines not to pass through the current sheet. The requirement is that the matching 
conditions be satisfied: 


p ■ (Bin - B out ) = 0 


and 


P X (Bj n B out ) — /ipK- 


The field lines very near the wall but very far from the ends are very nearly parallel 
to the walls. In that case, the matching rules force these lines to execute a sharp 
“hairpin” turn when they pass through the walls. 



Source: I.E. Irodov, Basic Laws of Electromagnetism (Mir, Moscow, 1986). 


10.4 Helmholtz and Gradient Coils 


(a) The field on the 2 -axis of a current ring is B(^) = B(z )z where 


B(z) = 


hO I 


R 2 


Mo IR 2 


f(z) = Kf(z). 


2 (R 2 + 2 2 ) 3 / 2 2 

For two coils that carry current in the same direction at a distance 2 from one of them, 


B(z) 

= K[f(z) + f(2b - 2 )] 

B{b) = 2 Kf{b) 

B\z) 

= K[f\z) - /'(2b - z)} 

O 

II 

CcT 

cq 

B"(z) 

= K[f"(z) + f"(2b-z)} 

B"{b) = 2Kf"(b) 

B'"(z) 

T7 

1 

•o 

w 

S*J 

II 

B"'(b) = 0, 
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where 


/'(*) 


3 z 

(i ? 2 + z 2 ) 5 / 2 


/"(*) 


12z 2 - 3 R 2 

(R 2 + z 2 y/ 2 ' 


Thus, f"(b) = 0 when 2b = R , which is the condition for a Helmholtz coil, 
(b) For the gradient coil, 


B(z) 
B'(z ) 
B"(z) 
B"\z) 


K[f(z)-f(2b-z)\ 
K[f'(z) + f(2b - z)\ 
K\f"(z) — / // (2& — z)\ 
K[r(z) + f'(2b-z)} 


B{b) = 0 
B'(b) = 2Kf'(b) 
B"(b) = 0 
B”'(b) = 2 Kf”(b). 


Therefore, near the midpoint, z = b, 

B(z) = B(b) + B'(b)(z -b) = 2Kf(b){z - b) = p 0 IR 2 {R2 + ^ 2 (b - z) + ■ ■ ■ . 


10.5 A Step off the Symmetry Axis 


By symmetry, the magnetic field of a current ring has no <fi component. Therefore, V - B = 0 
reads 


\d_ 

pdp 


(.pB p ) + 


dB z 

dz 


= 0. 


Substituting into this B p = f(z)p gives 


/(*) 


1 dB z _ 3 R 2 z 

2 ~dz ~ 4 M ° 7 {R 2 + Z 2 )5/2 • 


To find B z (p,z ), use the fact that V x B = 0 near the symmetry axis. Therefore, 


dB z _ dB p _ 3 tu2 R 2 — 4z 2 

hp~lh~l^ p {R 2 + z 2 yi 2 ' 


Integration with respect to p gives 


B z (p, z) 


B z (0,z) + -poIR 2 p 2 


R 2 - 4z 2 
(. R 2 + z 2 y / 2 ' 


10.6 Two Approaches to the Field of a Current Sheet 


(a) 


B(r) 


t f ^ / Kx ( V° 

47 t J |r — r'| 3 



oo 



,/ xy-(y-y')-k 

[x 2 + (y — y') 2 + (z — z') 2 ] 3 / 2 
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There is no x contribution because the integrand is an odd function of y—y'. Therefore, 


B(r) = 


PqK 

4-7T 


oo oo 


/ dy ' J dz ' [x 2 + (y- y'Y y +(z- z’) 2 ?' 2 


—oo —oo 


Mo I< 
27T 


dy' 


xy 


x 2 + {y - y') 2 


Mo I <. 


-y- 


(b) The magnetic field at a distance R from a wire with current I is 


B = 


Mo I 
2t tR 


4>- 


The right-hand rule tells us that the contributions to the x-component of B(x, y) from 
wires located at y’ = y ± s cancel for all values of s. The remaining component of 
B points in the sgn(a;)y-direction. Then, because I = Kdy and R = x 2 + y 1 , the 
substitution y = x tan 0 gives 


\B\ 


Mo f°° dyK _ x 

2?r J- oo \Jx 2 +y 2 sjx 2 + y 2 


Mo K 
2ir 



dO = | Mo K- 


Source: W. Hauser, Introduction to the Principles of Electromagnetism (Addison- 
Westey, Reading, MA, 1971). 


10.7 The Geometry of Biot and Savart 

Adding some angles and labels to the figure gives 



If R = r — r', the Bio-Savart law for this wire is 


B(r) 


Mo I 
47T 


ds x R 

R 3 
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From the geometry, we collect three bits information: 

ds x R = dsR sin(7r — 0) = dsRsind 
ds sin 0 = RdO 
sin 6 sin a 

~d~ = -RT' 

Since both legs of the wire contribute equally to a field which points into the paper at the 
indicated observation point (black dot), we get the field magnitude as 

a 

Ho I f dO hqI 1 . Hoi 1 — cos a Hoi , i 

B = —— / — = -— - / dO sm0= -—-— ; -= -—-tania. 

27r J R 27r a sin a J 0 z7r a sin a Z7 id 

o 


10.8 The Magnetic Field of Planar Circuits 

(a) The Biot-Savart law is 


B(x) 


Mo 

47T 


di x (x - y) 

|x-y| 3 


Mo I 
4-7T 


di x r 

r 2 ’ 


where c?£ is a differential element of the circuit at the point y and r = x y. When 
the observation point is in the plane of a planar current loop, the field direction is 
given by the right-hand rule. The figure below shows that the angle between di and 
r is 7T — (a — 4>) whether this angle is acute or obtuse. Therefore, 


|di x r| = d£sin[7r — (a — (j))] = d^sin(a — 4>). 

On the other hand, the diagram also shows that ref) = di sin(a — </>). Therefore, 


B(P) _ ^ 


d(f> 

r 
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(b) If P is at the center of an ellipse, we use the result of part (a) where r(</>) is the equation 
of an ellipse in polar coordinates: 


r{<t>) 


ab 

y/a 2 sin 2 <f> + b 2 cos 2 4> 


This gives 


B= —E(k), 
7r a 


where k = yj 1 — a 2 /b 2 and 


E(k) = 



d(j)\j 1 — k 2 sin 2 <f> 


is the complete elliptic integral of the second kind. When a = b, this simplifies to 


4tt J 0 r(</>) 47ra J 0 2 a 

which is the familiar result for the field at the center of a circular current loop. When 
a —> oo with b fixed we get 


w i_ r 2 " 

4tt J 0 r{4>) 


Mo 1 
47 vb 



d(f> | sin (f> | 


Mo I 
nb 


which is the field at the midpoint between two wires separated by a distance 2b which 
carry equal and opposite currents. 


(c) The Biot-Savart law reads 


B w = £ i dS ' 


^,K(j) x (zz — r'r) 
(z 2 +r' 2 ) 3/ 2 ' 


By symmetry, B = B(z) z. Therefore, 

B ( z ) = \^ K J dr ' -. 
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Now, sin# = r'/y/r' 2 + z 2 , cos 0 = z/y/r’ 2 + z 2 , and r' = zta.nO. Therefore, dr' 
(zj cos 2 0)d0 and 


B(o) = l w K^ + 


= \pqK {ln(sec a + tan a) — sin a} . 


Source: J.A. Miranda, American Journal of Physics 68, 254 (2000). 


10.9 Invert the Biot-Savart Law 


B(D - 


Mo f , , K( ,s f , , _ 0 - z')x -(x- X 0 )z 

47 tJ ** J ay l(x - x 0 ) 2 + (y - y’) 2 + (z - z') 2 ] 3/2 ' 


Performing the yf integration gives 


= % J dl ' K v \ x -J a r + u-z ’) 1 


By(x,z ) = 0 


OO 

B *( x ’ z ) = ~2fr f z') 2 ' 


These are indeed convolution integrals of the form 


OO 

A(z)= J dz'B(z — z')C(z'). 


(b) Define the Fourier transform pairs, 


B z( x , z ) = ^ dk B z (x,k) exp(ikz) and B z {x,k) = I dz B.(x, z) exp(-ikz), 


and similarly for K(z) and 


A(x, z) = 


Xo — x 

(xq — a:) 2 + z 2 


In that case, the convolution theorem tells us that 
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B z (k) = ^K(k)A(k). 

Z7T 

Solving this for K and Fourier transforming back to configuration space gives 

OO A 

K {z) = y- [ dk-^^-exp(ikz). ( 1 ) 

27T J Po A(k) 

— OO 

It remains to compute the Fourier transform, 


A(x, k) = / dzA(x, z) exp (—ikz) 


dz „ X ° o —— exp {—ikz) 


z 2 + (xq — x) 2 


= T ! dz 
2 i 


1 


1 


z — i(x o — a:) z + i{x o — x) \ 

— OO 

= 7rexp[— |fc|(xo — x)]. 


exp(— ikz) 


The last line comes from using the residue theorem for x < Xq and closing the contour 
in the lower (upper) half-plane when k is positive (negative). Collecting our results 
and substituting in (1) gives the advertised result: 


K(z) = 




dk exp[|fc|(a:o — x)] / dz' B z (x, z') exp[ik(z — z')\ x < Xg 


(c) Since B y = 0 and x < Xo excludes the source current, the two components of the 
magnetic field are constrained by 


V • B = 0 


dB x d B~ 
dx dz 


and 


V x B =0 


dB x dB z 
dz dx 


In other words, B x {x,z) adds no new information. Furthermore, our result says that 
K(z) is determined entirely by, say, f?~(0, z). This implies that the translationally 
invariant magnetic field B(:r, z) is determined entirely by B z (0,z) also. This is anal¬ 
ogous to the result proved in the text that an azimuthally invariant magnetic field 
B (p,z) is determined entirely by B z ( 0, z). 


Source: D. Jette, Medical Physics 30, 264 (2003). 
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10.10 Symmetry and Ampere’s Law 


(a) We work in cylindrical coordinates where x = pcos(j) and y = psincj). Then, because 
x = cos (j)p — sin <f>4> and y = sin tj>p + cos (j>(j>, 

B = B x x + By y + B z z = (B x cos 4>+ B y sin <j>)p + (B y cos 0 — B x sin + B z z 


— B p p + Bpej) + B z z. 

The magnetic field is a pseudovector so, under reflection through x = 0, 

B —> B' = B' x ± + By y + B’ z z = B x -x - B y y - B.z. 

Moreover, this reflection sends <j> —> n — (f>, so sin <j> —» sin (f> and cos </>—»— cos <fi. 
Combining these two bits of information tells us that B' p = —B p , B^ = B^, and 
B' z = —B z , as required. 

(b) A 7r rotation around the 2 -axis sends B to B where 

B = B x ± + By y + B z z = -B., x - B y y + B-z. 


On the other hand, this rotation sends <fi —> <j> + 7r, so sin <)>—>— sin (f> and cos <j> —» 
— cos ft. Consequently, B p = B p , B^ = B,/,, and = B z . This result is consistent 
with the results of part (a) only if B p = 0 and B z = 0. Finally, rotational invariance 
around the 2 -axis ensures that B(p, <j>, z) = B (p,z). Therefore, we conclude that 
B = 2)0. 

(c) Since B(r) = B(p, z)4>, we use Ampere’s law and circular circuits parallel to the 2 = 0 
plane centered on the 2 -axis. This gives immediately 


B (p,z) 



0 


2 > 0 , 


2 < 0. 


(d) The magnetic field matching conditions are 

n 2 • [Bi - B 2 ] = 0 n 2 x [Bi - B 2 ] = ^ 0 K(r 5 ). 

We choose n 2 = —z so the normal component equation is automatically satisfied at 
the 2 = 0 surface. The other matching equation reads 


z x 




poK. 


This is correct because the total current / flows radially outward through every circle 
with perimeter 2irp. 


10.11 Current Flow over a Sphere 

The geometry of the problem is the following. 
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(a) The amount of current which flows past a curve Con a surface is 

I = J ds • K x n. 

c 

This must be true for every circle which is the intersection of the sphere with a hor¬ 
izontal plane. For such circles, ds = RsmOdtfxf). Moreover, K = —K(0)0 and n = r. 
Hence, 

1 = 2nRsmOK(9) => K =--- 0. 

2nRsm 9 

(b) The source current is invariant to rotations around the z-axis. Therefore, in cylindrical 

coordinates, 

j = j P (p, z)p + jz{p,z)i. 

The magnetic field satisfies VxB = and B cannot depend on (j). Therefore, the 
only components of the curl that may be non-zero are 

V x B = ~^jr L P+ P B 4 >)z- 
oz p op 

This tells us that B = Bp{p, z)<j> and that we should use Amperian circuits which are 
horizontal circles coaxial with the z-axis. When \z\ > R , this gives the infinite-wire 
result that B = (poI/2np)rf>. When |z| < R, we get zero when p < R sinC (inside the 
sphere). When p> Rsm9 (outside the sphere), 


Therefore, 


ds • B = 2npBff, 


Pol- 


{ 0 inside the sphere, 

outside the sphere. 

2np 
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(c) The magnetic field matching conditions are 

n 2 • [Bx - B 2 ] = 0 n 2 x [Bj - B 2 ] = MoK(r s ). 


We choose n 2 = r so the normal-component equation is automatically satisfied at the 
surface of the sphere. The other matching equation reads 

^ ^ (B out B in )| s = p 0 K. 


Since p = Rsin.9 at the surface of the sphere, the left side is 


f x Mo/ 4> = - 

27ri?sin0 27ri?sin0 


This agrees with the current density found in part (a). 


Source: P.C. Clemmow, An Introduction to Electromagnetic Theory (University Press, 
Cambridge, 1973). 


10.12 Finite-Length Solenoid II 


(a) The Biot-Savart law for a current ring is 


B(r) = 


Mo I 
47r 


ds' x 


r — r 


/ |3 ' 


Moreover, ds x (r — r') = Rdc/xfrx (zz — Rp) = Rzd(f>p + R 2 d(j)z. Only the ^-component 
survives the <f> integration so 


B (z) 


Mo IR 2 

2{R? + z 2 ) 3 / 2 Z 



Since n = N/L , we get the field at the midpoint of the solenoid by symmetrically 
superposing the field from rings: 


B(~) = 


Mo IR 2 


i/2 


ndz 


uqIuL 
- z = . =z. 


-i/2 


(. R 2 + Z 2 ) 3 / 2 V4i? 2 + L 2 
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(b) The magnetic field inside a finite solenoid very near the wall and far from the ends is 
very nearly parallel to the wall, with only a tiny component normal to the wall. The 
field just outside will be nearly parallel to the wall also, because the normal component 
of B is continuous passing through the wall. Indeed, the outside field near the wall is 
nearly anti-parallel to the inside field near the wall because V • B implies that field 
lines form closed loops. This motivates us to use Ampere’s law in integral form and 
the square-loop path shown dashed in the figure above. There is no contribution from 
the paths normal to the wall so 


ds • B = B m i + B out £ = plqIuL 
Since L R, we conclude that 


Bout OonI 


1 - 


L 


vW+rJ 


„ 2u,QnIR 2 , 

- 


10.13 How the Biot-Savart Law Differs from Ampere’s Law 

(a) The Biot-Savart law for a line source is 

^o-fo [d£x( r-r') 

U 4tt J |r — r'| 3 ' 

For observation points in the 2 = 0 plane, r — r ' = pp — z' z, so 

Igdzz x (pp — z! z) = I 0 pdz'(t), 


and the magnitude of the field at any point on C is 


B = 


22 

0-qIqP f dz' 

4-7T J [z' 2 + p 2 )3/2 

Zl 


Ooh z’ 

4?r p yV 2 + p 2 


PqIq 

47 ip 


{cos 0-2 


cos Oi}. 


(b) The streamlines of ji are radially in from infinity to the point ri and the streamlines 

of J 2 are radially out from the point r 2 to infinity. A closed circuit results if these two, 
respectively, deliver/extract total current Iq from/to the original segment; in other 
words, if 

/dS.ji = -7 0 and JdS-ji = I 0 , 

Si S 2 

where Si(£ 2 ) is an infinitesimal sphere which surrounds r 2 (ri). We confirm this using 
the divergence theorem and the fact (gleaned by direct analogy with the electric field 
of a point charge) that V • ji = —I 0 S(r — iq) and V • j 2 = d 0 <5(r — r 2 ). 

(c) The net current through the circle C in the 2 = 0 plane due to ji(r) is 


h 


/ 


dS ■ 


ji 



^ f dd sin 0 = ^(1 — cos d\). 
2 Jo 2 
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Similarly, the net current through this circle due to j 2 (r) is h 
Therefore, applying Ampere’s law to this circle gives 


Y (cos O 2 - 1). 


/ 


ds • B = 2npB = /xq — (cos O 2 


cos Oi ). 


Therefore, in agreement with part (a), 

B = {cos 9o — cos 0i} 4>. 
4n p 


(d) Neither ji nor j 2 produces a Biot-Savart field because both have zero curl and both fall 
off fast enough to make the surface term vanish in this Biot-Savart equivalent formula 
derived in the text: 


B(r) 


0o I 
4-7T 


dV 


V' x j(r') 
I r r' | 


do 

47T 


dS ■ 


j( r ') 

|r - r'| ‘ 


Source: N. Fukushima, Report, of Ionosphere and Space Research 30, 113 (1976). 


10.14 Find Surface Current from the Field inside a Sphere 

We will use the magnetic scalar potential. Since the desired magnetic field is a polynomial 
of degree one, the fact that B K = — V(/>< inside the sphere tells us that if> < is a polynomial 
of degree two. Moreover, V 2 x/>< = 0. Therefore, we may conclude that 

ip< (x,y, z) = — y 2 ) = —-^-r 2 sin 2 d(cos 2 <j) — sin 2 <j>) = -^-r 2 sin 2 0 cos 2<j>. 

Aid £i(X ZiCL 

Outside the sphere, we have B> = — V-0> and V 2 0> = 0. One matching condition is that 
the normal (radial) component of the magnetic field is continuous. Therefore, the angular 
dependence of ij) > must be the same as ip > . Accordingly, 

A 

V>> (r, 0, 4>) = — sin 2 0 cos 2<j). 

We find the coefficient A by imposing this matching condition explicitly at r = a. This 
gives 

o A o „4 

Bo = —r =>■ 'ip > (r, 0,0) = —sin 2 6 cos 20. 
a 4 3 r 6 

The current density we want follows from the other condition at the matching surface S: 

fx(B>- B<)| 5 = p 0 K. 


Writing this out in detail gives 
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p 0 K = -r x V(V>> - if><)\ r=a 


fil-i . 1 ® 

Cl/1 


90 sin 0 <90 


-1b* 

6 


dO sin0 90j 


(V>> -^<)l r=0 

sin 2 0 cos 20. 


Therefore, 


K = - 


5B 0 

6a‘o L' 


sin 20 cos 20 <f> + 2 sin 0 sin 20 0 


Source: Prof. M.J. Cohen, University of Pennsylvania (private communication). 


10.15 A Spinning Spherical Shell of Charge 

If a = Q/AttR 2 is the surface charge density, the magnetic field is produced by the surface 
current density 

K = ctcl> x r = toaRsiwOcf). 

The magnetic scalar potential satisfies Laplace’s equation inside and outside the sphere. 
The text showed that the l = 0 term is absent from the expansion 


4>{r, 0) = ^ Pe (cos 0) x 


e=i 


A e r e 

r < R, 


B e 

r > R. 

(1) 

r e(e+i) 



One matching condition is continuity of the normal component of B at r = R. This gives 

P f (c°s0) 


^AdR^PticosO) = 


R e + 


2 


Hence, 


The other matching condition is 


' + 1 


-R 2e+1 Ap. 


^ ^ [Bout Bj n ] r=i? — //OK, 


or 


1 

R 


~dO W~ 


= noLuaRsm.6. 


r—R 


( 2 ) 


Therefore, using (1) and (2), 
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1 

R 


J2 AeRl 

1=1 


2£+l 

£+1 


dP( (cos 0) 

dO 


po ujctR sin 6. 


From Appendix C.I.I., dPi/dO = P) and sin# = — Pf. Therefore, 


We conclude that 



—po uxjR 


and 


Ae^i = 0 . 


i>(r,0) = 


--p 0 uj<jRz 


PqukjR 4 
3 r 2 


cos 0 


r < R, 

r > R. 


Inside the sphere, the magnetic field B = (2/3)poaRu: is uniform. Outside the sphere, the 
field is purely dipolar with magnetic moment m = ( 4tt/3)<jR 4 uj. 


Source: W. Hauser, Introduction to the Principles of Electromagnetism (Addison-Wesley, 
Reading, MA, 1971). 


10.16 The Distant Field of a Helical Coil 

The magnetic scalar potential outside the coil is a linear combination of solutions to Laplace’s 
equation in cylindrical coordinates: 


ip(p,<P,z) = EE R k a (p)G a ((f)Z k (z). 

a k 

The source current has a fundamental periodicity £ in the z-direction. This suggests that 
Zk(z) is a Fourier series of terms like sin(fcz) and cos (kz), where k = 2nmz/£ and m is an 
integer greater than zero (the k = 0 term is the solution for a straight wire along the 0 -axis 
whereas the current is almost entirely along <f> for this problem). The radial partners for 
this set of functions are the modified Bessel functions K a (kp) and I a {kp). The second of 
these diverges as 0 —» 00 , while 


K a ( kp ) 



exp(— kp) 


as 


00 . 


The most slowly decaying term has m = 1. Therefore, far from the coil, 


1 P(p » Jf?) ~ exp(— 2irp/£). 

The magnetic field B = —decays exponentially in the same way. Moreover, the expo¬ 
nential function goes to zero when £ —» 0. This makes sense because an ideal solenoid (no 
pitch) has no magnetic field outside of itself. 
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10.17 The Distant Field of Helmholtz Coils 

(a) The two coils of a Helmholtz pair of radius R lie on a spherical surface of radius 
a = y/5/4R. If we orient the rings parallel to the x-y plane, the surface current 
density may be written 

K = K4> = [<5(0 - 0 O ) + 8(0 + 0 O - tt)] 4>, 

where cos0o = l/y/5- We will find the magnetic field from B = — V-0, where = 0. 
Using separation of variables in spherical coordinates and the absence of monopole 
magnetic fields (no l = 0 term below), the magnetic scalar potential must have the 
form 

' OO / j, \ n 

XM(-) p e( cos0) r<a, 

p = i \a/ 

ip{r,0) = < 

OO / n \ —(^+ 1 ) 

J2 B e (-) P n (cos0) r > a. 

t= l 

The matching conditions at r = a are B r (in ) = B r (out) and Bg(out) — Bg (in) = poK. 
The first matching condition gives 

EM ) M C °S0) r < a, 

£ = i \a/ 

ip(r,0) = < 

°o f / n \ ( e+i ) 

- E A l~rr7 (-) p t (cos 0) r>a. 

e=i t+lVr/ 

The second matching condition gives 
U2SL o/? _i_ i n 

^2 Ae ~f+Yd0 Pe ^ COS ^ = -6o) + S(0 + 0o — tt )] - 

t= l 

We now use three facts about the associated Legendre polynomials, 

Pt (cos 0) = -P( (cos 0) 

au 

P/ (cos 0) = (—1)^ +1 P/ (— cos 0) 

/ dO sin 0Pf (cos 0)PE (cos 0) = / M r, 

7 0 2t +1(1 -to)! 

to get 

At = -^r sin 0 O [l + (-l) m ] P/(cos0 o ). 

This gives = 0 when £ is even. Otherwise, because sin0o = 2/\/5 and cos0o = 

i/M 
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Ai = — p 0 Isin 9 qP( (cos 6 0 ) = ~PqI sin 2 0 0 = ~^PoI 
A 3 = —| p 0 I sin0 o P 3 1 (cos6 ) o) = —\lMjI sin 2 9 0 [5cos 2 9 0 — l] =0 
A 5 = ~\pq! sin 9 0 Pi (cos 9 0 ) = \p 0 I sin 2 9 0 cos 2 0 0 =T^Mo I, 
where we have used the recurrence formula 

nP n+ lW - (2 n+l)xP^{x) + (n + l)P„ 1 _ 1 (a;) = 0. 

We conclude that, far from the origin, 

ip(r, 6 ) = ^r-Pi(cos6») + ^ 1 ^ 5 (cos 6») H-. 

This gives the advertised form for every component of the magnetic field because 

B(r,9) = -ViP=-%--^-9. 

or r 06 


(b) The leading (dipole) term of the scalar potential at long distance is 

4 a 2 1 j^2 

ipi (r, 0) = —p 0 i-j- cos 0 = -p 0 1-~- cos 0. 

10 C 2 

This term can be canceled by a second, coaxial set of Helmholtz coils with radius 
R' > R and current /' as long as /' R' 2 = —IR 2 . 


Source: E.M. Purcell, American Journal of Physics 57, 18 (1988). 


10.18 Solid Angles for Magnetic Fields 

Put the origin at the observation point so the current flows parallel to the 2 -axis as shown 
below. The dashed line is an edge view of a semi-infinite plane that begins at the wire and 
extends to infinity. This plane can serve as the “cut”. It is also the boundary of a giant 
square loop that closes the circuit. The magnetic scalar potential is 

, f n, PoI n Pol 


because O = 



dO sin 9 / dtp 
Jo 


2a. The magnetic field is 


B = -Vip 


1 dip _ p 0 I „ 

— ——a = - a 

r da 2nr 


because a is the polar angle in cylindrical coordinates. 
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10.19 A Matching Condition for A 

The text pointed out that the analytic connection between the k th Cartesian component 
of Coulomb gauge vector potential A(r) and the current density j(r) is the same as the 
analytic connection between the electrostatic scalar potential <ys(r) and the charge density 
p(r). Therefore, because 


hi • (E 2 — Ei)|5 = — 

eo 


we conclude that 


hi • (V</? 1 - V^ 2 )| s 


cr 

£0 


hi • (VAi — VA 2 )|s = //qK 


(dAi 

dA 2 \ 

V 9ni 

dni ) 


p 0 K. 


10.20 Magnetic Potentials 

In cylindrical coordinates, 

ip = ^ In p 2 = C In p. 

This scalar potential produces the magnetic field 

C 

B = — Vi/> =- p. 

P 

This is the magnetic field of a wire carrying current in the ^-direction. The vector potential 
for such a situation points in the ^-direction also. Thus, we want 

B = VxA = Vx (Az) = — z x VA 


to produce the magnetic field above. This tells us that A = CTnpz. To get a vector 
potential which lies in the x-y plane, we need a change of gauge: we choose a gauge function 
X so V\ cancels the vector potential we have and replaces it with a vector potential which 
lies in the x-y plane. A simple choice which does the trick is x = —Czlnp because 


A' = A + Vy = C In p z — V [Cz In p] 



Cz 

P 


(cos cpSc + sin (py ). 


We also check that 
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B = V x A' = -V x 


'cz: 

d 

'Cz 

—p 
V P \ 

dz 

. P . 


<£ =--<£• 
P 


Source: V.C.A. Ferraro, Electromagnetic Theory (Athlone Press, London, 1954). 


10.21 Consequences of Gauge Choices 


(a) 


vaw = gAv.iM.v_L_ 


j(r') V 'i 


d 3 r'V 

47r / 


J(r') 


r — r 


Afo f ,3 / V'-j(r') 
47t / |r — r'l 


The second term vanishes for steady currents because Vj = 0. The divergence theorem 
converts the first term to a surface integral at infinity where we presume that j(r) —> 0. 


(b) From the Helmholtz theorem, the conventional Biot-Savart formula 


A(r) = 


Afo f , 3 r / j( r ') X ( r ~ r ') 
47r / |r — r'l 3 


is valid when V • B = 0 and V x B = p oj. Therefore, the proposed formula is valid 
when V ■ A = 0 and V x A = B. This is the Coulomb gauge. 


10.22 The Magnetic Field of Charge in Uniform Motion 

(a) The relevant current density is j(r) = vp( r) so 


A(r) = 

B = 

(b) From Gauss’ law, the 
the z-axis is 


v f “V = < iV jCT = 

47r / r — r' 47r / r — r' c 2 


V x A = x ( vtp ) = — -^-v x \/<p = x E. 


electric field of a line charge (charge/length A ) coincident with 


E(p) 


A , 
27T e 0 p P ' 
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We get a flowing current I = pv if v = vz , so, from (a), the magnetic field is 


■n, s 0 oAf, _ /A)/? 

B (rt = —,x p =—4,. 

This agrees with Ampere’s law. Similarly, Gauss’ law gives the electric field of a sheet 
with uniform charge per area cr coincident with x = 0 as 


E 0) = *-°^sgn(a;). 
ze 0 

If the surface current density is K = av where v = vz, part (a) gives the Ampere’s 
law result 


B(s) 



sgn(a;). 


10.23 A Geometry of Aharonov and Bohm 


(a) By symmetry, A = A<f>. We evaluate the flux integral in the statement of the problem 
for a circle of radius p. Since '!> = J d S • B, this gives nBp 2 = 2npA(p) for p < R and 
nR 2 B = 2TTpA(p) for p > R. So, 


A = 




p< R, 
p > R. 


We are in the Coulomb gauge because V • A = 0. 


(b) 


A' = A + V 



Using A from part (a) shows that 


. $ x A BR2 A 


[ (f-f )* 


p < R, 
p> R. 


This vector potlential is zero outside the solenoid, as advertised. 


(c) 


B' = V x A' = B - 





x 



When p 0, 


V x 



z d ( 

= Wp\ px 


= o. 


(i) 
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Moreover, if S' is a surface that cuts perpendicularly through the solenoid, 


J dS • V x 

S 



2tt 

J d(f> = 2n. 

o 


Consequently, 



Using (1), we conclude finally that 


p 


B' = B 


g S(P) 

2n p 


10.24 Lamb’s Formula 

(a) If B is a constant vector, 

(V xA)j CjjkOj 2 ^kst^sTt 2 ^s^kij^kst^jt 2 Us 1 ( s &j f §it Sj s ) Sjt ^ ( 13} Sj j /SjS^j ) 13$ . 


(b) The source current is j (r) = (e/2 m)p(r)B x r so 


A ind (r) 


Mo eff 
47t 2to 


d 3 r 


r'p(r') 

l r - r T 


Let r point along z and r' = r'r' where r' = z cos O' + y sin O' sin (f)' + x sin O' cos <p'. In 
that case, 


/ 


r ' p(r') 
|r - r'| 


00 Z7r vr I 1 

= f d(f>' j dO’ sin 0’Pi (cos O')r' < - j dr'p(r')i 
(=0 00 l n 



( 10 . 1 ) 


The (f)' integration eliminates the x and y components. Moreover, Pi (a:) = a; and 

J ^ dxPi(x)P m ( x) = 

Hence, only the i = 1 term in the sum survives the integration in (1) and 
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We conclude that 


A “< r >=£t^ I? j 


3 „/ PW) 


dr' 


(c) When r is very small, 


A md (r) 


g,Q eB x r f 47 t 


4-7T 6?n 


^P(0)r 


/ P(^) 


where the integral that remains is over all of space. In that case, the latter is equal to 
47reo</?(0), where <p(0) is the electrostatic potential of the atom evaluated at the origin. 
Moreover, the first term inside the curly brackets is higher order in r. Therefore, 

. , eB x r , 

A '" d(r) “ 

Because B is a constant vector, V x (B x r) = 2 B, and we confirm that 


B ind (0) = VxA ind (r)=^. 


Source: W. Lamb, Physical Review 60, 817 (1941). 


10.25 Toroidal and Poloidal Magnetic Fields 

(a) Use the fact that V • V x Q = 0 for any vector Q. This gives V • P = V • V x Ly = 0 
immediately. Similarly, T = Lip = — ir x Vip = iVx (ipr) so V • T = 0 as well. 


(b) Suppose B is toroidal soB = L0. This implies that j is poloidal because /ioj = V x B = 
^ 0 VxL£. Conversely, suppose B is poloidal so B = V x Lip. In that case, j is toroidal 
because 


Moj = VxB = Vx(Vx Lip) = V(V • Lip) - V 2 L ip = -V 2 L ip = -LV 2 ^. 
(c) The magnetic field of a toroidal solenoid was found in the text to be 


B (p,z) = 


Mo NI ~ 
2n p 


for points inside the torus, 
for points not outside the torus. 


Therefore, if C is a constant, we need to show that a function ip( r) exists such that 
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Now, r x 6 = <p. Comparing this with the equation above and switching from cylin¬ 
drical to polar coordinates tells us that 

_.dip _C _ C 
dO p r sin 0 


i 0 

Integration gives ip(r,0) = - In tan which proves the assertion. 

r 2 


(d) We have V • B = 0 and V x B = 0 in V. The Helmholtz theorem would give B = 0 if 
V were all of space. When V is finite, the double-curl identity tells us that 


0 = V x (V x B) - V(V • B) = -V 2 B. 


Therefore, V 2 B = 0 in V. 
(d) We have 


B = V x A 

= V x Lip + V x (V x Ly) 

= V x 'L'lp + V(V • Ly) — V 2 Ly 
= VxLi/)-V 2 Ly. 

Now take the Laplacian of both sides. We get V 2 B = 0 if ip(x) and 'y(x) both satisfy 
Laplace’s equation, i.e., V 2 ^ = 0 and V 2 y = 0. In that case, V 2 Ly = LV 2 y = 0 so 
we are left with B = V x L ip, which implies that the vector potential A = L %p in V. 
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Chapter 11: Magnetic Multipoles 

11.1 Magnetic Dipole Moment Practice 

We will find the current using V x (V x A) = /ioj. First, 


B = V x A = 


Mo A 
47T 


„ 2 cos 9 ~ A sin 9 

r-^-h d - 


exp(—Ar). 


Therefore, 


1 _ f 2 A 2 

j = —V x B = ifi'iirAo sinM < -)■ exp(—Ar). 

Mo (A r 


The associated magnetic moment is 


An 


m = £ / d 3 r r x j = — — j d 3 r 9 rsin# ^ —-f exp(—Ar). 


2 A 2 


But Q = x cos 9 cos 4> + y cos 9 sin </> — z sin 6*. This shows that only the z-component survives 
the integration. Hence, 


Ao 

z—— 

C7T 

/ dO sin 2 9 

4 o 

'0 

„7tA 

z- 

( 2 -A< 

8 

\ d\ 2 


2 _A 2 


= 0 . 


11.2 Origin Independence of Magnetic Multipole Moments 

(a) If we shift the origin by a vector d, the new magnetic moment is 


m' = J d 3 r (r - d) x j = m - d x J d 3 r j = m. 

The last equality above is true by conservation of charge. In the language of current 
loops, 


j d 3 rj = I j> 


ds = 0. 


(b) Similarly, ^ J d 3 r [(r — d) x j] ; (r — d)j. Writing out the four terms gives 

m 'iP = ^ j d 3 r{rxj) z rj-^ J d 3 r (r x j^dj - ^ J d 3 r (d x j^r, + ^ J d 3 r(dxj) i d J . 
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The last integral above is zero because f d 3 r jk = 0 as in part (a). What remains is 

m 'iP = - ^ei S td s J d 3 rj t rj. (11.1) 

But our derivation of the dipole vector potential exploited the identity 

J d 3 r jkri = — ^ cm J d 3 r( r x j), = 

Comparison with (1) shows that m'^ = rri- 2 - 1 only when m = 0. 


11.3 The Field outside a Finite Solenoid 

The volume V is bounded by a surface S composed of a hemisphere and a disk as shown 
below. Therefore, 


0= d 3 rVB = dSB = 


dSB 


dS ■ B. 


disk 


hemisphere 



The flux integral over the hemisphere is zero because dS ~ r 2 . The general multipole 
expansion guarantees that the field strength falls off as B ~ 1/r 3 in the limit when a —> oo. 
This means that the total flux through the disk must also be zero. The contribution to 
the flux integral from the part of the disk which lies inside the solenoid is <f>|{j sk = po nIA. 
Therefore, the contribution from the part of the disk which lies outside the solenoid must 
be equal and opposite. This tells us that the field outside points oppositely to the field 
inside. Moreover, only the portion of the disk near the solenoid contributes because the 
field becomes dipolar far away on the disk and fails to contribute (like the hemisphere 
contribution). By “near”, we mean out to a distance of the order of L (there in no other 
length in the problem). Therefore, apart from the sign, 

» BontL 2 = = PonIA. 

This gives our estimate for the magnitude of the outside field as 

_ p 0 nIA 


Source: J. Farley and R.H. Price, American Journal of Physics 69, 751 (2001). 
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11.4 The Magnetic Moment of a Rotating Charged Disk 

Orient the disk to lie in the x-y plane with its center at the origin and let p be the radial 
vector (in polar coordinates) in that plane. If each element of surface charge dq = adS 
moves with velocity v = to x p, the magnetic dipole moment of the disk is 


m = 


1 

2 


p x dqv 


dSp x (oo x p). 


( 11 . 2 ) 


(a) The rotation axis is normal to the plane. In other words, co = ooz is perpendicular to 
p. Therefore, 


m 


Z7T IX 

= \° J dS [ W/ ° 2 — P( w ' P)] ~\ a J ^ J dpp i<j J = ^ crR A iO. 


(b) We can choose to = ujx. since the rotation axis lies along a diameter. Then, because 
p = pcos 0x + psin^y, (11.2) becomes 


m = -ctuj 


J dS [p 2 sin 2 0x — p 2 sin <f> cos (fry] = -^crR 4 


00 . 


11.5 The Field inside a Semi-Infinite Solenoid 

The field inside an infinite solenoid is B = po nlz. If we apply this to the semi-infinite 
situation, 

B in (p, z) = p 0 nIQ(-z)Q(R - p )z = p, 0 m.Q(-z)^^-^-z. 

If the delta function identity suggested in the hint is correct, 

lim B in = pomQ{-z)S(x)6{y). 

A—>0 

In this case, 

d 

lim V • Bi n = 7 —pow©( — z)6(x)6(y) = —pom5(x)6(y)d6(z) = —po mS(r). 

A—»0 OZ 

To prove the identity, we note first that ^im 0(f? — p)/A = 00 . Moreover, 


lim 
A—>0 




dpp 


Q{R-P) 
A 


= 1. 
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11.6 A Spinning Spherical Shell of Charge 

(a) The surface current density is K = crv where a — Q/MxR 2 is the surface charge density 
and v = uj x r is the velocity of a point on the surface at the point r. The corresponding 
volume current density requires a delta function to define the surface: 


J = 


Q 


4irR 2 


(uj x r )S(r — R). 


On the other hand, 


j = V x [M0(1? - r)] = M x V0(r - R) = M x r S(r - R) = M x -5(r - R). 

R 

Comparing these two formula shows that M = ( Q/4ttR)lj. 

(b) Using one of the expressions for j just above and the definition of magnetic moment, 

m = — J d 3 r r x j = - J d 3 r r x (M x r)<5(r — R) 

= — J d 3 r [M(r • r) — r(M • r)] 6(r — R). 

To do the second part of the last integral, choose M = Mi and note that only the 
cos 6z part of r survives the integration over </>. Hence, 


m = 


^ J d 3 rM.rS(r — R) — J drr 2 J d<j> J d(cosO) cos 2 9MrS(r — R) 

o 0 -1 


4t tR 3 M - 2tt MR 3 x - 


4 ttR 3 M = -QR 2 u. 
3 3 


(c) To get the vector potential, we integrate by parts: 

AM . f f .v . Mx f f dV . W MX T 

4n r — r' 4tt I r — r' 47 t 


3„/ 


d 3 t 


r — r' 


r'<R 


The integral is the electric field of a ball of radius R with uniform charge density 
p(r') = This we compute straightforwardly using Gauss’ law. Therefore, 


A(r) = 


/io m x r 
47 t r 3 

/io m x r 
47 t R 3 


r > R, 
r < R. 
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(d) Outside the sphere, we get a pure dipole field with magnetic dipole moment m. Inside 
the sphere, we get a uniform field: 


B(r < R) 


MO r— / \ 

W ,<|m xr) 


Mo _ MoQ 
27ri? 3m_ 6 nR“ 


11.7 Magnetic Moment of a Planar Spiral 

One turn of the wire at radius r produces a magnetic moment m(r) = Iirr 2 in the direction 
dictated by the right-hand rule. For the spiral, the number of turns in the interval between 
r and r + dr is 

N 

dN = - - dr. 

b — a 

Therefore, the magnetic moment of the complete spiral is 


0 0 

f , \ tat TriiV f , 2 

= / m(r)dN = - / drr 


7 TIN b 3 - a 3 
b — a 3 


Source: I.E. Irodov, Basic Laws of Electromagnetism (Mir, Moscow, 1986). 


11.8 A Hidden Delta Function 

Let V be an infinitesimally small spherical volume centered on the origin. The problem will 
be solved if we can show that 

/d 3 rV M r) = ^Mom. 

v 

Using a special case of the divergence theorem (Section 0.14) and the fact that d S = dSr 
for a spherical surface, 


27T 1 


j d 3 rVipo = j dS-0=^- J dcj) J d(cos 6)r (m • r). 
v s o-i 

Now choose m = mz and recall that r = sin 0 cos <jyx + sin 9 sin <f>y + cos 9z. These give 

2tt 1 

J d 3 r'\7tf o = f fd*[ d(cos 6) m cos 6 {sin 9 cos <^>x + sin 9 sin <f>y + cos 9zJ 

V 0-1 

2 it 1 

-m J df> J d(cos9) cos 2 9 


_M_ 

47T 


o -1 


1 


= o^om. 
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11.9 Magnetic Dipole and Quadrupole Moments for ip(r) 

(a) We get a Cartesian expansion using 

1 1 /v, 1 1, , „x 2 l 

t- 71 = - - r ' V- + -(r • V)“- 

| r — r'| r r 2 r 

Inserting this above gives 

r MO f >3 J „/ w/ f ,j3/ / V7/ : 


7 = 7° [- [d 3 r'r' -V [ d 3 r'r' -V xj(v'y -v 1 

47r [r 7 J r 

+ [ d 3 r’r' -V'xj(r')-( r ''V) 2 - . 

7 2 r_ 

The first integral in the square brackets vanishes because the identity 

V • (r x j) = j • (V x r) - r • V x j = -r • V x j (11.3) 

and Gauss’ law produce a surface integral at infinity which is zero for a localized 
current distribution. The two terms which remain are exactly 

I = —2m • V- + VjV,- 

y* J y> 

Now, Vj(l/r) = f(9,(j))/r 2 and VjV^l/r) = g(9,<fi)/r 3 . Therefore, since / = 
—rdip/dr, we get the advertised expansion for ip( r ) immediately. 

(b) Using (11.3) and integrating by parts, 


m = - J d 3 r (r • V x j)r 
= (rxj)r 

= l/d 3 r(rxj). Vr 
= \J d 3 r (r x j). 


(c) Again using (11.3) and integrating by parts, 


(2) -L 

= 2 


= ljd‘r( rVxi) n r ( 

= i/^(rxj).V(^). 


(d) Because r x j is perpendicular to r, 


Tr m , J ) = ^ = \ J d 3r ( r x J) ‘ V(r 2 ) = J d 3 r (r x j) • r = 0. 
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(e) Using the result of part (c), 

mjf = ;/A(rxJ),V t M 


^ J d 3 r(r xj) k (S k irj+riS k j) 

\ J d 3 r [(r x j)»rj +fj(r x j)j]. 


(f) The key point is that = \{M,jp + Therefore, 


m l 2) V V - — - 

V * V ^ r 2 






= A4 2) V i V i i. 


Source: C.G. Gray, American Journal of Physics 46, 582 (1978); ibid. 48, 984 (1980). 


11.10 Biot-Savart at the Origin 

When the observation point r lies close to the center of a current-free, origin-centered sphere, 
we get an interior multiple expansion of the vector potential simply by exchanging r and r' 
in our basic exterior Cartesian expansion. The first two terms are 


A / \ MO 

■ 4l(r) = s 


‘ j3 ,3k (rO , f / jk (r')r' 
d r hr dr - 5 — 


The first term is a constant which does not contribute to the magnetic field B = V x A. 
We rewrite the second term using 


This gives 


(r'xj)xr=(r- r')j - (r • j)r'. 

We rewrite the second term using an identity proved in the text, namely, 

J d 3 r' j k r’ e = ~^e k u J d 3 r' (r'xj)j. 


The result is 




This has the desired form, 


, [r'xj(r')] , ;r 1 j d , r , [r'xj(r')] 


A( r ) = gG x r, 


x r 
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if 


G= i 


The corresponding magnetic field is the constant vector 


Mo ^ Mo / ,3 / r ' x J( r ') 


B = —G = — / d A 
2tt 47t 


This is exactly the usual Biot-Savart formula evaluated at the origin. 


11.11 Purcell’s Loop 

(a) The figure below shows that Purcell’s loop is equivalent to the sum of three square 
loops of current. This is so because no magnetic field is produced by the two pairs of 
oppositely directed and spatially coincident lines of current. Each square loop carries 
a magnetic dipole moment with magnitude I(2b) 2 . The moments contributed by the 
top and bottom loops are oppositely directed and thus cancel. Therefore, using the 
right-hand rule, the magnetic dipole moment of Purcell’s loop is m = 4/6 2 y. 


2b 


(b) By analogy with the electric case, the top and bottom square loops cancel for the 
dipole moment but add for the quadrupole moment. Thus, we expect a non-negligible 
magnetic quadrupole moment for the Purcell loop. 



Source: E.M. Purcell, Electricity and Magnetism (McGraw-Hill, New York, 1985). 


11.12 Dipole Field from Monopole Field 

In the text, we computed the magnetic field of a dipole from its vector potential as 


B(r) = V x 


f no mxr | 
\ 47T 7' 3 / 



~( m ' V )^ 


The first term in square brackets is proportional to 5(r) and thus does not contribute away 
from the origin. The term that remains is exactly the desired result: 


B = -(m-V) 


'mono 

9 


po \ 3(m • r)r m 

47T j-5 r 3 
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11.13 The Spherical Magnetic Dipole Moment 

We need to compute 


— /' 

2 /A) J 

sphere 


d 3 r V x A = 


3 

2 


OO t 


EE 

£ = 1 m — —t 


i i 
2t + liZ 



sphere 


d 3 rV x L 


Yfa,(n) 

rp£-\- 1 


This is not difficult if we exploit an identity quoted in Section 11.4.4, namely, 


(i<V + Vx L) 


Y em (n) 

rp£-\~ 1 


= o. 


Therefore, 


m 


= -EE 


i 


t = 1 m — —l 


2 £ + 1 


M( r 


d 3 r V 


<r »^+1 


sphere 


We convert the volume integral to a surface integral using a corollary of the divergence 
theorem to get 


=-V V - M (r 

2 Z^ 2t + l tr 

^ — 1 m — —£ 


dS 


Y lm {V) 


1 


sphere 


If we let the integration sphere have radius .R, 


Q OO ^ -| /> 

= -iEE M emR 11 J df}rY< m (fi). 


Now, 


r = x sin 9 cos 0 + y sin 9 sin <p + z cos 9. 


11.14 No Magnetic Dipole Moment 
Method I: Use the identity proved in Example 11.1: 



sphere 


Then, using a corollary of the divergence theorem, 


- ^ /' 

d 3 r\7 x A 

2 /ro J 


sphere 


= A [ 

dS x A 

2 /ro J 


sphere 


= ^ f 

dSr x (/r) 

2 /ro J 


sphere 


= o. 
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Method II: From V x B = p oj and the definition of the magnetic moment, 

/ d 3 r r x j = —— / d 3 rr x [V x (V x A)]. 

J 2/x 0 J 

Also, 

V x A = V x (,/r) = /(V x r) - r x V/ = -r x V/, 


1 

m = - 
2 


so 


V x (V x A) = -V x (r x V/). 

But Section 11.6.3 of the text defines L = — ir x V and quotes the identity 

V x L = —*rV 2 + *V(1 + r • V). 


Therefore, 

-V x (r x V/) = -rV 2 / + V/ + v|£, 

and we see that 

m = —— [ d 3 r r x [V x (V x A)] = [ d 3 r r x { —rV 2 / + V/ + V^-1 . 

2^o 7 2/r 0 J L or J 

The first term in the curly brackets does not contribute because r x r = 0. The other two 
pieces of the integrand are 


r x V/ = /(V x r) - V x (r/) = -V x (r/) 


and a similar term with / replaced by df /dr. However, using a corollary of the divergence 
theorem, the integral over all space can be done using a sphere. Therefore, because dS = 
dSr, 


J d 3 r\7 x (r/) = J dS x (r/) = 0 


and similarly for the df /dr term. Thus all three contributions to the curly brackets produce 
zero and there is no magnetic dipole moment. 


11.15 A Spherical Superconductor 

(a) The net magnetic field is 


B= do_ f 3(m-r) r 

4tt y r 5 



+ B 0 . 


The matching condition is that the normal component of B is continuous. Since B = 0 
inside the superconductor, the requirement is 


r ' B| r=iJ = 0. (11.5) 

A moment’s reflection shows that this is possible only if m = mz is anti-parallel to B 
as shown. 
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Accordingly, (1) reads 


Mo 3 to cos 9 
47t R 3 


m cos 9 
R 3 


— B 0 cos 9 = 0 , 


so 


27r n 

m =-i? 3 Bo. 

Mo 


(b) The other matching condition we need is r x [B out — B; n ] = /xqK. Hence, 


MqK = -f x B in = 


^ m 

MtR 3+B ° 


(r x z) = — 


Mo m , o' 
+B ° 


sin 9(j>= --Hq sin 9(f). 


(c) We compute the magnetic moment by summing the magnetic moments from a collection 
of current rings. The current in the ring at angle 9 is 

dl = Rd9K(9 ) = —B 0 sin 9d9. 

2p 0 


R sin0 



The radius of such a ring is R sin 9 so its magnetic dipole moment is 


dm = area x dl = tt(R sin 9) 2 Bq sin 9d9 = B Bq sin 3 9d0. 

2/io 2 / j.q 

Therefore, in agreement with part (a), the net dipole moment of the sphere is 

1T 1 


m=/ dm = B Bq [ d9 sin 3 9 = 

J 2/x 0 J 


3ttR‘ 

2/io 


-Bq J (1 ~t 2 )dt 


3ttB 3 4 2irR 3 

-"ox = - B 0 . 

2 Mo 3 Mo 
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11.16 Azimuthal Moments for Concentric Current Rings 

Consider an origin-centered ring parallel to the x-y plane with radius R and current I flowing 
counter-clockwise as viewed from the positive z-axis. The text computed the azimuthal 
multipoles for this system when the plane of the ring is z = a and tan# = R/a: 


M+ 


2t tIR 2 / R 
£ + 1 \sin# 


e-i 

P[ (cos #). 


The Helmholtz coil has a = R /2 and a second identical current-carrying ring located at 
z = —R/2. The azimuthal moments associated with the second ring are 

M ‘ = b? (s^f 

The second equality above is true because sin(7T — 6) = sin# and Pc(—x) = (— l) e Pp(x). The 
derivative of the Legendre function introduces one more minus sign. This shows that the 
total moment Mp = M/~ + Mf is zero when t is even and 


M t 


4t tIR 2 

e + i 



P[ (cos #) 


when £ is odd. 

For our Helmholtz geometry, cos 6 = 1/V5 and sin # = 2/V5, so 




4:nIR e+1 

£+1 



Hi i/Vs), 


£ odd. 


Moreover, 

Pi (a;) = x 

P 3 [x) = \ (5a ; 3 — 3a;) 

P 5 (a;) = |(63a; 5 - 70a; 3 + 15a;) 

P 7 (x) = b (429a; 7 - 693a; 5 + 315a; 3 - 35a;), 

which implies that 

P{(x) = l 

Hi x ) = |(15x 2 - 3) 

P/(x) = |(315a; 4 - 210a ; 2 + 15) 

P/(x) = yg (3003a; 5 - 3465a; 4 + 945a ; 2 - 35). 
Therefore, there are only three non-zero moments between £ = 1 and £ = 8: 
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M| = 2irR 2 1 


15 R 

M 5 = --ttR 6 I 


M 7 = —ttR 8 I. 
32 


Source: D.G. Smith, American Journal of Physics 48, 739 (1980). 


11.17 Dipole Field from Biot-Savart 

The Biot-Savart law is 

B(r) = £ / dV j(r ?. X < r - r,) = B(r) = £ / dVjM x V' 1 


47T 


r — r' 


47T 


r — r' 


Into this, we insert the r r' expansion, 


V' T 


r — r' 


= V' 


1 , „1 1, , „,1 

- + r' • V- + -(r' • V) 2 - H- 

r r 2 r 


The first term is clearly zero. The second term is zero also because 


1 r 


V'(r'-V) : = 3 . 


Therefore, dropping all higher-order terms, 

B(r)=g j rfVj(r')xV'(r'.V) 2 J, 


or 


However, 


B i( r )= ^ J d A r' eu m j t d' m {r' v r' s )d p djX. 


^itmjtd m {T'pT s )d'pd'p^ — s ^p^s 5 


and we proved in the text that 


/ d 3 r' j e (r')r' s = e tks m k , 


where mu is the fcth Cartesian component of the magnetic dipole moment vector m. Therefore, 


D _ Mo ™ a o 1 _ 

— d Qpi ^iks^lk Up Os — . 

47r r 47r 


m k d k di - - 

r r 


The last term is proportional to a delta function at the origin, which we drop. Consequently, 


R - 
Si "4^ 


(~jj) = 


3 r k n 5, 


'ik 

^3“ 1 ’ 
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which is indeed the dipole held, 


B(r) 


Hq [3(m ■ r)r 
47r r 5 



11.18 Octupoles from Dipoles 

(a) Ignoring the pre-factor /r 0 /47T, the magnetic scalar potential for this system is 

^ m Q • (r-r„) 

^) = 2Z r — r. |3 ' 


At large distance, 

• (r-r«) / r • r Q \ 

^-( 1 + 3 —J- 

a 

or 

r . 1 

V’(r) « yy ' X] m " + T ' r «)( m « • r) - m Q • r„] + 0(l/r 4 ). 

a a 

The 1/r 4 term is the octupole, so we must eliminate the dipole and quadrupole terms. 
Therefore, the conditions needed are 

^m Q =0 and ^ [3(r • r Q )(m a • r) - m a • r a ] = 0. (1) 

a a 


The condition on the left is straightforward: the total dipole moment must be zero. 
Writing out the scalar products, the condition on the right becomes 

^ ^ Ti [37 ai^aj ] Tj 0 . 

a 

This a quadratic form. Using the hint, the conditions are that A{j + Aji = 0, where 

A%j — ^ ^ [3T a iTn a j hIq. • v a 5ij]. 

a 

We begin with A xx = A yy = A zz = 0. These constraints give 


^ ^ [2m 'ax%a VTlayVa ^az z a] — 0 

a 

^ ^ [2m ayVa ^az^a ^ax-^a] — 0 

a 

^ ^ [^ m az z a TTlax^a ^ayVa] 0* 
a 
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In other words, 



^ ^ ^ ^ TTlayVa — ^ ^ ^Ylaz %a • 

a a a 

(2) 

We also must 
respectively, 

impose A X y = Ay X -, A xz — A zx , and Ay Z = A Z y. 

These give, 


^ ~2{rn ax y a + m ay x a ) = 0 

a 



^ ~2(m ax z a + m az x a ) = 0 

a 

(3) 


m ay z a + m az y a ) = 0. 



a 


(b) There is no loss of generality if we put m 3 at the origin of coordinates and point nil in 
the x-direction. Similarly, we are free to point m 2 in the x-y plane. Therefore, using 
the left side of (1), m 3 points in the x-y plane also: 

mi = (mi x , 0,0) 

m 2 = ( m - 2x , m 2y , 0) 

m 3 = (~mi x -m 2x ,-m 2y ,0) 

(4) 

r i = (x\,yi,zi) 
r 2 = (x 2 ,y 2 ,z 2 ) 

r 3 = ( 0 , 0 , 0 ). 


At this point, we have nine parameters and five conditions represented by (2) and (3) 
constrained by (4), namely, 


m 2y y 2 

= 0 


mi x x i + m 2x x 2 

= 0 


mi x yi + m 2x y 2 + m 2y x 2 

= 0 

(5) 

mi x z\ + m 2x z 2 

= 0 


m 2y z 2 

= 0. 


We can satisfy the first equation in (5) using m 2y = 
m 2y = 0. In that case, 

0 or j /2 = 0. 

Suppose we choose 

mi = mixi, m 2 = m 2x x, m 3 = 

-(mi + m 2 ), 



m lx ri + m 2x r 2 = 0. 


In other words, all three moments lie on a common line and all three moments are 
parallel or anti-parallel to one another. The ratio m\/m 2 = r 2 /r\. An example is 
shown below. 
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m, 

r \S' 

^- m 3 

m 2 

(c) The second choice is 3/2 = 0. In that case, 

Z\ = Z 2 = 0 and mi x ri + 1112 X 2 = 0. 


In other words, the moments are located at the corners of a triangle in the x-y plane 
with 1112 anti-parallel to r 3 . Moreover, because r 2 is opposite 1111 and r 3 is opposite 
m 2 , 

mi : m 2 : m 3 = r 2 : n : |ri + r 2 |, 


or 


mi : mi : m-2 = s\ : s-2 -■ S3. 


The choice Z 2 = 0 in the last equation of (5) reproduces this solution. An example is 
shown below. 



Source: H.J. Butterweck, Archiv fur Electrotechnik 74, 203 (1991). 


11.19 Magnetic Multipoles from Electric Multipoles 

Let z be the symmetry axis of the charge distribution p(r,9). The exterior electrostatic 
potential produced by such a distribution is 

1 OO A 

^ ^ ^ ^ Pl(COS0) ’ 

U L =0 

where 

Al = J d 3 r r L P l (cos 6)p(r,6). 

Therefore, a distribution which produces a pure multipole field of order £ must have the 
form 

p(r,0) = f{r)P t (cos 9). 

The current density produced when this distribution is rotated rigidly about <2> = wz is 
j(r, 9) = & x r p(r,9) = wr(z x r )p(r,9) = wrf(r) sin 9P{(cos 9)4>. 
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Now, the text showed that the exterior magnetic scalar potential produced by an az- 
imuthally symmetric current density j(r, 9) is 


i>{r, 0) 


do V" »,r p e(cosd) 
^l^ Mt rt + i 
l = \ 


where 


M e = - J d 3 rr e P((cos 9)L • j. 


Because L = — ir x V is Hermitian, we can also write 


M t = J d 3 rr e [LPf (cos 0 )] • j. 


Finally, LP^ oc LY)o oc X^q and the vector spherical harmonics X t / m are orthogonal to a 
solid angle integration. Therefore, it is sufficient to show that our j is proportional to a 
linear combination of LP^ + i and LP^_i. 

Using the representation of the gradient in spherical coordinates, we find that 


LP /±1 (0) = — ir x VP/>±i(cos0) 


. dPe±i (cos 9) 2 

—i - a> 

89 v 


—i sin 9P' t±1 (cos 9)4>. 


This establishes the desired result because the Legendre polynomials satisfy the recurrence 
relation 


Pi + 1 (x)-Pi_ 1 (x) = (2e + l)Pi(x). 


Source: S. Datta, American Journal of Physics 60, 47 (1992). 


11.20 A Seven-Wire Circuit 

The two square loops are identical except that they carry current I in opposite directions. 
The loop centered at x = a/2 produces a magnetic moment m + = Ia 2 z. The loop centered 
at x = —a/s produces a magnetic moment m_ = —la 2 z. These cancel in the far held 
and we expect a magnetic quadrupole held. We get the asymptotic vector potential by 
superposing the vector potentials from these two slightly displaced magnetic dipoles: 
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A (x,y,z) 


Mo 
47r 


m + x (r — (a/2)x) m x (r + (a/2)x) 


Mo r 2 

!~ Ia 
47r 


^/a 2 


|r — (a/2)x| 3 |r + (a/2)x| 3 

(a; - a/2)y - yx (a + a/2)y - yx 


[(x — a/2)' 2 + y 2 + 2 2 ] 3 / 2 [(x + a/2) 2 + y 2 + 2 2 ] 3 / 2 

(x - a/2)y - yx (x + a/ 2)y - yx 


4tt [ [r 2 — xa + (a/2) 2 ] 3 / 2 [r 2 + xa + (a/2) 2 ] 3 / 2 J 

Mo-fa 2 


47rr 3 


[(x - a/2)y - yx] 

- [(x + a/ 2)y - yx] 


„ 3 xa 

1 + 2? 


, 3 xa 

1 - + • • 


1 

2 r 2 


i 


Mo/a^ 

47TX 3 


2 r 


. xa 


-ay + 3^-(xy-yx) 


+ o 


Mo/ a 3 ^ 
47t r 3 
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Chapter 12: Magnetic Force and Energy 

12.1 Bleakney’s Theorem 

The equation of motion for m is 


d? r dr 


(i) 


The equation of motion for M in a field &B(r) is 

rp r* (hr 

To avoid changing E, we need only define a new time variable r using 

M m 


r'2 ' 


This transforms the M equation of motion into 


err frn dr 


The choice k = y/M/m reduces this to 

d? r dr „ 

m ** = ,(E + 3? xB) - 

This equation predicts the same trajectory as (1). They differ only by the speed at which 
the particle traverses the trajectory. 


Source: W. Bleakney, American Journal of Physics 4, 12 (1936). 


12.2 A Hall Thruster 

(a) We get uniform electron drift in the ^-direction if the electric force density —en e E 
exactly cancels the Lorentz magnetic force density -en e vxB. Imposing this condition, 
E = —v x B, implies that 

ExB = Bx(vxB) = vB 2 — B(B • v). 

This, in turn, implies the suggested result, 

E x B 


(b) Using the equality of the forces in part (a) and n* = n e , the electric force on the ions is 
F, = en,E = en e E = -en e v x B = j Ha ii x B. 

By Newton’s third law, the reaction thrust on the shells is T = — F, = Bx juaii if the 
ions are ejected from V before the magnetic Lorentz force on the ions begins to act. 
This will be the case because a xenon ion is much more massive than an electron. 
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Source: D.M. Goebel and I. Katz, Fundamentals of Electric Propulsion (Wiley, Hoboken, 
NJ, 2008). 


12.3 Charged Particle Motion near a Straight, Current-Carrying Wire 


(a) The magnetic field points in the 2 -direction at the initial position of the particle. 
Since the initial velocity is in the y-direction, the initial force is in the ^-direction. 
Subsequent forces are confined to the x-y plane, so the particle trajectory is in this 
plane also. 


(b) The relevant magnetic field is 


B = - 


Mo I - 

-z 

27ra: 


Therefore, with F = qv x B and (3 = noIq/2i:rn, Newton’s equation of motion is 


or 


_ r, V X ~ r> V V - dv x , dv v „ 

F = m/3 —y — m/3— x = to—— x + m—-y 
x x dt at 


dv y _ „v^ 

dt x 


and 


dv x _ 

dt x 


The leftmost of these integrates immediately to 


(1) 


Vy-v 0 =Pln(x/x 0 ). (2) 

The speed of the particle is vq and the magnetic field cannot change this because it 
does no work. Therefore, we can use (2) to make a table: 


Vy = V 0 

when 

X = Xq 


Vy = 0 

when 

X = X\ 

= Xo exp(—u 0 //3) 

Vy = -V 0 

when 

X = X‘2 

= x 0 exp(—2u 0 /(3) 


This shows that the particle never leaves the proposed interval. 

(c) To conserve the speed, we must have v x = 0 at x = X 2 as well as at x — xq. Using this 
information, and the fact that v x oc v y and v y oc — i> x , we can sketch the trajectory: 
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(d) Combining the right side of (1) with dv x /dt = {dv x /dx)v x gives 


This integrates to 


v x dv x 


P 

x 


[up + P\ri(x/X q)\ dx. 


v\ = —f) ln(a:/xo) [2v 0 + P^l{x/xq)\ . 


Therefore, 


dy_ _ Vy_ _ _ vp + (3ln(x/x 0 ) _ 

dx v x ^-(3\v.(x/xo)[2v 0 + l3\n{x/x 0 )\ 


Source: J. Neuberger and J. Gruenbaum, European Journal of Physics 3, 22 (1982). 


12.4 Anti-Parallel Currents Do Not Always Repel 

The fact that R is very large means that the entire voltage drop occurs over the resis¬ 
tor. Therefore, the wires are equipotentials with net charges ±Q to maintain the potential 
difference V between them. In other words, they form a two-wire capacitor with capac¬ 
itance C = Q/V. The potential produced by one wire with charge per unit length A is 
(f(p) = — (A/27reo) Inp. Therefore, 


c _ XL _ _ XL _ 

2|A<p| (A/7reo)[ln(d — a) — In a] 

Because V = IR, the net force between the wires is 


7re 0 L 
ln(d/a) 


p — p _ f , 
z ± mag x el 


Po I 2 L 1 Q 2 L _ ^ { R\* 

27T d 2ne 0 d ~ mag \rJ 


Source: I.E. Irodov, Basic Laws of Electromagnetism (Mir, Moscow, 1986). 
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12.5 The Mechanical Stability of Concentric Solenoids 



The dashed lines in the diagram indicate the surface current density K = KG of each 
solenoid. The solid line is a representative field line of the outer solenoid. The latter 
is continuous near the walls of the inner solenoid and takes the value B on those walls. 
Therefore, the force density on the inner solenoid is 


f = K x B = KG x ( B z z + B p p) = KB z p — KB p z. 


When the two solenoids are concentric, the radial component of the force cancels when 
integrated around the inner solenoid. The ^-component cancels also if the mid-planes of 
the two solenoids are coincident because B p > 0 above the mid-plane and B p < 0 below 
the mid-plane. However, the radial component increases in magnitude as we approach the 
open ends of the solenoid. Therefore, the ^-components fail to cancel if the inner solenoid 
is displaced either up or down from the mid-plane. However, the force tends to return the 
inner solenoid to the mid-plane in both cases. In other words, the system is stable with 
respect to this perturbation. 

The currents in the two solenoids are parallel and thus attract. This is the radial force 
which integrated to zero above when the two solenoids are concentric. However, any radial 
motion will bring one pair of parallel currents closer together than any other pair of parallel 
currents. This produces an unstable situation because the force increases as the distance 
between two parallel currents decreases. 


Source: Y. Iwasa, Case Studies in Superconducting Magnets (Springer, New York, 1994). 


12.6 The Torque between Nested Current Rings 

We locate the ring I a in the x-y plane and the ring /(, in the x-z plane as shown below. The 
magnetic field on the axis of I a points in the z-direction. The magnetic field of points in 
the y-direction. 
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The vector torque which acts on /(, is 


N = I b 


r x (d£ x B), 


where r = bcosdi + b sin0z, di = bddO = bd9(cos9ic — sin0z), and B = B p p + B z z is the 
magnetic field due to I a in cylindrical coordinates. Since parallel currents attract and anti¬ 
parallel currents repel, the only component of the torque which survives is N x . Focusing on 
this component, substituting r, d£, and B into the torque formula gives 


■2ir 



0 


Our task now is to write the components of B (p,z) near the origin, where p = bsmd 
and z = bcosd. In the text, we used the technique of “going off the axis” to find the exact 
magnetic scalar potential of a current loop. In polar coordinates, the first two terms of this 
expansion for r < a were 


fp(r,9) = -~PoI a 


^P o (O)Pi(cos0) + Q 3 P 2 (O)P 3 (cos0) 


Using P 0 = 1, Pi = cos 9, P 2 = (l/2)(3cos 2 0 — 1), and P 3 = (l/2)(5cos 3 0 — 3cos0), 
together with z = rcos9 and p = rsinf), we get 


ip(p, z) 


1 \z U 3 

o M0 0 ‘i 

2 a 2 a 6 


3 zp 2 ' 

4 a 3 


Therefore, 

B z 


_ Pplg 
dz 2 a 


3^ 3 fr' 

2 a 2 + 4 a 2 


poI a 3 b 2 cos 2 9 3 b 2 sin 2 9 

2 a 2 a 2 4 a 2 


and 


B P 


dij) _ 3 p 0 I a zp 
dp ~ 4 a 3 


3 Pol a b 2 
4 a 3 


sin 9 cos 9. 


Substituting these fields into the torque formula and collecting terms gives the advertised 
result: 
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N x 


2^0 1 ah 


a 





15 h 2 
16a 2 



2^0 1 ah 


fe 2 

a 


1 



Source: J. Jeans, The Mathematical Theory of Electricity and Magnetism (University Press, 
Cambridge, 1908). 


12.7 Force and Torque 

The text shows that the force between two current elements Iidsi and Iids 2 is proportional 
to hFdsi ■ S 2 . Therefore, the vertical legs of the vertical loop feel no force at all from 
the horizontal loop. Moreover, only the two cc-legs of the horizontal loop contribute to the 
force on the (rr-legs of the) vertical loop. The figure below shows only these rr-legs (oriented 
perpendicular to the paper for both loops) at three different relative distances. Parallel 
currents attract, anti-parallel currents, and the force decreases as the distance between 
parallel wires decreases. With this information, the solid arrows below indicate the net 
force on the two x-legs of the vertical loop. 


0 




Qualitatively, the forces on the two ir-legs of the vertical loop produce the net force and the 
net torque on the vertical loop sketched below. 


z 




12.8 A General Formula for Magnetostatic Torque 

Using the Biot-Savart law and expanding the triple product gives the torque on j (r) produced 
by the magnetic field B'(r) produced by j'(r') as 
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N = 


^ J d 3 r r x [j(r) x B'(r)] 


J d 3 r r x j(r) x J d 3 r' j'(r') x 


r'|3 


Mo f d 3 r f ,7 3 r / r j'(r') [j( r ) • (r - rQ] - [j'(r') ■ j(r)] (r - r') 

4t tJ J |r — r'| 3 

Mo f d 3 r [ d 3 r / [ r x j'(r')] [j(r) • (r-r')] - [r x (r-r')][j(r) -j'(r')] 
47r / / |r — r'l 3 


Mo 

47T 


J d 3 r j d 3 r' |[rxj'(rO]j(r)-V^-^ + ^^j(r)-j'(r')|. 


Integrating the first term in curly brackets by parts and using V • j = 0 gives the desired 
result. 


Source: P.C. Clemmow, An Introduction to Electromagnetic Theory (University Press, 
Cambridge, 1973). 


12.9 Force-Free Magnetic Fields 

(a) Let V x Bi = ai(r)Bi and V x B 2 = a 2 (r)B 2 - Their sum is force-free only if 
ai(r) = a 2 (r) = a(r), so 


V x (Bi + B 2 ) = ot\ (r)Bi + a 2 (r)B 2 = a(r)(Bi + B 2 ). 


(b) Inserting the assumed form into V x B = aB gives the two equations 


dB y 

dz 


= aB r 


and 


dB x _ 
dz ~ aBy ' 


Taking the ^-derivative of the right equation and using the left equation gives 


d 2 B x dB v 

-- = a—- 

dz 2 dz 


—a~B r . 


This is solved by B(z) = x Bq sin az + y Bq cos az if we impose the condition B(0) = 
Boy. As shown on the left side of the diagram below, the field is constant in each 
plane z = const, and the direction of the field rotates as z increases. 
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(c) Inserting the assumed form into V x B = aB gives the two equations 


{pBF) = aB z and - = aJL,. 

pap dp 


Combining these two as in part (b) gives Bessel’s equation for B z : 


Id/ dB z \ 

p dp V dp J 


+ o? B z — 0. 


We get B ^ by differentiation. Therefore, since J\{x) = Jq{x), the solution which is 
regular at the origin is 

B(p) = AJi{ap)4) + AJ 0 (ap)z. 

The right side of the diagram above shows that the field lines “spiral” up the z-axis. 


(d) One matching condition is the continuity of n ■ B on the p = R cylinder. This will 
be true if B out has no p component. We want no current generated at p = R so the 
tangential matching condition is 

p x [B out (i?) — B in (i?)] =0. 


If we impose B z ( R ) = 0 as an additional condition, a non-trivial (^4 ^ 0) solution 
requires that aR be one of the zeroes of Jo ( x ). In that case, 


B°^(R) = B i ^R) = AJ 1 (aR). 


Finally, we want no current for p > R. This implies that B out can be derived from a 
magnetic scalar potential (which must satisfy Laplace’s equation) as 


B 


out 

</> 


1 dtp 
p d(j> 
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The simplest possible choice is the linear function ?/>(</>) = —RAJi(aR)<f>. This gives 
the desired field as 

B out (p) = RAJi{aR) ^ 

P 


Source: G.E. Marsh, Force-Free Magnetic Fields (World Scientific, Singapore, 1996). 


12.10 Nuclear Magnetic Resonance 

The total magnetic field is B = (Bi cos ut, — Bi sin ut, B 0 ). Therefore, the components of 
the torque equation rh = qm x B are 


dm x 

dt 


q( m y B 0 + m z Bi sinwf) 


dm v 

dt 


j(m z Bi cos cot — m x Bo) 


dm z 

dt 


— ql?i (m x sin u)t + m y cos ut). 


The transverse components of m in a coordinate system that rotates with B x are 


M x (t) = m x cos ut — m y sin ut and M y ( t ) = m x sin ut + m y cos ut. 

The time derivatives of these components are 

M x = rh x cos ut — rh y sin ut — uM y and M y = m x sin ut + rh y cos ut + uM x . 

Therefore, substituting from the first set of equations into the last set of equations gives 

M x = (f li — u)M y 
My = -(f l L - u)M x + ')B 1 m z 
m z = -^BiM y . 

When u = CIl, these simplify to 


M x = 0 
M y = 7-Bi m z 
rn z = -'yBiMy. 

In the rotating frame, we observe a moment that precesses around Bi at the Larmor fre¬ 
quency, q-Bi. In the lab frame, this motion is superimposed on a rotation around the Bo 
axis at f II- 
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Source: G. Scharf, From Electrostatics to Optics (Springer, Berlin, 1994). 


12.11 Two Dipoles in a Uniform Field 

If R points from the center of one dipole to the other, the potential energy for this situation 
is 


Vb = —m ( • B — m 2 • B 
Since cos(7r — 6) = — cos 6 , this is 


Mo 

4-7T 


ni | • m 2 

IF 


3(m! • R)(m 2 • R) 

R 3 


Vb = (mi cos cc + m 2 cos (3)B + 


Mo 

47T 


m,im 2 , a s. 3rnirn 2 ' 

- 5 — cos (p — a) -=— cos a cos p 

IF R A 


The angles are supposed to be small. Therefore, expanding to second order gives 

Vb = Aa 2 + B/3 2 + 2 Ca/3 + const. 


where 


_ po mim 2 

47r FF 


1 

2 


m\B 


_ /ip mim-2 
47t R 3 


1 

2 


m 2 B 


r _ Mo Wl«1 2 
_ 8tt f? 3 


We can shift the zero to eliminate the constant. Therefore, if a = [3 = 0 is to be a point of 
stable mechanical equilibrium, we must have Vb > 0. The latter is a quadratic form, which 
is positive if and only if 


T > 0 B> 0 AB > C 2 . 


If we let p = AttR 3 B/p 0 , these conditions imply that 

mi > p/2 m 2 > p/2 (2m\ — p)(2m 2 — p) > m\m 2 . (1) 

The last of these we may rewrite as the condition 

F(p) = p 2 — 2(mi + m 2 )p + 3mi?n 2 > 0. 

Now, the zeroes of F(p) are 

p + = mi + m 2 + ij m\ — m\m 2 + m 2 p- = m\ + m 2 + ij m\ — m\m 2 + m\ ■ 

Since p + > p~, we get F(p) >0 if either 

p < p~- or p > p + . 

However, we know from the left side of (1) that p < mi + m 2 . In addition, mi + m 2 < p + . 
Therefore, p < p + . This means that the criterion for stability is p < p- or 
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B < 


Mo 

47ri? 3 


mi + m2 — 


mf — mi m 2 + m 


2 

2 


Source: V.C.A. Ferraro, Electromagnetic Theory (Athlone Press, London, 1954). 


12.12 Three Point Dipoles 

Let CA be the vector that points from me to hia. The magnetic field at itia is 


R IM) 

Ba _ iir 


me 3(mB ■ BA) BA me 3(mc- CA) CA 


Therefore, the potential energy of niA is 


V A = -m A • B a 


Mo 

47T 

Mow 


mA • me mA • me 3(niB- Bdjfini ■ BA) 3(mc- CA)(m^ ■ CA) 


2 

- cos [o — ^ + cos (d + ^ — 3 cos cos (d 


7 r 


47ra 3 L 

7^om 2 cos 9 
8na 3 


-— 3 cos ( — 

6 


(D cos ( 9 + i) 


The potential energy is smallest at 9 = 0, when mA points straight up. For small oscillations, 
we write cos 9 sa 1 — \9 2 and write the torque equation, 


19 = - 


OVa 

d9 


7mo m 2 
87ra 3 


Therefore the period of small oscillations is 


T = 2tt 


8n a 3 1 


7m 2 po 


47t a 
m. 



Source: B.H. Chirgwin, C. Plumpton, and C.W. Kilmister, Elementary Electromagnetic 
Theory, Volume 2 (Pergamon, Oxford, 1972). 


12.13 A Dipole in the Field of Two Dipoles 

The orientation is determined by minimizing the potential energy Vb = —M • B where B is 
the magnetic field produced by the two fixed dipoles at the position of M. In other words, 
M is parallel to B in stable equilibrium. To proceed, define vectors iq = ax + yy + zz and 
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r -2 = —ax + yy + zz which point from the two fixed dipoles to the point (0 ,y,z). Both 
vectors have magnitude r = \Jo? + y 1 + z 2 . Then, by direct computation, 


B(0 ,y,z) 


Mo [~ 3(m • ri)r! 
47t r 5 


m 


3(m • r 2 )r 2 

y-» 5 


m 

^3" 


MO 

47T 


6mz. „ 2m„ 

+ ~ z ) ^3-z 


/ro 2m 
47t r 5 


[3yzy + (2z 2 


— a 


y 2 ) z • 


We conclude that, in stable equilibrium, the direction of M is 

= 3yzy + (2z 2 - a 2 - y 2 )z 
\J (2 yz) 2 + (2 z 2 — a 2 — y 2 ) 2 


Source: V.C.A. Ferraro, Electromagnetic Theory (Athlone Press, London, 1954). 


12.14 Superconductor Meets Solenoid 

The dipole moment of the sphere is induced, so the only valid expression for the force on it 
(treated as a point dipole on the z-axis) is 

27To 27 t o dB , 

F = mfcVBfc = - RrBkVBk = - R 3 B——z. 

Mo Mo dz 

The last equality follows because B = Bz on the symmetry axis of the solenoid. The work 
done on the sphere as it moves from infinity to deep inside the solenoid is 


W= ds-F = 


0 0 B s 

f 2tt f dB 2 tt ^ f 

/ dzF z = - R 3 / B — dz = - R 3 

J Mo J dz Mo J 

—00 —00 0 


BdB = - 7 ^-R 3 . 
Mo 


Note: an answer different from this by a factor of 2 results if one incorrectly uses the 
potential energy function Vg = — m • B appropriate for a permanent moment. We get the 
minimum speed by equating W to the initial kinetic energy \Mv q. Therefore, 





Source: S.M. Kozel, E.I. Rashba, and S.A. Slavatinsky, Collection of Problems in Physics 
(Nauka, Moscow, 1987). 
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12.15 The Levitron 


(a) Above the base and near the z-axis, we write 

ip(p, z) = a(z ) + b(z)p + c(z)p 2 + d(z)p 3 + • • • . 


The magnetic scalar potential satisfies 


V 2 '0 


19 / dip\ d 2 ijj _ 
pdp \ dp) + dz 2 


Substituting the first equation into the second equation gives 

—I- 4c + 9 dp + a" + b"p + c"p 2 + • • • = 0. 

P 

The coefficient of each power of p must be zero. Therefore, b = d = 0 and c = 
—a"/ 4. Moreover, a(z) = ^(0, z) = ipo{z), using the notation defined by the problem 
statement. Hence, to second order in p, 

i>{p,z) = V’oW - \Mz)p 2 + ■■■ = i > 0 (z) - ^ip 2 {z){x 2 +y 2 ) + ■■■ . 

(b) We need |B| to construct the potential energy E. The magnetic field is 

B = -VV> = -^i(z)z+ ^3 (z)(x 2 + y 2 ) z + ^ip 2 (z)xic + ^ip 2 {z)yy. 


Therefore, 


|B| 2 = ( P 2 - </>i) + \i>2P 2 « V’l 


1 V>3 2 , 1 (i>2 


and we conclude that 
B( Pl z) = |B(p, z)| = IV’il 


1 , (1% _ otl 

" ' Vd 2 Tk) J 


1 to ; 


= V’iSgn(V'i) 


4 VVh 


i , 03. 

8 U? V-2 


The equilibrium condition is \7E = 0. The z derivative gives 

dB 

Mg = m B — . 

Since Mg > 0 and p is small, this amounts to the condition 

rosV^sgn^i) > 0 (equilibrium). 


The x and y pieces of the gradient say that equilibrium requires p = 0. The vertical 
stability condition is 
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n d 2 E d 2 B 

° < lh 2 ~ 


or 


m B ip 3 Sgn(^>i) < 0 (vertical stability). 

Finally, the horizontal stability condition amounts to 


0 < 


d 2 E 
dp 2 


-m B sgn(V’i)V’i 




or 


m B sgn(V’i) 




(horizontal stability). 


Assuming first that ip\ > 0 and then that ip\ < 0, it is straightforward to check that 
all three conditions cannot be satisfied simultaneously unless m B < 0. 


(c) We now assume that m B < 0 and, once again, study i/’i > 0 and ipi < 0 separately. The 
equilibrium condition tells us that ipi and ip 2 must have opposite signs. The vertical 
stability condition tells us that tpi and ips must have the same signs. The horizontal 
stability condition tells us that 

14 > 2^3 A- 


Source: M.V. Berry, Proceedings of the Royal Society of London A 452, 1207 (1996). 


12.16 Magnetic Trap I 

The magnetic field from a wire at the origin is 




so, if a = /io//27r, the total magnetic field of the system is 


B = Hqz + a 


-yx + (s - l)y 
(x — l) 2 + y 2 


—t/x + (a: + l)y 
(.x + l) 2 + y 2 


For an anti-parallel dipole with magnetic moment mo, the potential energy is U B = 
— m 0 • B = mo|B|. Near the origin, we can use the approximation 


B = B 0 z + 2a(xy — yx). 


Therefore, 

\B\ = ^B 2 +Aa 2 p 2 « B 0 + 2ap 2 /B 0 . 

The small oscillation frequency u> arises from a potential energy function U = \Muj 2 p 2 . 
Therefore, 
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u> = 


1 4a 2 mo 
MB 0 


Mo I I mo 
7 r V MB 0 ' 


12.17 Magnetic Trap II 

(a) If A = hq! /27t, the total magnetic field in Cartesian coordinates is 


B = 



Ay \ 
x 2 + y 2 J 


\x 


B'i. 


By inspection, the smallest field magnitude occurs when the x and y components of 
B are zero. Thus, we get |B| = B' along the line parallel to the wire defined by 


xq = 0 and 


A _ Mo-f 
B 0 2nB 0 


(b) The potential energy of interaction between m and B when they are anti-parallel is 
V = — m • B = m|B|. Therefore, to find the frequency of small (radial) oscillations 
away from the minimum of energy, we must expand |B| to quadratic order in the 
radial distance r from the line. 



Using p 2 = x 2 + y 2 and, from the diagram, x = rsinc/), y = y 0 + rcoscj), and p 2 = 
7,2 + vl + 2r?/o cos (f>, we find 


|B| 2 



B 


-Jr [p 2 + Vo ~ 2yoy] + b' 2 

r>2 

^ r 2 + B 12 . 

P 2 


We are interested in very small values of r, where p sa yo. Therefore, 


V=m\B\ 


mB'' 


H-2- 

B' 2 A 2 


mB' + 


1 mB o 2 

2 B’ A 2 


Setting this equal to Vq 


\Mj 1 r 2 


gives the frequency of small radial oscillations as 
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(c) If B' = 0, we get |B| 
Source: J. Foragh and C. 


LO = 


to 2ttBq 
MB' p 0 I 


« (Bo/yo)r and there is no harmonic motion 
Zimmerman, Reviews of Modern Physics 79, 


at all. 

235 (2007). 


12.18 Roget’s Spiral 


OUb 

(a) At constant current, an increase in L generates a force F = ———z. The magnetic 

oL 

field inside the solenoid has magnitude B = pglN/L. There is no field outside the 
solenoid if we neglect stray fields. Therefore, the magnetic potential energy is 


1 

u B =- 7 — 

2^o . 




2 L 


In equilibrium, the magnetic force 


^ 7rl? 2 g, 0 N 2 I 2 „ 

F =-—--z 


2L 2 


balances the weight mg. Therefore, 


1 = 


2mg L 
7T/Zo NR 


(b) The attractive force between parallel currents in adjacent rings causes the coil to 
contract without any motion of its center of mass. 


Source: O.D. Jefimenko, Electricity and Magnetism (Appleton-Century-Crofts, New York, 
1966). 


12.19 Equivalence of Force Formulae 

Ub must be expressed as a function of the flux variables. Ub must be expressed as a function 
of the current variables. To do this, we use 

<Ffc = Mkth and R = (1) 

Therefore, 

1 N i N 

u b = ^ Ik ® k = 2 51 ^k M k t^e 

k — 1 k—1 

1 N x N 

Ub = — ^ = ~2 k;MkeJe- 

k =i k =i 
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Substituting these expressions into the force formulae in the statement of the problem shows 
that the proposition will be proved if we can show that 




We begin with MM 1 = I written in component form: 

= S kp . 


( 2 ) 


Using this, 

Multiplying on the right by M ps and summing over p gives 


(VMyjMj” 1 + M ke (S7Mf p l ) = 0. 


(X7M ke )M^M ps = -M k t(VM£)M pt . 

Using the definition of the inverse, 

(VM w )fe = -M u {WM^)M ps . 

The left side of this equation is VM ks . Therefore, using (1) and the fact that M k ( = M( k , 


—IfcV M ks I s = —I k 


—M ke (V M lp )M ps 


= IuM k (VM lp d> p 
= M( k I k S7 Mfy-<b p 




This is (2), as required. 


12.20 The Force between a Current Loop and a Wire 


(a) Let <U| be the flux through the loop produced by the wire. The force on the loop is 


F 


dV B 
‘ dd 


where V B is the interaction potential energy V B = — /i$i. The black square in the 
diagram below is an area element dS = pdpdcj) at a distance d + p cos from the wire. 
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The magnetic field at that element points out of the paper in the plane of the loop 
with magnitude 

B _ Poh 1 

27 : d + p cos <j> ’ 

By the right-hand rule, dS points into the paper. Therefore, 


R 2n 


$i = / ds ■ b 2 = - 


Poh f f pdpdcj) 

27t J J d + p cos 4 i 
o o 


= ~Poh 


pdp 


\/d 2 - p 2 


= —pah \Jd 2 — R 2 — d 
This gives the force on the loop as 

F = pohliTT-, \\/d 2 -R 2 -d 
od L 


z — pohh 


Vd 2 - R 2 


- 1 


(b) In the limit d^> R, we use (1 — R?/d 2 ) 1//2 ss 1 + R 2 /2d 2 to get the repulsive force on 
the loop as 

F _ ^hhR\ 

The magnetic moment of the loop is m\ = IiirR 2 and points into the paper. Therefore, 
since B 2 points out of the paper, the force on the loop should be 


F = V(m 1 • B 2 ) 


-(RttR 2 ) 


Poh 

2 ir 


d 

~dd 


/1\ _ p 0 hhR 2 , 

\d) Z 2 d 2 Z 


Source: M.H. Nayfeh and M.K. Brussel, Electricity and Magnetism (Wiley, New York, 1985). 


12.21 Toroidal Inductance 

(a) The inductance L 2 1 of the coil with respect to the wire is N times the inductance of 
the rectangular loop (shown below) with respect to the wire. The latter is the ratio 
of the flux through the loop, , to the current through the wire, 7). The right-hand 
rule connects the direction of J 2 to the direction of dS in the flux integral. Therefore, 
since the field of the wire, Bi = cj)pQli/2'Kp, is normal to the plane S enclosed by the 
loop, 


U i = ^ 

11 ■ 


dS - Bi 


s 2 


R+a 

— [ dSB = A<0Nb [ i n R+a 

h J 1 2n J p 2n n a 

S 2 R 
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— (1 — 


— R-~ 


t 


\s 2 

b 

-P- 


1 


h 

si 


(b) The text computed the field produced by a toroidal solenoid. The field lies entirely 
within the solenoid with magnitude B 2 = poNl2/2np. The direction of B 2 is normal 
to every element dS of the surface Si enclosed by the infinitely large rectangular loop 
shown in the figure which has I\ as one of its legs. With this choice, 


L 12 


$12 

~h 




R+a 

uoNb f dp poNb R + a 

— - / — = —-In- 

2lT J p Z7T a 

R 


Source: O.D. Jefimenko, Electricity and Magnetism (Appleton-Century-Crofts, New 
York, 1966). 


12.22 Force between Square Current Loops 


(a) By symmetry, the force is along the symmetry axis. The loop currents are fixed, so if 
M is the mutual inductance between the loops, the force between them is F = — VUg- 
More precisely, let R lie in the z = 0 plane so J 2 lies in the z = c plane. Then, because 
an increases of c is in the +z-direction, the force on Jo is 


F 


dUg. rr dM ~ 
= RI 2 --z. 
oc oc 


We calculate M from Neumann’s formula: 


(1) 



ds\ ■ ds 2 
ki -r 2 |' 


Each of the four sides of loop Ji gives a non-zero contribution to this integral from 
the two sides of loop J 2 which are parallel to it. However, by symmetry, there are 
only two distinct terms among these eight contributions. Specifically, if the variables 
— a /2 < X\ < a/2 and —a/2 < X2 < a/2 label distances measured from the midpoint 
of a segment as shown in the diagram, 


M = 


Mo 


a/2 a/2 

/ dx 1 / dx? 


—a/2 —a/2 

We do the X 2 integral using 


dx 


sj (xi - X2) 2 + c 2 sj {xi - x 2 ) 2 + a 2 + c 2 


1 . j 2Ax + B 

smh 


V Ax 2 + Bx + C VA V4 AC - B 2 ' 
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Since sinh 1 (— x) = — sinh (a;), we find 


M 


a/2 


MO 
7 r 


dx i 


-a/2 


. _! 2x 2 - 2xi 

sinh - 

2c 


a/2 

— sinh -1 

-a/2 


2^2 — 2x’i 

2Vc 2 + a 2 


a/2 

-a/2 


a/2 

_i 2xi + a _i 2xi — a _ x 2xi — a 

sum-sum-K sum — , 

2c 2c 2Vc 2 + a 2 

-a/2 



— sinh 


-l 


2aq ~b o 
2Vc 2 + a 2 


We do the aq integral using 


/ dx sinh 1 — = x sinh 1 - \/ x 2 + p 2 

p p 


The final result is 


M = 


2/^0 


a sinh 1 ^ — a sinh 1 


\/a 2 + i 


— 2\/ a 2 + c 2 + \/ 2a 2 + c 2 + c 


( 2 ) 


(b) Using (1) and (2), the force exerted on I 2 is 


7T 


c\/2a 2 + c 2 ^ 1 a 2 + 2c 2 
a 2 + c 2 c\/a 2 + c 2 


(c) If (5 = a 2 /c 2 , the force in part (b) is 


F = 


Z/ioIih 
7 r 


(1 + 2 J ) 1 / 2 (1 + < 5) -1 + 1 - (2 + J)(l + 5)- 1/2 


z. 


Expanding and keeping all terms to second order in 5 <C 1 gives the attractive force 

p) / t t„2 ' 


F _ 3/i 0 /i/ 2 a 4 . _ 9 (fjLo harha 


27T 


9c V 2n 


(3) 


To interpret this formula, we use the fact that the interaction between the loops 
should be of dipole-dipole type when when c /$> a. Using the right-hand rule, the 
moments in question are mi = I\a 2 i and m 2 = / 2 a 2 z, each located at the center of 
the corresponding loop. If n is a unit vector which points from the center of one loop 
to the center of the other loop, the interaction potential energy is 


Vb 


Mo mi ■ m 2 - 3(n • mj)(n • m 2 ) 
4-7T c 3 


Mo mi m2 

27T c 3 


Using this, the force F = — VVs (calculated as described at the beginning of the 
solution) agrees with (3). 
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Source: V.C.A. Ferraro, Electromagnetic Theory (Athlone Press, London, 1954). 


12.23 The History of Mutual Inductance 

The total mutual inductance between circuit 1 and circuit 2 is 


Ho i (l + k\ r l ds 1 • ds 2 fl-h\ f f dsi ■ (ri - r 2 )(ri - r 2 ) • ds 2 

Ma = TA[-^)tt¥^\ + {-^)tt -- ■ 

V C\ C 2 C 1 C 2 ) 

Focus on the second integral. Use Stokes’ theorem, a bit of vector calculus, and Stokes’ 
theorem again to write 


/ 


ds\ 


(ri - r 2 )(ri - r 2 ) • ds 2 
In - r 2 1 3 


JdS 1 • Vi x 

Si 


Oi — r 2 ) 


(ri - r 2 ) • ds 2 
|U - r 2 | 3 


J d,S \ ■ ds 2 x 

Si 


£i - r 2 
|ri - r 2 | 3 


J dS 1 ■ V 2 x 

Si 


ds 2 

|ri - r 2 | 3 


/ 


dsi • ds 2 
jri - r 2 | 3 ' 


Substituting this above recovers Neumann’s formula: 


M\2 


Ho_ f f dsi ■ ds 2 

47 t J J |n - r 2 |' 
C\ C 2 


Source: E.T. Whittaker, A History of the Theories of Aether and Electricity (Philosophical 
Library, New York, 1951). 


12.24 An Inductance Inequality 

Let / = h/I 2 and write the total magnetic energy as 

U B =\ll{L 1 f + 2Mf + L 2 ) . 

We will find the minimum value of U B and insist that it be positive. The minimum is 
determined by 

d ^ = lll(2L 1 f + 2M) = 0, 

or / = — M/L\ ■ Therefore, 
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U B (min) 





M 2 

Li 



> 0 . 


We conclude that M 2 < LiL 2 , as advertised. 


12.25 The Self-Inductance of a Spherical Coil 

The diagram shows the geometry of the winding. 



It will be simplest to compute the flux of the winding through itself. The density of the 
winding is N/2R. Therefore, the number of turns in a linear distance dz is (N/2R). Because 
dz = —sin 8Rd8, the number of turns along the arc length Rd6 is (N/2R) sin 9 and the 
surface current density is 

NI 

K = -sin dip. 

2 R 

Inside and outside the coil, we can write B = — Vi/j where ip satisfies Laplace’s equation. 
The matching conditions for the magnetic field, 

f ■ B out = f B m and f x (B out - B in ) = p 0 K, 


imply the matching conditions for the potential, 

= 0 and 


dip in di’ out 

dr dr 


- r—R 


dip' m di/.’ out 

lie dtT 


= -/ro NI sin 8. 


- r — R 


The second of these tells us that we need only the solutions of Laplace’s equation which are 
proportional to cos 8 , namely 

ip in (r, 8) = C-^ cos 8 and ip out {r, 8) = A cos 8. 


We find immediately that 


A = -fio NI 
6 


and 


C = —-fioNI. 
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In particular, the magnetic field inside the sphere is uniform: 


B(r <R) = ^hqNIz. 
The magnetic flux through through an arc length RdO is 
flux turn 


d$ = 


turn arc length 
Therefore, the self-inductance of the winding is 


x arc length = TT(RsmO) 2 


L = 



—nRN 2 [ dd sin 3 6 = 2 

6 J 9 

o 


B x — sin 0 x RdO. 
2 R 


/r 0 7r RN 2 . 
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Chapter 13: Magnetic Matter 

13.1 The Magnetic Field of an Ideal Solenoid 

Fill the solenoid with a uniform distribution of magnetization M = Mi. The surface 
normal n is everywhere perpendicular to M. Therefore, there is no effective magnetic charge 
anywhere and H = 0 everywhere. Then, because B = /io(H + M), we get B = poMi inside 
the solenoid and B = 0 outside the solenoid. On the other hand, the effective surface current 
associated with the magnetization is K = M x n, which reproduces the imposed azimuthal 
current. Hence, M = K and we reproduce the Biot-Savart result. 


13.2 Equal and Opposite Magnetization 

(a) There is no free current. The magnetization in each region is uniform so the bulk 
magnetization current density jM = V x M = 0. The magnetization is normal to the 
z = 0 interface so the surface magnetization current density K = M x n = 0. There 
is no source current of any kind, so B = 0 everywhere. 

(b) There is no bulk magnetic charge p* = — V • M but there is a surface charge density 

a* = M ■ n. There is a contribution a = M at z = 0 due to the z > 0 region. An 
identical contribution comes from the z < 0 region. Therefore, since an outward¬ 
pointing electric field E = er/2eo is created by a planar surface density of electric 
charge a, we get an outward-pointing field H = M in this case. Since M points 
inward to the same interface, we conclude that B = //q(H + M) = 0 everywhere. 


13.3 Equivalent Currents 


(a) The statement will be true if the two spheres produce exactly the same distributions 
of current. Schematically, the two spheres are as follows. 



The magnetized sphere produces no volume current density because jM = V x M. 
However, it does produce an azimuthal surface current density 

K = Mxn = Mxr = M sin 6(j>. 


If u) is the angular velocity, the velocity of a point on the surface of the rotating sphere 
is v = u: x r. Therefore, the rotating sphere produces a surface current density 

K = av = ® u)R sin 9(j>. 

4t tR 2 

The two are the same with the choice M = ujQ/AitR. 
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(b) The magnetic moment of any object with magnetization M is 


For our sphere, 



m = MV z 


ojQ At:R 3 
4 M3. 3 


1 

3 


u>QR 2 i. 


13.4 The Helmholtz Theorem for M 

(a) The Helmholtz theorem says that 


M(r) = -V 


d 3 r' V' • M(r') ^ f d 3 r' V' x M(r') 

47t |r — r'| J 47t |r — r'| 


But p*( r) = —V • M(r) is the fictitious magnetic charge density which enters the 
magnetic scalar potential 


V’mO) 


1 

47T 


d 3 r' 


l r — r'j 


and Jm (r) = V x M(r) is the effective current density of magnetized matter that enters 
the magnetic vector potential 


A m (r) 


m f dV Md 

At: J jr — r' 


Hence, because Hm = —Vt/>m and Bm =Vx Am, the Helmholtz representation of B 
has the anticipated form, 

M = — Hm + Bm//Uq- 


(b) The magnetization of the stripes satisfies V x Hm = 0 = V • Hm because V • M = 0. 
Therefore, by the Helmholtz theorem, Hm = 0 everywhere and B = /roM everywhere. 
The magnetization current density has a surface piece Km = M x n which is solenoidal 
around each uniform block of magnetization. 


13.5 The Virtues of Magnetic Charge 


(a) The text establishes that m = f d 3 r M. On the other hand, using the proposed 
formula, the k th component of the magnetic dipole moment of the sample is 


mu — — / d 3 rru V • M = — 


J d 3 r V • (Mr t ) + J d 3 r {M • V)r fc = J d 3 rM k . 
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(b) By definition, the interaction energy between two current distributions is 

V B =-‘ 


f d*r /dV Jl( ? J f> . 
47r / ./ r — r' 


Using the definition of the vector potential in the Coulomb gauge, this is 

Vb = — J d 3 rji-A 2 = —J d 3 rA 2 -VxMi = J d 3 r\7-(A 2 xM.i)—J d 3 rM r VxA 2 . 

Finally, using the divergence theorem and the fact that Mi is zero on the integration 
surface at infinity, we conclude that 

V B = - [ d 3 r Mi -B 2 . 


Precisely the same steps beginning with V B = — J d 3 r j 2 ■ Ax establish the reciprocity 
relation. 

(c) It is simplest to begin with the proposed formula and show that it is equivalent to the 
expression derived in part (b). Then, because B 2 = /zoH 2 in the part of space where 
Mj^O, 

Vi = ”/^/ d v 7 Mi ! r)v ' Mi(r,) 


47T 


^ j d 3 r' V' • M 2 (r / ) J d‘ 


r 


Mi(r) 

r — r' 


-Mi(r) • V- 


r — r' 


J d 3 r MiO) • vg J d 

- j d 3 r Mi(r) • MoH 2 (r) 


do f ,3 , PtW) 


= - d 3 r M 1 (r).B 2 (r). 


13.6 Atom Optics with Magnetic Recording Tape 

(a) For an infinitely wide tape, the magnetic field due to M(a:) is equivalent to the field 
produced by the surface magnetization current densities 

K± (x) = M x n± = ± M cos kxz, 

where the upper (lower) sign refers the upper (lower) surface of the tape. Let B + be 
the field produced by the upper surface (y = 0) and let B_ be the field produced by 
the lower surface (y = —t). 
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Away from y = 0, the field B + produced by the upper surface current at y = 0 
is derivable from a magnetic scalar potential. That is, B +{x,y) = —Vip+(x,y) is 
the magnetic field produced by K + (x). ip+(x,y) is periodic in x (because the source 
current is periodic in x) and satisfies Laplace’s equation away from y = 0. Moreover, 
ip + (x, y) —* 0 as y —> oo. Separation of variables in Cartesian coordinates then gives 
ij) + (x,y > 0) = Asin(/cx + 4>)e~ ky . Hence, 

B + (x, y > 0) = = Ake~ ky [y sin(/cx + </>) — x cos(kx + (f>)\. 

From our discussion of the symmetry of a current sheet, we know that B y (x,—y) = 
By (x, y) because the normal component of B must be continuous when we cross 
through the surface of the source current. Therefore, 

B + (x, y) = Ake [y sin(fcx + </>)— xsgn(y) cos (kx + </>)]. 

To evaluate the constants A and <f> , we use the Amperian loop sketched below. 


x = Xi 



x = x 2 


y = o 


Using the definition of surface current density, this gives 


X2 X2 

<j> B + • ds = 2k A J dx COs(kx+ (f>) = Polenclosed, = Mo J dxM cos kx. 


We conclude that 


B + (x, y > 0) = M [y sin kx — x cos kx] e ky . 

The magnetic field B_(x, y) due to the current K_(x) on the lower surface of the tape 
is identical except that it has the opposite sign and the origin is shifted to y = —t. 
The total magnetic field is therefore 


B(x, y > 0) = B + + B„ = M(1 — e kt ) [y sin kx — x cos kx] e ky . 


(b) The field line pattern is as follows. 
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(c) The interaction potential energy is Vb = — m • B. For permanent anti-alignment 
between the moment and the field, this gives 

V B = m|B| = \ppo Af( 1 - e~ kt )e~ ky . 

This potential is purely repulsive as the atom approaches from above. Moreover, 
Vb = Vb (y). Therefore, the magnetic tape acts like a flat mirror and reflects the atom 
as sketched below. 



Source: E.A. Hinds and I.G. Hughes, Journal of Physics D: Applied Physics 32, R119 
(1999). 


13.7 Bitter’s Iron Magnet 

(a) By symmetry, it is sufficient to let r, rh, and z be coplanar. The z-component of the 
dipole field is 


B z ( 0 ) 


p 0 3(r • z) (? • m) — m • z 
47t r 3 

Pom 3 cos 6 cos a — cos (9 + a) 
47t r 3 

po m 2 cos 9 cos a + sin 0 sin a 
47t r 3 


The minimum corresponds to dB z (0) /da = 0 or 2 tan a = tan 9 as required. 


(b) From the geometry, it is easy to see that tana = rd9/dr so | tan0 = rd9/dr. This can 
be written in the form 


dr 

r 


2 cos0^ = 2 d(sin0) 
9 sin 


In r = In sin 2 9 + const. 


Hence, the spin directions which yield the maximal field obey r = K sin 2 9. This is 
exactly the equation of the field lines for a z-oriented point dipole at the origin. 
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(c) We want to substitute 2 tan a = tan 6 into 


. . from .2 cos 9 cos a + sin 0 sin a 

^ (0) = ^- 


Using 


we get 


1 

cos a = , -— 

V1 + tan" a 


1 

sin a = , —— 

V 1 + cot" a 


B z { 0 ) 


Hom 4 cos 8 + sin 9 tan 8 
47rr 3 V4 + tan 2 8 


Horn. 3 cos 2 8+1 _ Horn, —-j 

47rr 3 cos B\[i + tan 2 8 Mrr 3 


as the magnetic field per spin. So, if there are N spins/volume, the total magnetic 
field at the origin is 


HomN f o Vl + 3 cos 2 9 

= ^rj dr - x- 


For a spherical shell, d 3 r = 2nr 2 sin ddd so 

B,(0) = f” * f -pomNln —. 

2 J. ri r 7_j 3 ri 


Source: F. Bitter, Review of Scientific Instruments 7, 479 (1936). 


13.8 Einstein Errs! 

(a) We showed in Chapter 9 that the currents which flow on the surfaces of the can have 
densities 

K± = ±7T—P and K W = -TTS*- 

Z7 xp 2 ttR 

The force of levitation is 


2i r R 

F = J dS K + x Bm = J d<j> J dpp-— P x MoM</> 

top cap 0 0 

(b) The volume magnetization current density is 


IRhqMz. 


* fvi 

j=VxM=Vx (Mtp) = — z. 

P 

The surface magnetization current density is K = M x n. There are three surfaces to 
this finite-thickness end cap. On the top and bottom of the coin, K = M<f> x ±z = 
±Mp. On the edge, K = M(f> x p = —Mi. All three are sketched below in side view. 
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(c) For a finite thickness end-cap, the magnetic field of the can-of-current must fall to zero 
smoothly from B iu at the bottom surface of the end-cap to zero at the top surface of 
the end-cap. This shows that the magnetization current density on the top surface 
never feels a force from B; n . Moreover, the force density is purely radial, both on 
the volume magnetization current and on the surface magnetization current on the 
side wall of the end-cap. Both integrate to zero. This leaves only the magnetization 
current density Kj on the bottom surface of the top end-cap. As anticipated, the force 
exerted on this current density cancels the force computed in part (a): 

R 

F = J dS K ft x B in = 27 t J dpp[—Mp\ x ^^-0 = —IRpoMz. 

top cap 0 


Source: A. Einstein, Archives des Sciences Physiques et Naturelles 30, 323 (1910). 


13.9 A Hole Drilled through a Permanent Magnet 

We treat the drilled-out magnetic slab as a pristine magnetic slab superposed with a narrow 
cylinder with opposite magnetization: 


+ 


The magnetic charge picture gives the H field of the pristine slab as isomorphic to the E 
field of a capacitor: H out = 0 and H in = —Mi. Therefore, the pristine slab produces 
B = /zo(H + M) = 0 everywhere. The H field produced by the narrow rod is equivalent to 
the E field produced by a charge q* = MnR 2 at its bottom and a second charge — q* at is 
top, i.e., the field of a finite dipole. Therefore, with respect to an origin at the center of the 
rod, the H field at every point in space is 

r + (f/2)z r — (t/2)z 
|r+(t/2)z| 3 l r — (f/2)z| 3 _ 


inside the cylindrical hole 

outside the cylindrical hole and outside the slab. 
Source: E.B. Moullin, The Principles of Electromagnetism (Clarendon, Oxford, 1950). 


H(r) = 


MR 2 


The corresponding magnetic field is 
/r 0 H(r) - pqMz 
MoH(r) 


B(r) = 
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13.10 The Demagnetization Factor for an Ellipsoid 

To find N zz , we begin with the equation for the surface of such an ellipsoid, 



(1) 


Next, since M points along z, we can think about a disk of area A and thickness dz with 
magnetic moment per unit volume (magnetization) M = dm/dV. Ampere’s theorem per¬ 
mits us to parameterize the magnetic moment as dm = dIA , where dl is an effective current 
that circulates around the perimeter of the disk. Hence, 


Mdz = 


dm 

dV 


dz = 


dm 

A 


= dl. 


We conclude that the vector potential—and thus the magnetic field -produced by the shaded 
slice in the figure is identical to the vector potential produced by a ring with radius p that 
carries a current dl = Mdz. Since Bm is uniform, it is sufficient to use the Biot-Savart 
result for a current ring to evaluate B z at the center of the ellipsoid. Summing this field 
over all slices gives 


B z ( 0 ) 



( p 2 + 2 2)3/2- 


( 2 ) 


The integral (2) takes a standard form if we use (1) to eliminate p, and the definition 
e 2 = 1 — b 2 /a 2 of the eccentricity of an ellipsoid. The result is 


B z (0) = p 0 M(l-N zz ), 


where 


N z 




1 + e 


1 - e 



(e < 1). 


(3) 


A Taylor series expansion of the logarithm confirms that N zz —> 1/3 in the spherical limit 
(e —> 0). The demagnetization factors for needle-shaped samples and disk-shaped sam¬ 
ples can be derived from (3) and compared with more direct calculations of Hm for these 
geometries. 


Source: C. Birch, European Journal of Physics 6, 180 (1985). 


13.11 Lunar Magnetism 

We have B = /i 0 (H + M), where H = — V0 and if satisfies the Poisson-like equation 

VV = v • M. 

In addition, at the boundary between regions, it is necessary to satisfy the matching condi¬ 
tions 

ipi{r s ) = tp 2 (rs) 
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and 

= [Mj — M 2 ]s • Ai- 

s 

We call the core, crust, and exterior of the Moon regions I, II, and III, respectively, as shown 
below. 


dj’! _ dA 

dn\ dn\ 



The impressed magnetization M of the core is stated to be proportional to a dipole field B c j 
centered at the origin. If we align the magnetic moment m with the z-axis, 


BdM) 


Ho m 3cos0r — z 
47 t r 3 


/iom2 cos Or + sin 00 
47 t r 3 


Since V • B = 0, we know that V • M = 0 and the magnetic scalar potential above satisfies 
Laplace’s equation everywhere. Specifically, 


A 


D 



cos 0 


Ai 

Au 



cos 0 


A 



cos 0. 


Applying the matching conditions, noting that n = r and that the only non-zero magneti¬ 
zation is 

„ , ,, 2 cos Or + sin 06 

M„ = M - 5 -, 


gives 


A = B + C 


D = 


2 M 
~aF 


4 


2 B 
a 


c b - 

a 

C 

I- 

a 


2 A 
a 


2 M 

IF 


D 


C 


-+2B--- 
b b 6 a 


It is straightforward to check that this system is solved by 

2 M 


A = 0 


C = —B = 


3 a 2 


D = B 


b 2 a 
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which confirms that H = B = 0 in region III outside the Moon. We can sketch B inside 
the Moon using the fact that Bi = Hi = —V-0i is constant, the lines of B must form 
closed loops, and B must be tangent to the sphere at r = b because its radial component is 
continuous there. 



Source: S.K. Runcorn, Physics of the Earth and Planetary Interiors 10, 327 (1975). 


13.12 A Dipole in a Magnetizable Sphere 

We will use the magnetic scalar potential and write H = —’Vipfr). The potential satisfies 
Laplace’s equation V 2 ?/) = 0 everywhere except at the origin where, due to the presence of 
the dipole with moment m = toz, 


r it a\ rn cos 9 

lim ip(r,0) = - -z —. 

r-> o 47T r 2 

There is no free current, so the matching conditions at the r = R boundary are 


(1) 


tM r s) = V’out(rs) 


and 


H 


di’h 


dr 


= Ho 


dif 0 


r—R 


dr 


r — R 


Given (1), the matching conditions will be satisfied only if the potential varies everywhere 
as cos 0. Therefore, since the contributions to the potential other than (1) satisfy Laplace’s 
equation: 

Ho 


if(r,d) = 


m 

Ar H —z 

47r L J 

Ho M cos 0 


cos 9 


4tt 

Direct application of the matching conditions gives 


, . 3 fl 

M =--—TO 

H + %Ho 

Therefore, with M = Mz, 


and 


A = 


H(r) = 


po 3(m • r)r — m /roM 
47T 

/ro 3(M ■ r)r — m 
47 t r 3 


r < R, 
r > R. 

2 (h ~ Ho) m 
H + 2 Ho -R 3 

r < R, 

r > R. 
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13.13 Magnetic Shielding 

We use a magnetic scalar potential where H = —There is no free current, and the 
problem is two-dimensional, so 


V 2 '0 


1 d_ f dip_\ 
p dp V dp ) 


1 d 2 ip 
p 2 dcp 2 


= 0 . 


By standard separation of variables, the general solution is a superposition of terms of the 
form 

ip(p,9) = (A n cos rup + B n sin n<j>)(C n p n + D n p~ n ). 

Inside the shell, the solution must be finite and reflect the symmetry of the external field. 
Since B ex t — Po fAxt and b’ext — ffex t x H ex ^p cos0, 


1pi n = Ap COS (j>. 

Within the shell, we have the slightly more general potential 

V’sheii = (Cp + Dp- 1 ) cos 4b. 

Outside the shell, the field must reduce to B cxt as p —> oo. Therefore, 

V'out = --ffextpcos <p + Ep- 1 COS <p. 

The matching conditions are continuity for the normal component of B and continuity 
for the tangential component of H. The latter is equivalent to the continuity of ip itself. 
Applying these at p = a gives 


dipin \ _ ( cW’shell \ 

dp) p=a ~ K \ dp ) p= 


and 1pin\p_ a = 1p s hett\ p=a 


or 


A = K 



and Aa = Ca H-. 

a 


The matching conditions at p = b are 


or 


( ^0out A ( ^V^shell \ 

\^) p=a ~ K \^) p=b 


and 


1pout\p =a — V’shelllp-6 




E 


b 2 K 



and 


— H e xt + 


E 

~b 
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From the matching conditions at p = a, we deduce that 

C k + 11 A K 2 A 2ft 


D ft — 1 a 2 D ft +1 a 2 C ft +1 

Eliminating E from the matching conditions at p = b gives 

jj _ 2-ffext + (ft + 1)C^ 2 
ft — 1 

Substituting this into the expression for C/D in (1) gives 


C/l-K(^X\ = 2H e J K + l 


a 2 V ft — 1 


a 2 (ft — l) 2 


Using this to eliminate C from the expression for A/C in (1) gives 

4ft6 2 


A = 


(k — l) 2 a 2 — (ft + 1) 2 6 2 

This gives the advertised result because 

„ x - 4ft& 2 

Bin = ~MoAz = 


Hp.-xt ■ 


(ft + 1) 2 & 2 — (ft — l) 2 a 2 


14 , i v ■. 


(1) 


13.14 The Force on a Current-Carrying Magnetizable Wire 

(a) B = /x 0 (H + M) = //H so M = (p/p+o —1)H. We find H from V x H = j 0 . Ampere’s 
law gives the particular solution 


h': 



H 


// 

out 


a 2 jo 
2 P 


4> 


inside and outside the wire. The total field H = H' + H" where H' solves the 
homogeneous equation V x H' = 0. Now V-B = 0soV-H = V-H' = 0 except at the 
wire surface. With H' = — 'slip we solve V 2 ^ = 0 subject to the boundary condition 
H' = Hqx when p —» oo and the matching conditions 


4> ■ H'n = 4> ■ h;„ 


di’h 


dp 


di’o 


d(j> 


V Bin = r Bn 


dip i, 


dr 


= Mo 


dip 0 


p—a 


dr 


p—a 
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The solution is 

H' n =x 2 ^ 

M + Mo 

H' t = xH 0 + p- — —Ho cos (j>+ 4 >———i?o cos<£. 

M + Mo M + Mo 

Therefore, 

M = (m/mo - 1) ( 2/J ° H ° x + ^pjo4>) . 

V M + Mo z / 

This gives a volume magnetization current density 

j M = V x M = O/Mo - l)ioz 

and (using x = p cos <f> — (j> sin <j>) a surface magnetization current density 

K m = Mxn = Mxp = (m/mo - 1) ( 2 ^° ° sin 0 - |pjo J z. 

VM + Mo J 


(b) The total current density is j = jo + jM = (m/Mo) jo + The volume force density is 


fv = j x pH in = p^—z x 


MJo , / 2/r 0 Tfo 


Mo VM + Mo 


x + 4pjo 4 > = 


Zt^Hojo „ M 2 joM „ 


M + Mo 


-y - 


2mo 


because 


p = cos 0x + sin <jy 
4> = — sin <jx + cos 4>y. 

The volume integral of the second term is zero so the total volume force is 

2p 2 H 0 I 0 


Z7T pa 


F v = 


d(j) / dppfy = 


M + Mo 


-y- 


The surface contribution to the force is = a J' f 2 “ d/j) Km x B, where B = | [Bi n (a) + 
Bout (a)]. Using the results above, this is 


B — 2 [MHi n (a) T MoH out (a)] — 2 (m + Mo) 


Ip jo 


2moHo . 

-sin ( 

M + Mo 


1 . ^ppoHo „ 

d> H-cos d> p. 

M + Mo 


Many of the terms which could contribute to Fg integrate to zero. Those that do not 
give 

(m-Mo)(2m + Mo) 


Fg = —IqHo 


y- 


M + Mo 

Because B 0 = p 0 H 0 , the total force on the wire is 

2 M 2 - (M - Mo)(2M + Mo) 


F = F^ + F# = I 0 H 0 


M + Mo 


y = I 0 ^oy- 
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Source: F.N.H. Robinson, Macroscopic Electromagnetism (Pergamon, Oxford, 1973). 


13.15 Active Magnetic Shielding 

(a) The text shows that the boundary condition B x (x = 0) = 0 is satisfied at the conductor 
surface by placing an image line current flowing in the —^-direction at x = d. 



Therefore, in the x < 0 half-space, the magnetic field is 

B = 

2npi 2 irp 2 

Because B = 0 inside the conductor, the surface current density obeys the matching 
condition 

poK = B(x = 0) x x = —2B v (x = 0)z = — —— „ ^ z. 

n y z + d z 

(b) If we remove the conductor, but want to shield x > 0 from the effect of the wire in 
the x < 0 space, we need only synthesize the surface current density K in part (a) 
because this guaranteed that B(x > 0) = 0. If N = 7, an arrangement like the one 
shown below will do, where the current in each wire is chosen equal to value j(y) at 
the y-position of the wire. The larger N is, the better the shielding will be. 


(?) 



jtv) 


Source: P. Mansfield and B. Chapman, Journal of Physics E 19, 540 (1986). 
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13.16 The Role of Interface Magnetization Current 

The direct solution exploits the cylindrical symmetry of the problem and Ampere’s law in 
integral form: 

r ds-H = I f . 


This gives H = (If /27r p)4>. Therefore, since B = /rH in linear matter, 

P < R, 




b M = 


2n p 
Pi 1 ! 

2irp 


(1) 


4> 


p > R. 


For linear matter, the magnetization current is proportional to the free current: jM = Xmj /■ 
This gives a total current density 

j =j/ +JM = (1 + Xm)j/ = (p/Po)if- 

This means that the field produced by a wire embedded in a medium with permeability p\ 
at every point in space is 

Pilf 


B, = 


2irp 


<t>- 


( 2 ) 


This is not inconsistent with (1) because the total field is the sum of B/ and the field Bm 
produced by all the (induced) magnetization current density in the system. The bulk piece 
of this current density, jm, is zero for all linear matter. Using the continuity of the normal 
(radial) component of H, the surface piece is 

K = Mi x hi +M 2 x n 2 = (M x -M 2 ) x p = [xiHi(R)-x 2 H 2 (R)] x 0 = (x 2 ~Xi )H{R)4>. 
The field Bm = Bm4> due to this current is calculable by Ampere’s law in the form 

0 p < a, 

P 0 2ttRK p > R. 

This shows that (2) is the correct total field when p < R. This agrees with (1). Otherwise, 
B(p > R) = B/ + Bm 

Pi If i R. \ I 7 
= 2^ 0 + f ‘V ( «-» ) 2rt 0 


2irpB M = f ds ■ B M pO ^enclosed 


2irp 


Pi + Po 


Po 






A 


Mia. 

2irp 


This agrees with (1) also. 


Source: L. Egyes, The Classical Electromagnetic Field (Dover, New York, 1972). 
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13.17 Magnetic Film and Magnetic Disk 

(a) By symmetry, the field inside the film must be in the same direction as Bo. But B • n 

is continuous everywhere. Therefore, B; n = Bo. 

(b) To sum the dipole fields produced by the matter for r > R, we let dm = Mo dV, where 

dV = 2i:rdrh is the annular volume shown below. 



The field due to the annulus at the center of the disk (where dm ■ r = 0 because 
h <C R) is 


dB(r) 


Ho 3(dm • f)f — dm 
4-7T r 3 


Ho dm 
47 t r 3 


Therefore, the field at the center of the disk is 


B(0) = B 0 - fdB = B + / * = B„ + 


Now we need Mo. For linear matter, M = % m H and B = /j.o(H + M). Therefore, 

d — do-. 


and 


M 0 -—^B 0 
Hd o 


B(0) = B 0 + ^^4bo. 


2 h R 


13.18 A Current Loop Levitated by a Bar Magnet 



The stated conditions permit us to ignore the south pole of the bar magnet and treat the 
north pole as a point magnetic charge that produces a radial field (emanating from the pole) 
with magnitude B = Hog/^r 2 . The pole strength g = nr 2 M where M is the magnetization. 
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The weight of the loop is W = mg = 2irapg. This must be balanced against the magnetic 
force. The latter is the sum of the forces dF = Idt x B on the line elements d£ of the ring. 
The contributions from B z cancel when integrated around the ring. The other component 
of the magnetic field contributes an upward force of equal strength from every element with 
magnitude 

do g ^ 


dF = Id£B\\ = IdtB sin 6 = Idt 


Therefore, 


and 


And 2 


T? no nMo nr 2 Ma 
F = I(2na) 4 ^ 2 - = mg = 2n apg 


M = 


4 d 3 pg _ 4 (h 2 + a 2 ) 3 ^ 2 pg 
Ip-oar 2 Igoar 2 


13.19 A Real Electromagnet 

(a) The magnetic field on the z-axis of a coaxial ring at z = 0 with radius R and current 
I is 

1 R? 

Bring (?) — ~p 0 I {R2 + z 2y/2 

Summing the field from a uniform distribution of such rings in the interval —L/2< 
z < L/2 gives 


where 


B 0 ( 2 ) 


L/2 

1 NI f dz' , go NT. 

2^° L J [R 2 + (z ~ z') 2 } 3 / 2Z ~ L f ^ Z ’ 

-L/2 


f(z) 


VI 


z + L/2 
z + L/2) 2 + W 


z — L/2 

Viz - L/2) 2 + R 2 


The ratio 

Bq{±L/ 2) _ f(L/2) _ V(L/2) 2 + R 2 ~ L/2 _ 1 
B 0 (0) /(0) VT 2 + R 2 ~ L 2 

when L 3^ R. 


(b) Because M = XH, the field of interest is 


B(z) = W [H (z) + M{z)] = Mo(l + Xm)K(z). (1) 

In this expression, H(z) = Hf(z) + H*(z), where H f(z) = tS 0 { z )/do is the field 
produced by the free current of the solenoid coils and H* (z) is the field produced by 
the magnetization of the rod. If we ignore the volume magnetic charge, the latter is 
the field from two disks of radius R at z = ±L/2 with surface magnetic charge density 
±(j* = ±M|s • z. A sensible approximation to compute the latter is 
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M(r) = M(z) z = XmH(z)z, 


in which case 


a* = Xm H(L/ 2). 


( 2 ) 


To find H*(z), we recall that the electrostatic field on the symmetry axis of a disk 
with radius R and uniform surface charge density er located at z = 0 is 


<p(z) = 


dp- 


2npa a 


47re 0 J r v 7 R 2 + z 2 2e 0 L 
o 


y/R- 


2 _i_ 


Z L — \Z\ 


The associated electric field is 


e <*> = - v ^h 


1 - 


VR 2 + z 2 


Hence, for a magnetic disk at 2 = 0, 


H 0 (z) = 


2 \z\ 


1 - 


VR 2 + z 2 


z. 


Our problem has a disk with charge cr* at z = L/2 and a disk with charge — a* at 
2 = — L/2. A brief calculation shows that the superposition of the fields produced by 
these disks gives 

( a*f(z)z outside, 

h*(*) = 4 

[ a*[f(z) — l]z inside. 

We conclude that the total auxiliary field inside the solenoid is 

H in (z) = H/ (z) + H* n (z) = f (z)z + a*If (z) — l]z = —B 0 (z)+a*[f(z) -l]z. (3) 

L p, 0 

To find a*, we substitute (2) into (3) and evaluate the latter at z = L/2 to get 


H in (L/2) = —/(L/2) + Xm Hin (L/2) [/(L/2) - 1], 


Because /(L/2) ss 1/2 when L » f?, 


a 


* 


Xm H in (L/2) 


NI Xmf(L/ 2) 

L 1 — Xm [/(L/2) — 1] 


NI Xm 

L Xm + 2 


Using (3) to evaluate (1), our approximate expression for the magnetic field inside the 
solenoid is 

B (u) = (1 + Xm) {B 0 (z) + p 0 a*[f(z) - l]}z. 


256 



Chapter 13 


Magnetic Matter 


(c) A bit of algebra shows that 


B{z) 

B 0 (z) 


Xm + 1 
Xm + 2 


2 Xm + 2 


Xm 

W)_ ' 


Because /(0) ~ 1 when L> i?, 


S(0) 

£o(0) 


Xm + 1 ->• Xn 


Similarly, because f(L/ 2) « 1/2, 

B(L/2) ^ 2 Xm+l ]2 
Bq{L/2) Xm + 2 

Thus, the “freshman physics” amplification of the magnetic field occurs only far away 
from the ends of the solenoid. Near the ends, the effect of the demagnetization field 
is to limit the amplification to a factor of 2, even when \m —> oo. 


Source: Prof. B.P. Tonner, University of Central Florida (private communication). 


13.20 Vector Potential Approach to Image Currents 

(a) The vector potential A is continuous at a boundary and the tangential component 
of H is continuous at a boundary. Mimicking electrostatics, we treat the field in 
medium 1 as produced by the current / plus a parallel image current Jo in medium 2 
at a perpendicular distance a from the interface. We treat the field in medium 2 as 
produced by an image current I\ at the position of I. 



The magnetic field produced by I at a point where the permeability is p* is B = 
n*I - 

-</>. Because B = V x A. the curl information given says that the corresponding 

271 -pi 

vector potential is 


A = 


z— ln Pl . 


Accordingly, with A = Az, 


A = 


P2I1 
27r 


In pi 


Mi I 
27r 


In pi 


P'lh 
27r 


lnp2 


x < 0, 


x > 0. 
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On the boundary, p\ = p- 2 , so the matching condition for A is 

= —Mi I + Pih- 

Since B = /.tH and the tangential components involve the same trigonometric factors 
for every current, the matching condition for H gives 


-h = I + h- 

Combining these two gives the image currents as 


T _ M2 ~ Ml r 

H — -;- 1 

M 2 + Mi 


and 


h 


2 Mi j 
M2 + Mi 


(b) The force per unit length exerted on I may be computed from the magnetic field due 
to I 2 • This has magnitude 


F = IB 2 


Ipih 
2 a 


The force is attractive if I 2 > 0 and repulsive if T 2 < 0. 


13.21 The London Equations for a Superconductor 


(a) The curl of the London constitutive law is 


v x j =-x A =-B, 

Mod p 0 d z 

and the curl of the Ampere-Maxwell law is 


(1) 


1 <9E 

V x V x B = /x 0 V x j + T V x —. 

c z at 


( 2 ) 


Because V • B = 0, we have 


V x V x B = V(V • B) - V 2 B = -V 2 B. 


Therefore, inserting (1) into (2) and using Faraday’s law, V x E = — ffB/dt, gives 

1 <9 2 B B 


V 2 B - 


c 2 dt 2 S 2 
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(b) From translational invariance and the boundary condition Bp = ±g?) = Box, we 
deduce that B = Bp)x. The external field is static, so the equation to be solved is 

d 2 B B 

The solution is the linear combination 


B(z ) = aexpp/<5) + 6exp(—z/<5), 
subject the boundary conditions 

B(d) = aexp(d/(5) + 6exp(— d/5) = B 0 


and 

B(—d) = a exp {—d/5) + &exp(d/<5) = Bo¬ 


lt follows from (3) and (4) that a = b. Hence, 


= coshp/<$) 
cosh {d/5) 0 


(3) 

(4) 


(c) The current density is 


j 


—V xB = ^Lsinhpp) 
po tiQ 8 cos (d/6) 


13.22 Supercurrent on a Sphere 

B = 0 inside the sphere because the material is a superconductor. Therefore, the surface 
current density at the sphere surface is 

Mo-K ** x [B out B in ] s — r x B out | s . 

We let B 0 = B 0 z and use a magnetic scalar potential approach. The latter satisfies S7 2 ip = 
0 away from the sphere surface. Now, the external field contributes ipext = —Bor cos 0 
everywhere and the current induced on the sphere surface contributes a general solution of 
Laplace’s equation valid for R> r. Therefore, outside the sphere, 


^ /r\ n+1 

V’out (r, 0) = 2_^ A n y—J P„ (cos 9) 


B 0 r cos 9. 


The normal component of the magnetic field is always continuous. Therefore, 


o = —- 


dr 


= An p Pn (cos 9) + B 0 cos 9. 

S n— 1 


R 


This shows that A\ = — RBq/2 and all other A n =0. We conclude that 
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0out B 0 


a 3 
2 


cos 9 , 


so 

MO-^- ** X VV’extUfl 

This agrees with the stated answer because ? x z = 


--B 0 sin 00. 
— sin 00. 


13.23 A Cylindrical Refrigerator Magnet 

The first term is the capacitor-like attractive force between the end of the cylinder and its 
infinitesimally close image derived in the text. The far end of the cylinder behaves like a 
point magnetic charge Q* = MA at a distance L from the permeable surface and induces 
an image magnetic charge — Q* at a distance L into the permeable matter. Therefore, there 
are three Coulomb correction terms: attraction between the far end of the cylinder and its 
image, repulsion between the far end of the cylinder and the image of the near end, and 
repulsion between the near end of the cylinder and the image of the far end. The sum of 
these forces is 


AF ~ MQ *) 2 

4-7T 



1 1 

B 2 “ L 2 


7 

167T 


Mo M 2 


A 2 

L 2 ' 


13.24 Magnetic Total Energy 

By definition, the total energy is the work required to assemble the configuration. Opposite 
poles repel, so more work is required to assemble configuration 2 than configuration 1. 
Hence, its total energy is larger. 

Source: J.R. Pierce, Journal of Applied Physics 24, 1247 (1953). 


13.25 Inductance in a Magnetic Medium 

In vacuum, the defining equations are 


V x Hq = j/ and V • H 0 . 


The magnetic flux through the loop is 


4>o = J dS • B 0 = Mo J dS • H 0 . 

Therefore, the self-inductance of the loop is 

Lq = 4>o///■ 

There is no change to any of the defining equations if all we do is let Mo —> M- Therefore, 
H = Hq . On the other hand, the flux through the loop is 
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$ = 


dS-B 


t l 


dS ■ H 0 = Km $0 • 


Therefore, 


L — &/If — Km^Q / If — K m L{). 


Source: R.K. Wangsness, Electromagnetic Fields (Wiley, New York, 1986). 
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Chapter 14: Dynamic and Quasistatic Fields 

14.1 A Polarized Slab in Motion 

The field of the polarized medium is equivalent to the field produced by two uniformly 
charged sheets. One at z = d has cr+ = P; the other at z = 0 has er_ = —P. Both 
move with velocity vx. This is equivalent to a surface current at z = d with density 
K + = a + v = Pvx, and a surface current at z = 0 with density K„ = <j-V = —Pvx. On 
the other hand, if there were a magnetization M = Pxr = Pv y, we would expect a surface 
magnetization current density K = M x n. In agreement with the first calculation, this 
gives K = Pvx on z = d and K = —Pvx on z = 0. 


14.2 Broken Wire? 

The field in the gap is capacitor-like if b <C a and points along the wire, as does the current 
density j. Moreover, 


Pgap = — where a = 

b) 



By definition, the displacement current density is 

ctEgap da . I(t) 

Jd = e 0 » = -7T =3 = —2' 

at dt tt a z 


Therefore, the displacement current flowing in the gap is 


Id 


dSjd = TT a 2 jd = I it). 


14.3 Charge Accumulation at a Line 

(a) By charge conservation, the charge per unit length A (t) at x = 0 satisfies 


dX 

dt 


= K. 


In the quasi-electrostatic approximation, the electric field is given by the usual static 
formula, 

. A (t) p ^ 

E(p, t) =- p=xx+zz. 

27T60 p 

Taking account of the displacement current, the magnetic field satisfies 

<9E 

V • B = 0 V x B = p 0 J = /^o j + PoU = Moj + Moeo-^r, 
where, as illustrated in the figure below, 

J = — K9(x)S(z)x -f—- —. 

27t p 
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i 



X 


Now, it follows from the symmetry of the problem that 


B = B(x,z)y and B(x,z) = —B(x,—z). 

Remembering both contributions to J, we now apply Ampere’s law in integral form 
using the circuits shown below. 



Beginning with the x > 0 circuit for the observation point (x, z) shown as a black dot, 


g?s • B = 2 BL = PqKL — 


Mo KL 


dz' 


2-7T J y/x 2 + z' 2 Vx 2 + z' 2 


= Mo KL (1 - <j>/n). 


Therefore, for 0 < <f> < 7t/2, 

B(x > 0,0) = sgn0) /Z y S '- Y; 

where tancfi = z/x as shown in the figure. Note that this reproduces the infinite sheet 
result when x —» 00 so <f> —> 0. 

We use the circuit to the left for x < 0. Here, only the displacement current contributes 
to the magnetic field. The integral is the same as above except the overall minus sign 
is absent and the angle (/>—></>*. This gives 


2 BL = / jlqKL — = Mo KL- 


= Mo KL (1 - . 


Therefore, if 0 < (f> < 7r, we get a single formula for the magnetic field everywhere: 

B(x, z) = sgn(z) y. 


(b) Since J is time-independent, we found a time-independent B. This means that <9B /dt = 
0 and the solution we have found satisfies the full Maxwell equations and not merely 
their quasi-static approximation to them. 
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14.4 Charge Accumulation in a Plane 


(a) The displacement current is 




(b) By symmetry, the magnetic field can only have the form B = B(r, 9)e^. The field lines 
of B are circles centered on the z-axis as shown in the figure. Ampere’s law in integral 
form shows that K does not produce any magnetic field at all. The total B comes 
from the displacement current. Then, using a spherical capping surface to evaluate 
the surface integral of jd • dS = jddS in spherical coordinates, 



14.5 Rogowski Coil 

For an Amperian loop that lies inside the torus and is everywhere perpendicular to the cross 
section, 



if I(t ) flows through the hole of the torus. On the other hand, the magnetic flux through 
one turn of the torus is 



where ds is a unit vector perpendicular to the cross section. Therefore, if one turn advances 
us along the torus by distance ds, the total flux through the entire torus is 


*1>b = nA (p ds ■ B = nApoI(t). 


The induced EMF is 


S= U ^ = nAp 0 i(t). 


No EMF arises if I(t) does not flow through the hole of the torus because the Ampere’s law 
calculation above then gives zero for the magnetic flux. 
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14.6 Magnetic Field of an AC Capacitor 


The electric field directed from one plate to the other follows immediately from the static 
formula: 


m = 


m 

d 


By symmetry, the magnetic field lines form closed circles concentric with the symmetry axis 
of the plates. Using circuits like this of radius p to evaluate the Ampere-Maxwell law in 
integral form gives 


(is • B = 2irpB(p) = dS 


„ 1 dE 


TTp 2 V 0 


U} 


po a sin uit H—~ cos u>t 


Hence, 


- § 


po <7 sin wi-|—j cos u>t 


4>- 


14.7 A Resistive Ring Comes to Rest 

When a <C xq, the magnetic field is nearly constant over the area of the ring. In that case, 
Faraday’s law gives the magnitude of the EMF generated in the ring by its motion as 



dS • B = 7 ra 2 


dB 

dt 


Tra 2 Bo dx 
xq dt 


TTa 2 Bo 

- v. 

x 0 


Ohm’s law says that £ = IR, so we can equate the rate at which energy is dissipated in the 
ring with the rate at which the ring loses kinetic energy: 


V = £I = 


£ 1 

R 


= Mvv. 
dt 2 


This gives the equation of motion 


7 

v = - 

M 


with 7 



The solution is immediate: v(t) = f 0 exp(—yt/M). Therefore, the total distance traveled 
from the origin is 

OO 

x = [ dtv(t) = V ^~. 

J 7 

0 

Source: MIT Physics General Exam I, Spring 2001. 
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14.8 A Discharging Capacitor 

(a) By symmetry, K L(p,t) = — K n(p,t) = I\(p,t)p. To find K{p 1 t), we integrate the 
continuity equation over the rod-shaped volume with radius p shown below. 



From Chapter 5, the surface charge density is a{p) = Q/A-kRR 2 — p 2 on each side 
of a circular conducting plate. Therefore, 


Q(p,t) = 2 Q(t) dcj) dp 1 


4t tR^/R? - p 12 


= Q(t) [l - y/1 - p 2 /R 2 


The surface current brings charge into the rod-shaped volume and the wire carries 
charge out of the rod-shaped volume. Therefore, 


d 3 rV-j + f d 3 r^ =0 = I di • K - f dS ■ j + dSa 


c 


= K2np — I + 


s s 

dQ 
dt . 


1- y/l -p 2 /R 2 


Since dQ/dt = /, we conclude that 


K{p,t) = I(t ) 


y/1 ~P 2 /R 2 

2rrp 


(1) 


(b) The Ampere-Maxwell law in integral form is 



. 1 3E' 

CZ3 

II 

m 

f io3 + ^~di_ 


c s 


We will always choose C as a circle of radius p concentric with the wire. We are 
treating the wire as filamentary (rather than ohmic), so the only source term outside 
the plates is the wire current. In that case, 


Bout (P; Q 


holjt) 1 

2np 


( 2 ) 


Between the plates, the only source term is the displacement current. When d <C R, 
the field between the plates is E(p) = 2a(p)/e 0 Therefore, since dS = dSz, 


B^pC^P = 


1 d 
c 2 dt . 


dS • E = 


1 d 


e 0 c- 


3 dt 


dSa(p) = p 0 Q(p,t), 


so 


Bin (p,t) = 


Po I(t) 

2irp 


1 - sjl- p 2 /R 2 ] 4>. 


(3) 
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(c) The general matching condition is [B 2 — Bi] = prfK x hi. For the right plate, this 
reads 

Bout - B in = hoK R x z = -p 0 K(p,t)p x z = p 0 K(p,t)4). (4) 

On the other hand, from (2) and (3), 

B out - B in = ^^s/I^JJR 2 ^. 

Znp 

This reproduces (4) when we use (1). The calculation for the left plate is identical. 


14.9 What Do the Voltmeters Read? 


The magnetic field is increasing into the paper. Therefore, a counter-clockwise current is 
induced in the inner circuit that includes R\ and R. 2 - By Faraday’s law and Ohm’s law, the 
magnitude of that current is 


I(Ri +R 2 ) = Birr 2 . 


Again by Faraday’s law, the small current that flows through the outer circuit that includes 
both voltmeters is also counterclockwise. This is the direction where V\ reads a positive 
voltage and the voltage drop across this meter is the same as the voltage drop across R\. 
Therefore, 


V = 


Ri 

R\ + R 2 


Birr 2 . 


The current flows through V 2 in the opposite direction, and the voltage drop across this 
meter is the same as the voltage drop across i? 2 - Therefore, 


P 2 


R-2 

R\ + R-2 


Birr 2 . 


Source: R.H. Romer, American Journal of Physics 50, 1089 (1982). 


14.10 A Sliding Circuit 

There is both a “flux” and a “motional” contribution to the EMF so we use 

dS • B + j) ds • (ud x B), 

s c 



and pick C as the stationary circuit PP'Q'QP indicated in the figure. This choice makes 
the wire coincident with three of the four legs of C. The solid arrows in the right panel 
indicate the presumed direction of current flow. The drift velocity of the electrons in the 
wire is along the wire and = v for electrons in the magnet. This assumes that the latter 
are simply dragged along by the ions of the magnet. The motional EMF associated with 
C comes entirely from the segment PP' where v^, B, and ds are mutually orthogonal. We 
find 


^motional — Bhv. 
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As the surface S that bounds C, we choose the union of the two rectangular and two 
triangular flat surfaces outlined by dashed lines in the figure. The flux of B is non-zero 
through the large rectangular surface only. Therefore, if x stands for the distance PE, the 
fact that B and dS are anti-parallel gives 

dx 

£flux “ -H/i- 7 - = Bhv. 
at 

The total EMF is £ = £ mo tionai + £fl U x = 0- Once the segment QQ' enters the field of the 
magnet, the flux contribution disappears and only the motional EMF remains. 

Source: G.C. Scorgie, European Journal of Physics 16, 36 (1995). 


14.11 Townsend-Donaldson Effect 

The magnetic field inside an ideal solenoid is B = /iqIN/L. Its self-inductance is L = 
$b/I = NBA/1 where A = irR 2 is the cross sectional area. The voltage drop across the 
solenoid is V = E z i = Ldl/dt = NBA(I/I). Faraday’s law applied to one loop of the 
solenoid gives Eg ■ 2ttR = BA. Therefore, 

Eg _ i/N B I _ i/N 
E z 2irR B j 2i tR 

Source: J.S. Townsend and R.H. Donaldson, Philosophical Magazine 5, 178 (1928). 


14.12 A Magnetic Monopole Detector 

The charge is the time integral of the Faraday current induced in the ring: 

f 1 f 1 f d$B 1 f <!»« (final) — (initial) 

Q = J dtI =Rj dt£ =Rj dt ^f = Rj d *°= R - L 

The monopole creates a magnetic field which satisfies the flux integral 


j dS ■ B = p 0 g, 
s 

where S is any surface that completely encloses the monopole. Let the ring lie in the z = 0 
plane and choose this plane as half the surface S. The other half of S' is a hemisphere of 
infinite radius. When the monopole reaches z = +A, half the flux integral above comes 
from the z = 0 plane and half passes through the hemisphere at z > 0. When the monopole 
reaches z = —A, half the flux integral above comes from the z — 0 plane and half passes 
through the hemisphere at z < 0. The two z = 0 contributions have opposite signs. There¬ 
fore, since the monopole actually passes through the ring, the change in flux through the 
ring is the sum of these two contributions. Hence, 


Q = 


ik) g 

R ' 
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14.13 Corbino Disk 

(a) The radial current density associated with the radial current Iq is j(r) = I[)/2i:rt. The 
corresponding carrier speed is v = j/ne = 1^12'nrtne. This motion is perpendicular to 
the external magnetic field so the “motional” EMF at radius r is 

£ = <j) di • (v x B) = 2ttt x Io/2irrtne x B = I^B/tne. 


The resistance of a volume composed of an area tdr that sweeps around in a circle of 
length 27rr is 27rr/ atdr. Therefore, the circular current is 


I = 



dr-^—dr 
2 i rr 


R>2 

-In In —. 

2 irne R\ 


(b) Consider a circle of radius R\ < r < in the plane of the disk. The potential 
difference between any two points on the circle is 


<p(A) - <p{B) = [ di ■ E, 
J A 


because the Ohm’s law electric field E = j/a is radial and therefore perpendicular to 
a path that follows a circular arc between A and B. 

Remark: There is no azimuthal electric field. The circular current is driven by the 
magnetic part of the Lorentz force, which does no work. Sine e/f?AB = <Pa~ Pb+Eab, 
we get Eab —IRab = 0 for this situation. That is, each bit of circular arc is a “battery” 
that produces a current through its own resistance. 


14.14 A Falling Ring and the Lorentz Force 


(a) The changing magnetic field produces a changing magnetic flux through the ring as 
it falls. The induced electric held produces a torque on the distributed charge which 
induces rotation. 


(b) The flux rule is 



dS ■ B = - 


di- E. 


c 


The ring is horizontal and the induced electric held is azimuthal. Therefore, an ele¬ 
mentary calculation gives the instantaneous electric held at the position of the ring as 


1 n dB z ~ 
E = —-R — t~4 > - 

2 dt 


The Coulomb force qE exerts a net torque on the ring equal to 


N = 


r X dqE 


—QERi 


QR 2 dB „ „ 

-z. 

2 dt 
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On the other hand the torque is also equal to N = Idu/dt , where I = MR 2 is the 
moment of inertia of the ring. Therefore, 

QR^dFR = MR 2<^_ 

2 dt dt 


— [ dbj = -Q— [ dB z , 

J 2 M J 

0 B, (h) 

where is the angular velocity of the ring when it hits the ground. Integrating gives 

n=^[B z (h)- B z (o)}. 

By conservation of energy the change in potential energy is equal to the sum of the 
translational and rotational kinetic energies, i.e., 

Mgh = -Mvq M + -. 

Inserting O and I from just above gives the required center-of-mass speed. 

(c) At a moment when the ring has angular velocity uj, its rotational motion produces a 
current i = Qlo/(2tt). Therefore, the ring possesses a magnetic dipole moment with 
magnitude 

m = ttR 2 x ^ QR 2 ui. 

2ir 2 

The magnetic force on this dipole, F = ?nVI3 2 , opposes gravity as the ring falls. The 
work done by this force over the course of the fall is 


BA o) 


W = J dr ■ F = — J m^-^dz = —^QR 2 J iv(B z )dB z . 


BRh) 


Using the result from part (b) that 


Q 


W( * )= 2 Jj[B z (z)-B,(0)], 


we find that 


Q 2 R 2 
4 M 


W = 


BA 0) 


J [B z (0) - B z ( z)]dB z = - [B z (, h ) - B z (0)] 2 . 


B z (h) 


This is indeed equal to the change in the rotational energy of the ring: 

l -MR?tf= ^[B z (0)-B z (h)] 2 . 


Source: Dr. A. Scherbakov, Georgia Institute of Technology (private communication). 
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14.15 Ohmic Dissipation by a Moving Charge 

(a) The conducting plane is an equipotential with V = 0. By the method of images, 
the electric field to the right of the plane may be represented as a superposition of 
the field produced by q at (0,0,2) and its “image” — q located at (0,0,— z). The 
field components parallel to the surface cancel from these two sources and the field 
components normal to the surface add. 


O 


z v 


z 



Therefore, the electric field on the surface of the plane at distance r from the origin is 


_ „ 1 2 qz 

E = -Z-- 7TJX. 

47re 0 (z 2 + r 2 ) 3 ' 2 


The corresponding induced surface charge density is 



(b) The amount of induced charge located within distance a from the origin is 


a 


a 


Q(a ) = / 27 rr<j(r)d\ 


0 


\r = —qz 


/ 


0 



Referring to the diagram below, the rate of increase of Q(a) is the current flowing into 
the disk of radius a: 


dQ (a) dQ dz qa 2 v 


dt dz dt (,z 2 +a 2 ) 3 / 2 ' 
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Therefore, the power dissipated within a ring of radius a and thickness da is dP(a ) = 
I 2 dR where dR is defined in the problem statement. Hence, 


dP{a ) 


[z 2 + a 2 ) 3 S 27ra ’ 


and the instantaneous power dissipated in the plane is 


q 2 v 2 Rs f°° a 3 da _ q 2 v 2 Rs f°° \ (t - z 2 ) dt 

2 tt J 0 ( z 2 + a 2 ) 3 2 tt J z 2 t 3 

q 2 v 2 Rs (_ 1 ^\ °° = Q 2 v 2 Rs 

47r \ t 21 2 ) z 2 87 tz 2 


Source: Dr. A. Scherbakov, Georgia Institute of Technology (private communication). 


14.16 An Unusual Attractive Force 

(a) The wire produces a magnetic field Bq = poI/2nr which points out of the paper near 
the sphere. The Lorentz force acts like an effective electric field Eq = v x B which 
polarizes the sphere (positive charge Q closest to the wire; negative charge —Q farthest 
from the wire). The moving positive charge at distance d— a from the wire behaves like 
a current I' flowing parallel to I. The moving negative charge at a distance d + a from 
the wire behaves like an identical current I' flowing anti-parallel to I. The parallel 
current is closer to the wire, so the net force is attractive. 



»- I 

l -► 


(b) The force exerted on a length l of wire is F = I£B , where 


B = 


Mo I' 

27T 


1 

d — a 


1 

d + a 


Pol' 2 a 
2tt dr 


An estimate of the effective current produced by a moving charge Q is /' = Qv/£. 
Therefore, 


F 


Pol 2a 
2ir d 2 


Qv, 


(1) 


and it remains only to estimate Q. We do this by equating the estimate p ~ Qa for 
the dipole moment with the estimate (based on the hint) 
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p « e 0 a 3 E 0 « e 0 a 3 vB 0 


e 0 a 3 


Mo I 

v -. 

2 nd 


Since eoMo 
result, 


1/c 2 , the result is Q = 


1 a 2 vl 
c 2 2 nd 


. Inserting this into (1) gives the suggested 


qp Cl ^ 

F «^ 1 ' 


14.17 Quasi-Electrostatic Fields 

Since E = —Vip and B = V x A, we get VxE = V- B = 0 immediately. In addition, 


V • E = —- 


= 1 JdVrtr'.mv-v') 


m(M) 


eo 


Finally, making use of the continuity equation, V • j + dp/dt , to get the penultimate line, 


V x B(r, t ) = 


47T / r — r' 


= v» B. 

47T / r — r' 47r 


y'd 3 r , j(r',t)V 2 ^-^ 

/ dV {j73^' V ' J ( r '- i) + J (r', t) • V1^-^| + MoJ (r, t) 

= ~ V S/ dV j(r',i)- v '^^+M°j( r ,i) 


= V 


PO I j3. 
An 




c 2 <9t 47 T£o 

1 <9E 




c 2 <9f 


MoJ- 


14.18 Casimir’s Circuit 

When a <C b <C L, we may approximate the magnetic held produced by each wire using 
the infinite-wire formula B(p) = <ppoI/2np. The magnetic flux $b through the rectangular 
area bounded by I\ and I 2 is 

= ^ j^ 1 “ ^ 1,1 „ _ J 3 ln2 j ■ 
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Since each Ik(t) varies as exp(— icot) and r = 1 /ct7to 2 is the wire resistance per unit length, 
the flux rule £ = —d^s/dt applied to this rectangle gives 

£ = {h~ h)rL = -^<F B = iaj ^r j( J i _ J 2)ln ^ - /3I112 j . 

We have neglected the voltage drop across the horizontal busses that connect the wires 
because L b. By symmetry, I\ = I 3 . Therefore, since 2nr/vjpL 0 = S 2 /a 2 , we get the final 
result, 

I 2 d -2 In 2 

h = h =1 ~ Hb/a) + i{5 2 /a 2 )' (1) 

The figure below is a plot of Im(/ 2 //i) versus Re(/ 2 //i) according to (1). Two points 
stand out. First, although the current in each wire is the same when uj = 0, J 2 steadily 
decreases compared to its neighbors as w increases. Second, the ratio J 2 //i always has 
a positive imaginary part, so J 2 (t) always lags in time behind I\(t) and I 3 (t). Both are a 
consequence of transient, Faraday-induced currents that circulate in the three closed circuits 
defined by the three resistive wires. 



In 2 


In (b/a) 


These results may be compared with the time-harmonic current density in a thin, rectangular 
metal slab in the small-skin-depth regime. The results of the text imply that the electric 
field near the z = 0 edge of such a slab is 

E ||0) = E || (0) exp {(* — l)z/ <S(w)} . 



z = 0 


z = 2 b 


A similar formula applies near the z = 2b edge. The symmetric minimum in the current 
density sketched in the figure above is a continuous version of the fact that J 2 < I\ = I 3 
in the three-wire problem. The prediction of (2) that the current flow away from the edges 
lags behind the current flow at the edges is a continuous version of the lag of / 2 ( t ) compared 
to Ii(t) and h{t). 


Source: H.B.G. Casimir and J. Ubbink, Philips Technical Review 28, 271 (1967). 
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14.19 Inductive Impulse 

Let B{x) be the magnitude of the field produced by the straight wire at a perpendicular 
distance x from itself. By Ampere’s law, 


B{x) 


Mo I 
2i nr 



The flux of B through the frame is 


< 3 > 


/ + adx B (x) bdx = - / — 

2tt J x 
1 



Using Faraday’s law, the magnitude of the induced EMF in the frame is 


d<l> 

dt 



dl 

dt 


Therefore, the current induced in the frame is 


lin.d — 


£_ 

R 


Mofr 

2t tR 


In 



dd_ 

dt 


The direction of the current is clockwise, as dictated by Lenz’ law. Hence, the net force on 
the frame is toward the straight wire, with magnitude 


F = F\ — F 2 = 


Mo bl ' Iind MO bl ' Iind MO bul ' Ii n d 


/ig b 2 a 


2 irl 


2 i t (l + a) 2 ttI (l + a) 2 l(l + a)R 


In 


On) 


a\dl 
dt' 


The impulse imparted by the force during the switch-off is 


J = J F(t)dt = 


nlb 2 a / a 

4tt 2 1 (l + a) R ln V + T 


M lb 2 all ^ 


j 0 87 t 2 1 (l + a) R 


MY 


Hence, the velocity imparted to the frame is 

Mg b 2 all 


v - — - 


m 87 x 2 ml (l + a) R 


ln 


O + t)- 


The frame moves toward the wire. 
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14.20 AC Resistance of an Ohmic Wire 

The DC resistance of a wire with cross sectional area A is R = L/oA. The high-frequency 
limit of quasi-magnetostatics is the limit of small skin depth when 


<*M = 

V Mower 

Since all the current flows within a distance 6 of the surface of the wire, the effective area 
of the wire is reduced from na 2 to 2naS. Therefore, 


L 

L 

lp 0 uja 

L 

/Mow 

a2rraS 

2naa \ 

1 2 

OC t 

a \ 



14.21 A Rotating Magnet 

The neglect of electromagnetic waves means we may neglect the displacement current. This 
is a problem with zero charge density so the relevant Maxwell equations are the formulae of 
quasi-magnetostatics: 

V • E = 0 V • B = 0 

dB 

V x E = —— V x B = p 0 j. 


The magnetic field is 


B 


V x A = V x 


po m (t) x r 

4tt r 2 


We get the electric field from Faraday’s law, namely, 


Therefore, 


_ d 3 A 

V x E = V x A = -V x —-. 

dt dt 

dA jiQ m x r p 0 (f l x m) x r 

dt 47t r 2 47r r 2 


Source: A. Kovetz, Electromagnetic Theory (University Press, Oxford, 2000). 


14.22 Magnetic Metal Slab 

(a) In the quasi-magnetostatic limit, the magnetic field satisfies the diffusion equation 


V 2 B(r.f) = pa 


0B(r,t) 
dt ' 


The driving field is time-harmonic, so the steady-state field in the medium will be 
time-harmonic also. This means we need to solve 


V 2 B(r) = -iupaB(r) = k 2 B(r). 
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The boundary conditions and symmetry tell us that B(r) = z B(y) with B(y) = 
B(—y). From these facts, we conclude that 

B(y) = A cosh ky. 

Ohmic material cannot support a singular surface current density K. Therefore, the 
tangential component of H is continuous and Bq/pq = (A/p) cosh kd. Therefore, if 
k = p/po, the field inside the slab is 


(b) From the definition in (a), 


B (y,t) 


~ kBq cosh ky c _ iut 
cosh kd 



Therefore, 


where 



Re B~(y, 0) 

f cosh (y/S) cos(y/S) - ismh(y/S) sin (y/S) \ 
0 ° \ cosh(d/S) cos(d/5) — ismh(d/S) sin(d/S) J 


= kBq 


cosh(y/i5) cosh(d/<5) cos (y/S) cos {d/8) + sinh(y/<5) sinh(d/<5) sin(y/i5) sin(d/5) 
cosh 2 (d/S) cos 2 {d/8) + sinh 2 (d/5) sin 2 {d/5) 


The graph of this function is as follows. 


Re[£(y)] 


d»d 


<5 «d 


-d 


V— v 1 " 


Source: T.P. Orlando and K.A. Delin, Foundations of Applied Superconductivity (Addison- 
Westey, Reading, MA, 1991). 


14.23 Azimuthal Eddy Currents in a Wire 


(a) The first approximation to the eddy-current density inside the tube is j = crE where 
E is the electric field induced by Faraday’s law. By symmetry, this field is in the <f> 
direction. Therefore, using the integral form and closed circles of radius p , 


ds ■ E = 2itpE (j ,(p) = = -np 2 B(t). 


The result is 


j (p) = (t>-crB 0 puj sin ut. 
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(b) The eddy-current density calculated in (a) produces a magnetic field which supplements 
the external magnetic field. Repeating the calculation in part (a) using this additional 
magnetic field produces a correction to the current density calculated in part (a). This 
is precisely a self-inductive effect. Now, the total azimuthal j (p) may be regarded as 
a superposition of nested solenoids. The “solenoid” at radius p produces a magnetic 
field 


dBV) = 


lk)j{p)dpz p' < p, 


0 p' > p. 

Therefore, the Faraday-induced supplement to the external magnetic field is 


R 

B '{p) = J dp'dH' = ^p, 0 aB 0 u>siiuvt ^ 


R 2 - p 2 


z. 


The associated correction to the magnetic flux through the tube is 

' R 2 — p ' 2 ' 


<&'(p) = 2n J dp'p'- pqctBqijj sin cot 


Repeating the calculation in part (a) gives the correction to the eddy-current density: 

.... 1 22 / R 2 P 2 \i 

J (P) = -^PoBopcr oj cos ut I — - — J (f). 


(c) The self-inductance can be neglected when f /j ~ p, 0 aujR 2 ~ ujtm 1 . 


14.24 Eddy-Current Levitation 

(a) Because a <C b, the magnetic field of the loop is nearly constant over the volume of the 
sphere and may be approximated by the on-axis field of a current loop at a height 2 
above the plane of the loop. This was calculated in Chapter 10 as 

1 p 0 Iob 2 , . ,,, „ 

0 = 2 (^T^F 2 exp( )z = MoH °- 

Because i««, the ohmic sphere behaves no differently than a perfectly conducting 
sphere in a uniform magnetic field. Therefore, we can use the results of Chapter 13 
and conclude that the eddy currents are characterized by a magnetic moment m = 
—27ra 3 H[j. By symmetry, the instantaneous force on the dipole is in the 2 -direction: 

F(f) = m*(t)V B k (t) = -27to 3 B °^ d-ffoW . 

Po oz 
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The time-averaged force is 


(F) = ^ 7r a 3 6 4 (b2+ ^ 2)4 /z 0 J 0 2 z. 

Setting this upward force equal to the downward force mg gives the value of Iq required 
for levitation. 


(b) Using a 3 as the characteristic volume of the sample and b as the characteristic size of 
the source, the text suggests that, when 8 <C a, 


Mo b 


B 2 0 


z 3 6 4 


1/6 


iff 1 + z 2 ) 3 




This does not quite agree with the foregoing until we put z = b. This is reasonable 
because only one length scale was used in the text to characterize the source. 


Source: G. Wouch, American Journal of Physics 46, 464 (1978). 


14.25 Dipole down the Tube 

(a) When the dipole is at zq, the vector potential at a point r = ap+ z'z on the ring is 

. , , _ Mo m x (r — z 0 z) _ /ro_ ma _~ _ Mo ma 1 

r 4 tt |r — 2 0 z| 3 4 tt y + _ ~')2] 3 / 2 4tt^ <f> ' 

The associated magnetic flux through the ring is 


2 ?r 


<I>b= / dS - B = (j) ds ■ A = a I d(j>A ,^ = 


/ioma 


2 [a 2 + (z 0 - z') 2 ] 3/2 


fioma 

2 r 0 3 


(b) Using the convective derivative and the quasi-static approximation, Faraday’s law reads 


d<F 

dt 


<9$ 

In 


(v • V)<f> = 


5$ 

’dP‘ 


(c) The resistance of a wire with conductivity tr, length L, and cross sectional area A is 
R = L/aA. Here, the current is circumferential so L = 2na and A = dz't. Therefore, 
setting G = 1/R so Ohm’s law reads I = EG, we have 


a = £dc = eZL dz ’ = = 3 w>"“"' rt ( *> ~ *'W . 

2na 2 tt a oz' 47r r,. 
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(d) The total power dissipated by Joule heating is 


£dl = 


dz' 


“SpLomarv {zq — z') 


Sp-omavcrt (zq — z') 
47T Tn 


9p,lm 2 a 3 v 2 at f ,(z 0 — z') 2 


87T 


„io 


9fj,lm 2 a 3 v 2 at f , (zo - z') 2 

~ 8tt J [a 2 + (zo - *') 2 ] 5 


n/2 

9nlm 2 a 3 v 2 at 1 f . 2 n 6 n 

= — -=- / dd sin 2 9 cos b 6 

87 t a 1 J 

—7r / 2 

9nlm 2 a 3 v 2 crt 1 57t 

87 t a 7 138 

45 pilrn 2 v 2 at 
1024 a 5 • 


Hence, the drag force is 


F = 


45 fj,Qm z vat 
1024 a 3 


(e) We get the terminal velocity by setting the drag force equal to the weight w of the 
magnet. This gives 


1024 wa 4 
45 p,Qm 2 at 
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Chapter 15: General Electromagnetic Fields 


15.1 Continuous Creation 

(a) Operate with (1 /c 2 )d/dt on the modified Gauss’ law and add this to the divergence of 

the modified Ampere-Maxwell law. The result is 

?l (v - E > = '‘"(l + v ^) + ?l (v ^ E) - A ( v - A + ?t)^ 

The modified continuity equation will be satisfied if we choose the potentials so 

The theory is not gauge invariant because the equation above chooses a gauge. 

(b) The unaltered Maxwell equations, V • B = 0 and VxE = —<9B /dt, guarantee that 
B = V x A and E = —'S/ip — dA/dt are still true. Then, because (po is a constant and 
/(r, t) is a function of the radial variable only, 

dA 

E = —— = -r / 
dt J 

B = V xA = /V xr — rxV/ = 0. 

From the modified Maxwell equations, the charge and current densities associated 
with these fields are 


p = eoV • E + e^Xip = -3 e 0 f - e Q rf + e 0 Xip 0 


j — V x B/^o + AX/po — eo — — r (eof + fX/po'j ■ 
Substituting these into the modified continuity equation gives 


(15.1) 

(15.2) 


V • j + -tv- = — (3/ + rf) = R . 
dt p 0 


(15.3) 


(c) A particular solution of (3) is /o = Rpo/3X. The solution to the homogeneous equation 

3/ + rf = 0 is 

const. 

J ~ 13 ' 

This is singular at the origin and so must be discarded. 

(d) In light of part (c), we choose / = /o so (1) and (2) give 

v j R 

p 3e 0 Av?o 

This means that matter moves out radially from every point in space. This is consistent 
with the modified continuity equation which says that matter is created at every point 
in space. 
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Source: R.A. Lyttleton and H. Bondi, Proceedings of the Royal Society of London A 252, 
313 (1959). 

15.2 Lorenz Gauge Forever 

(a) The Lorenz gauge constraint is 


V • A l + 


1 d<p L 
c 2 dt 


= 0 . 


If we insist that A' and ip' do the same, we must have 


l d<p L d 2 A 

' W 


0 = V-A l -V-VA+A_^A + ^_A = -V 2 A + 
c" at 


In other words, A must satisfy the homogeneous wave equation, 
(b) The Lorenz gauge potentials satisfy 


1 ff 2 A 
c 2 dt 2 


vV - 

v 2 a £ - 


1 d 2 VL 
c 2 dt 2 
1 d 2 A l 
c 2 dt 2 


p_ 

eo 


-RoJ- 


The change 

dA . A 

Pl > Pl H wr A l -> A l - VA 

dt 

transforms the equations of motion to 


or 


o _ 2 ^ 

v ^ + v m 


V 2 Ar - V 2 VA- 


1 

c 2 <9t 2 

1 9 2 A l 
c 2 dt 2 


1 9 3 A 
c 2 <9f 3 

1 <9 2 VA 

c 2 <9f 2 


P_ 

eo 


-Moj, 


V 2 p L - 


v 2 a 


L — 


1 d 2 ip L 
c 2 dt 2 

1 d 2 A l 
c 2 dt 2 



- V 


V 2 A — 
V 2 A- 


i a 2 a' 

c 2 <9f 2 

1 d 2 A' 
c 2 <9f 2 


P_ 

eo 


= -Moj- 


We conclude that the Lorenz equations of motion for the potentials are invariant to 
gauge transformations where the gauge function A(r, t) satisfies the homogeneous wave 
equation. 


15.3 Gauge Invariant Vector Potential 

Let us apply the Helmholtz theorem to Aj_ and Ay separately. This gives 


Aj_(r, t) = — V 


V'-A^r'd) 
47r|r — r'| 


+V x 


dV 


V' x A_ L (r / , t) 
47r|r — r'| 


Vx 


d 3 r' 


V' x A_ L (r / , t) 
47r|r — r'| 
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and 


(r,() = - v/dV 


V'-A||(r',t) 

47r|r — r'| 


+ Vx 


dV 


V' x Ay (r', t) 

47r|r — r'| 


= -V 


dV 


V'-A||(r \t) 

47r|r — r'| 


A general change of gauge for the vector potential is A —> A + VA. This has no effect on 
Aj_ because V x VA = 0. By contrast, A|| changes because there is no reason to suppose 
that V 2 A = 0. 


15.4 Transverse Current Density in the Coulomb Gauge 

The definition of the transverse current density given in the text is 


j±(r,i)=j(r/rf 3 r / V r J _ (r r ; f) . 


(1) 


On the other hand, the text discussion of the Helmholtz theorem proves that 


V'-j(r') 

!r — r'l 


= V' • 


j(r') 

|r — r' 


+ j(r')-V 


r — r' 


( 2 ) 


Insert (2) into (1) and note that the total divergence term vanishes for a localized current 
distribution. Therefore, 


= jk ( r ) t) + J d 3 r' j e (r')V(- 


1 


or 


j±,k(r,t) = j k (r,t) + J d 3 r' 




r — r 


jtiv’). 


On the other hand, 


r — r 


— = —47T<5(r — r'). 


(3) 


Using this, (3) can be written in the form 


j±,k(r,t) = J d 3 r 


3 ~' 




This completes the proof because the quantity in square brackets is the transverse delta 
function defined in the problem statement. 


15.5 Poincare Gauge 

(a) When E is a constant vector, 

V p = -V [-r • E] = V (jkEk ) = E. 
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Similarly, when B is a constant vector, 

V x A = -^V x (r x B) = — ^ [(B • V)r - (r • V)B + r(V • B) - B(V • r)]. 

But V • r = 3, V • B = 0, and (B • V)r = B. Therefore, 

V x A= -i[B-3B] = B. 

(b) By the chain rule, 

dG _ d(Xr k ) dG _ IdG _ 1 
dX dX d(Xr k ) 1k Xdr k A*" 

We will use this identity below with both G = B and G = E. 

l 

V x A(r, t) = J dX A V x {B(Ar, t) x r} 
o 

l 

dX X {BV • r - rV • B + (r • V)B - (B • V)r} . 

o 

As above, V • r = 3, V • B = 0, and (B • V)r = B. Therefore, 

l 

V x A = J dXX {2B(Ar, t) + (r • V)B(Ar, t)} . 

0 

Hence, using the identity proved above, 

l l 

dXX |2B(Ar,f)+ A^B(Ar,t)j = J dX-^ {A 2 B(Ar, t)} = B(r,i). 
o o 

Similarly, 

l 

V<p(r, t) = — J dXV {r • E(Ar, t)} 
o 

l 

= - J dX {(r-V)E+(E-V)r + r x (V x E) + E x (V x r)} . 
o 

But V x r = 0 and VxE = — dH/dt so 

l l 

—Vy>( r,t) = J dX | ^ {AE(Ar, t)} - r x ^ j = E(r,t) - J dX r x 
o o 


x A(r, t) = J 
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This proves that E = —Vtp —— because 

1 

r) A 1 r) 

o 

Source: W.E. Brittin, W.R. Smythe, and W.Wyss, American Journal of Physics 50, 693 
(1982). 


15.6 First-Order Equations for Numerical Electrodynamics 

(a) B = V x A guarantees that V • B = 0. Similarly, E = —X/tp— dA/dt. guarantees that 
V x E = —dB /dt. Hence, if Gauss’ law is maintained, it is sufficient to satisfy the 
Ampere-Maxwell law, 

„ „ . 1 dE 

V X B = /K 0 J + -y -j—• 
c A at 

The two equations given do this because the final one fixes the Lorenz gauge. 


(b) Using the given equations and the (implied) continuity equation, 


dC 

dt 


^ [v • E — p/e 0 \ 



1 dp 
e 0 dt 


c 2 M oV • j 


^dp 


e 0 dt 


(c) Since V x (V x A) = V(V • A) — V 2 A, we see that T = V • A and that the first 
two equations given reproduce the two equations in (a). All that remains is the time 
evolution of T. Using A from the statement of the problem, this is 


dT dA 

~di~ ~dt 


-V • E - VV 


This equation and the others form a closed set. The crucial step is to assume Gauss’ 
law and then check that it is maintained. This gives the final evolution equation as 


(d) 


d 2 C 

W 


U1 __ .9 

— = -p/co - 


d_ dE _ 1 d 2 p 
dt dt e 0 dt 2 

4 v -[-v J A + vr-«]-i^ 


r _ 9 dA drl 

V7^ V7 

i d r 

l dt dt J 

i & 

i 


c 2 V • [V 2 (E + v<p) - V(p/e 0 + V 2 V5)] 


dp 

dt 


= c 2 V 2 (V • E — p/ e 0 ) 


= c 2 V 2 C. 
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Source: A.M. Knapp, E.J. Walker, and T.W. Baumgarte, Physical Review D 65, 064031 

( 2002 ). 


15.7 Elementary Energy Conservation 

As the bar moves, Faraday induction drives a current I(t) through the expanding rectangular 
circuit formed by the bar and the U-shaped portion of the rails to its left. Our task is to 
prove that 

OO 

o = R J dtl 2 (t). 

o 

We determine I{t) from the flux law, 

I(t)R = y f dS ■ B = B ^ = Biv(t), 

U/L J U/L 

where v(t) is the speed of the moving bar. The magnitude of the drag force on the bar is 
F(t) = I(t)£B. Therefore, 

e 2 B 2 

mv = — I£B = -—w, 

R 

from which we deduce that 


v(t) = uoexp (—£ 2 B 2 t/mR). 


Therefore, it remains only to check that 


-mvl = R 



p2 r>2 2 r i 

-——^- / dt exp (—2t 2 B 2 /mR) = - mvjj. 
R J 2 

o 


Source: E.M. Purcell, Electricity and Magnetism (McGraw-Hill, New York, 1985). 


15.8 The Poynting Vector Field 

(a) Let E + and E_ be the electric fields produced by q and —q. The Poynting vector will 
have the suggested properties if it has zero divergence. By direct computation, 

V • S = —V • [(E+ + E_) x B] = B • V x (E + + E_) - (E+ + E_) • V x B. 

AU 

This is zero because (E + + E_) is a static field with zero curl and B is uniform with 
zero curl. 


(b) 
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15.9 Poynting Vector Matching Condition 

Write E = E || + Ej_ to partition the electric field into components parallel and perpendicular 
to the interface. If we do the same for H and the Poynting vector in matter, S = E x H, 

S = (E|| + Ej_) x (H,| + Hj_). 


We have E_l x = 0, but 


Sj_ = E || x H|| and Sy = Ey x Hj_ + Ej_ x Hy. 

The tangential component of E is always continuous. In the absence of free surface current, 
the tangential component of H is also continuous. Therefore, Sj_ is continuous. This is a 
physical necessity if we regard this vector as an energy current density. By contrast, Sy 
is generally discontinuous because E_l is generally discontinuous (if either free charge or 
polarization charge is present at the interface) and, because Bi is always continuous, H_l 
will be discontinuous at the boundary between magnetically dissimilar materials. 


Source; F.N.H. Robinson, SIAM Review 36, 633 (1994). 


15.10 A Poynting Theorem Check 


The Poynting theorem is 


V-S + 


<9uem 

dt 


-j-E. 


The magnetic field produced by the moving sheet has magnitude p^av/2 and points parallel 
to the sheet (but in opposite directions on opposite sides of the sheet). Both E and B are 
constant in space and time so the left side of the theorem is zero. The right side of the 
theorem is zero because j = 0 at points away from the sheet. 


15.11 A Charged Particle in a Static Electromagnetic Field 

Let j 9 , E qi and B f/ be the current density, electric field, and magnetic field produced by the 
moving particle. The total fields are Eo + E g and Bo + B g , but only the cross terms make 
physically relevant contributions to Poynting’s theorem. Moreover, the flux of the Poynting 


287 




Chapter 15 


General Electromagnetic Fields 


vector S through a surface at infinity is zero if there is no radiation. Therefore, the relevant 
statement of the theorem is 


d_ 

dt 


d 3 r 


eoE 0 • E«j + 


—Bo 

Mo 




(1) 


Now, E 0 = — Vi^o and p(r) = qS( r — r ? ) is the charge density of the charge. Therefore the 
electric energy is 


eo 


d rEo • E„ — —eo 


J d 3 rV(p 0 - Eq = j d 3 r tp 0 V • E g = J d 3 r ip 0 p q = qip 0 (r q ). 


On the other hand, 


J d 3 r j q • Eo = J d 3 r qvS( r - r 5 ) • E 0 = qE 0 • v 

is equal to the change in the particle’s kinetic energy computed using Newton’s second law 
and the fact that the Lorentz magnetic force does no work on a charged particle: 


d (l 


dt \2 

We conclude from these calculations that 


— -mv I = mv • a = qEg • v. 


d_ 

dt 


^ mv 2 + q<Po( r q) 


= 0 


is equivalent to Poynting’s theorem (1) if we ignore the magnetic energy. The hint from the 
problem statement is that the magnetic energy is related to the work done by E g and B g 
on the sources of Eo and Bo. To check, we write 

— f d 3 r B 0 • B ? = — f d 3 r j 0 • A q , 

Mo J Mo J 

where j 0 is the source of B 0 and E 5 = — V(p q — dA q /dt. Hence, 

Y ~ [ d 3 rB 0 • B q = — [ d 3 r j 0 ■ =- — f d 3 rj 0 ■ (E g + Vip q ). 

dt Mo J do J dt Mo J 

Integrating by parts and using V • jo =0 gives 

4— [ d 3 r B 0 • B q = I d 3 r jo • E g + — [ d 3 rip{\7 • j) = f d 3 rj 0 ■ E ? . 
dt po J do J do J do J 

In other words the time rate of change of the magnetic energy is the negative of the work 
done by the moving particle on the sources of Eo and Bo- This work is non-zero because 
the moving particle induces an EMF on the source charge and current. Collecting results, 
the Poynting theorem (1) says 
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d_ 
dt 

and we get proper conservation of energy by canceling the right-hand side with dW exi /dt, 
which is the power supplied by an external source to maintain E 0 and B () . 

Source: J. Paton, European Journal of Physics 13, 280 (1992). 


+W(r ? ) 


= — d 3 r j 0 • E q , 

do J 


15.12 Energy Flow in a Coaxial Cable 

(a) Using Gauss’ law and Ampere’s law in integral form, it is straightforward to find the 
electric field and magnetic field at every point space. If 2 is the direction of the current 
flow in the outer cylinder, 


and 


E = < — 


A 


27re 0 p 

0 


0 




P < a, 
a < p < b, 
P>b , 
p <a, 
a < p < b, 


0 p> b. 


The Poynting vector, which is non-zero only between the cylinders, is 

S= — Ex B= A/ 9 z. 

do 47Ueo/9“ 


Therefore, the power through a cross section is 


V = [ dAi • S = 27r [ dp = — In 
J J 47t e 0 p 27re 0 a 


(b) The potential difference between the cylinders is 


V= d£- E = 


A [dp A 


27reo J p 27reo a 


In - = IR. 


Comparing this to the answer in part (a) shows that we get the expected result, 


V = PR. 
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15.13 Energy Conservation for Quasi-Magnetostatic Fields 


(a) The applied magnetic field is along y. This implies that the magnetic field everywhere 
has only a ^-component because the normal component of B and the tangential com¬ 
ponents of H are continuous at z = 0. In the quasi-magnetostatic limit, we solve the 
diffusion equation with an assumed time dependence exp(— iut): 


V 2 By 


d 2 By 

~d^~ 


Mo O 


9By 

dt 


—iuipocrBy = —k 2 By. 


Here, k = v / *Mo <TW = (1 + i)/5 where S = yj2/no<Jui is the skin depth. The general 
solution of this equation is a linear combination of exp(zfcz) and exp(— ikz). The 
boundary condition is satisfied and the magnetic field decays exponentially into the 
conductor as 

B in {z,t) = y B 0 e i{kz ~ ut) = y B 0 e~ z/5 e lz/s e~ iut . 


We get the associated electric field from Ampere’s law neglecting the displacement 
current: 

V x B = —x - = p 0 (jB. 
oz 


This gives 


1 — X 

Ein(-2 ; 5^) — X 

Vo <70 


(b) We take the real part of the fields calculated in (a) to evaluate the Poynting theorem. 
Moreover, if A(r,t) = a(r)e _ * wf and B(r,t) = b( r)e _iwt , we have shown that the time 
average over one period of a quantity that is quadratic in the field is 


(A(r,t)B(r,t)) = ^Re [a*(r)6(r)]. 

On the other hand, every term in the time average of the time derivative of a quantity 
which is quadratic in the fields. Therefore, the time-average is zero because 


27t/ uj 27r/td / uj 

f' d o f d . o f , d . 

J dt J dt J dt 

0 0 0 

Consequently, the duEM/dt term does not contribute to the theorem. Otherwise, 


(S) = —Re [E x B*] = z B ° 
2 /ro 


2/j.q cx<5 


and 


I dz(i ■ E ’ ) = ^ / *«P(- 2 X.S) = 

0 0 

For this problem, the unit normal — n = z and the Poynting theorem is confirmed for 
every x-y unit area. 
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15.14 Energy to Spin Up a Charged Cylinder 


(a) We treat the cylinder as infinitely long because L R. An elementary application of 
Gauss’ law gives 


E(r) = 


0 

Ap 

27T60 p 


P < R, 
p> R. 


Similarly, the rotating charged cylinder is a solenoid with surface current density 
K = aRuiQ. Therefore, 


B(r) 


/iocr R.loqt, p < R, 

0 p > R. 


(b) If we ignore the displacement current, the magnetic field is the same as in part (a) with 
wq replaced by u>(t). That is, 


{ po<jRu>(t)z p < R, 

0 p > R. 

By symmetry, the Faraday’s law electric field is in the <fi direction. Therefore, we 
choose C as a circle of radius p concentric with the 2 -axis to get 

= / dS '^ = - /^' E = E ^ P ’ ^ 2lTp ' 

S C 

The magnetic flux is = 7 rp 2 B if p < R and = 7 tR 2 B if p > R. Therefore, the 
Faraday electric field is 


Ef (r, t) 


1 doj j 


2 

p < R. 

1 R 3 doj j 

p > R. 

oPo o-- j-(p 

2 p dt 


The total electric field is the sum of EF(r,t) and E(r) found in part (a). 

(c) If S = (ExB)/po and u EM = |e 0 (E • E + c 2 B • B), the Poynting theorem for an infinite 
volume is 



dA n- S + 


d_ 

dt 


d 3 ru E M- 


(1) 


The current density j = aujRS(p— R)<fi is localized on the cylinder surface. The power 
supplied by the external agent is the work done against the back EMF: 


V= - / d 3 r j • E = — 


OO 

/ duj 
dpp5(p — R)E ( j > = t: pqo 2 R A Luj —. 


( 2 ) 
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This work goes to establish the magnetic field, because 


dUs 

dt. 


d 1 
dt 2/xo 


d 3 rB ■ B 


d_ 

dt 


-— (/to aRco) 2 irR 2 L 
2/to 


'Kpocr 2 R A Leu —. (3) 


The equality of (2) and (3) implies that the surface term and dUs/dt do not contribute 
to the Poynting theorem in (1). The surface term is zero because S = 0 at infinity, in 
our approximation which neglects the displacement current. The time rate of change 
of the electric energy, Ue oc is also negligible because the spin-up occurs very 
slowly. 

(d) The rate at which energy flows into the interior of the cylinder is given by the Poynting 
vector surface integral evaluated on a surface slightly smaller than the shell radius. 
This is 


— [ dAp-S = —2-KRL—p- (— -p 0 crR 2 x (p 0 aRu>z) = tt p 0 a 2 R A Lu)^- = 

J /to \ 2 dt J dt dt 

As anticipated, the rate of inward energy flow is equal to the rate of magnetic energy 
increase. 


15.15 A Momentum Flux Theorem 

If S is the boundary of V, we are interested in the integral 

1 = e 0 J dS • (E 0 x B 0 ) = e 0 J d 3 r\7 • (E x B). 
s s 

Using a vector identity familiar from the Poynting theorem, 

I = e 0 J d 3 r (V x E) • B - e 0 J (V x B) • E. 
v v 

The electric field is static, so V x E = 0, and the source of B is steady, so V x B = /toj. 
Therefore, 

1 

^2 


I=~i, I d 3 r j • E. 


We make further progress using the fact that E = —X7p. Therefore, 

1 = -^1 d 3 rj-\7p= ~ J d 3 rp\7 ■ j + ^ J d 3 r\7 ■ { fo). 

V V V 

A steady current satisfies V • j = 0. Therefore, using Gauss’ theorem, 

I = 4 [ dS-jy = 0. 
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This integral is zero because confinement of the particles implies that dS ■ j = 0. 


15.16 An Electromagnetic Inequality 


Uem = \eof d 3 r [E-E + c 2 B-B] = |e 0 / d 3 r (|E| - c|B|) 2 + 2c|E||B 


Therefore, 


U EM >eoc / d 3 r|E||B|. 


On the other hand, 


d 3 i 


I El IBI > 


d 3 r |E x B|, 


while 


IE x B| > 



rExB 


|Pem|/co- 


This proves the assertion. Equality holds when each of the three inequalities above is 
separately an equality. The first is an equality when |E| = c|B|. The second is an equality 
when E • B = 0. The third is an equality when E x B has a constant direction at every 
point in space. These are the conditions that define a propagating plane wave. 


15.17 Potential Momentum 


(a) Faraday’s law in integral form is 


c 


/ 


d,S ■ B. 


The magnetic field is zero outside the solenoid. Inside, the field is B = p 0 nlz. If we 
choose the circuit C coincident with the wire, a direct application of Faraday’s law 
gives the electric field as 


E(r) 


po nR 2 dl 2 


Since the particle velocity is v = v<j>, Newton’s second law gives 


d 

dt 


mv = qE ^ 


Po nqR 2 dl 
2 r dt 


Therefore, after integrating from t = 0 to t = oo, 


m[v( oo) — i>(0)] 


po nqR 2 
2 r 


[J(°o)-/(0)]. 
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But u(0) = 0, 1(0) = I, and /(oo) = 0. Hence 

ponqR 2 1 

v(oo) = —--. 

2 rm 

(b) For a single charged particle in the presence of an external field, a statement of con¬ 
servation of linear momentum is 


mv + Pem = const. (1) 

For our situation, v(0) = 0 and Pem(oo) = 0 because B(oo) = 0. Initially, the charge 
is at rest and the field it produces satisfies V x E = 0. In that case, the text proved 
that 

Pem = ?A, (2) 

where A is evaluated at the position of the charge. To find A, we note that the 
magnetic flux through any surface S bounded by a curve C is 




j dS ■ B 


di ■ A. 


s c 


By symmetry, A = A<f>, so we choose C as the wire loop and find 

Ho nIR 2 2 
A= ^~*■ 


(3) 


Substituting (3) into (2) and using (1) gives 


v(oo) 


HoqnIR 2 ~ 


2 mr 


4>, 


which is the same answer as found in (a). 

(c) The moving particle cannot exert a force on itself. Therefore there can be no transfer of 
momentum between its kinetic momentum and any field momentum associated with 
its self-fields. 


Source: E.J. Konopinski, American Journal of Physics 46, 499 (1978). 


15.18 Pem for an Electric Dipole in a Uniform Magnetic Field 

The electric field of a point dipole at the origin is 


E(r) 


1 

47re 0 


3f (r • p) - p 

r 3 
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The magnetic field of the rotating shell is produced by a surface current density K = era; x r. 
However, K = M x r is the effective surface current produced by a sphere with uniform 
magnetization M = Mi. The text found the field of the latter to be 


B(r) = 


p 0 R 3 


3r(r • M) - M' 


r < R, 


r > R. 


Therefore, if Bq is the uniform field inside the sphere, Pem = Pem + Pem> where 


EM 


/ d 3 r 

1 

— -—p 

J 

3cq 


r<R 


x B 0 = --(p X B 0 ) 


and 


■pout 

r EM 


= eo / d A r 

r>R 


47re 0 


3r(r p) -p 


yoR 3 


3r (r • M) - M 


tM)R 3 

12?r 


OO 

J dfl J — [r 2 p x M — 3(r x M)(r • p) — 3(p x r)(r • M)] . 


The first integral above is straightforward because M and p are constant vectors. Apart 
from constants, the second and third integrals above both involve the integral 


Z H / dSlj dr^. 

R 


By symmetry, Z,,j oc Sij and the integrals with x 2 , y 2 , and z 2 in the numerator must all be 
equal. Therefore, because x 2 + y 2 + z 3 = r 2 , 


An f dr An 
= 3 ./ r 4 = 9i ?' ir 

R 


Using this information and Bo = (2/3)/itoM, 
jout f^oR 3 4tt 


pout _ _ 

EM ~ 12n 3R 3 


(p x M) = --(p x B 0 ). 
6 


Therefore, in agreement with the result found in the text, 


Pem = Pem + p em = ~^(P x B 0 ) - J(p x B 0 ) = -^(p x B 0 ). 
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Source: Prof. K.T. McDonald, Princeton University, http://cosmology.princeton.edu/~ 
mcdonald/examples / 


15.19 Pem for Electric and Magnetic Dipoles 

(a) For a static electric field, E(r) = —Vip. Therefore, 

Pem = eo J d 3 r E xB = —eo J d 3 rVip x B = — eo J d 3 r [V x (By>) — y>(V x B)] 

Using VxB = /iflj and a corollary of Stokes’ theorem, 


Pem = c2 / d 3 rip j - e 0 / dS x B ip. 


The surface integral vanishes because the integrand goes to zero faster than 1/r 2 for 
a static field. Therefore, 

Pem = 4 f d 3 ripj. 


(b) The current density of a point magnetic dipole is j = — m x V<5(r). Therefore, using 
the formula derived in part (a), 

Pem = J d 3 rip m x VS(r) = — \ J d 3 r 6(r)Vtp x m = --^-E(O) x m. 

(c) The static potential for a point electric dipole at r = r 0 is 

, , 1 „ 1 

^(r) = --p - V: 


47re 0 | r — r o | 

Therefore, using the formula derived in part (a) and the definition of the vector po¬ 
tential in the Coulomb gauge, 


• E „ = = PV-^-j 


do 


47T60C 2 
3„ j( r ) 


= T^P-Vo / d*r 

4n J r — r 0 


= (p- V 0 )A(r 0 )| rn = 


r 0 =0 ' 


Source: D.J. Griffiths, American Journal of Physics 60, 979 (1992). 

15.20 Pem in the Coulomb Gauge 

The electromagnetic momentum is 


Pem = eo / d 3 r E x B. 
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Using the suggested splitting for E gives 


Pem = eo 


d 3 r E|j x B + eo 


d 3 r Ex x B. 


The second term already has the desired form so we focus on the first term and write it as 


P* = e o 


d 3 rEy x V x Aj_. 


A standard vector identity applied to the integrand gives 

E|| x V x Ax = V(Ey ■ Ax) - Ax x (V x Ey) - (Eg • V)Ax - (Ax • V)E||. 


Now, V x Ey = 0 so 


P* = eo J d 3 r [V(E|| ■ A ± ) - (Ey • V)A ± - (A x • V)Ey], 


The first term can be written as a surface integral (see below). For the second and third 
terms we use the supplied identity and the fact that V • Ax = 0 to write 


- J d 3 r (Ax • V)E|| = J d: 


r Ey V - Ax - (dS- Ax)Ey = - (dS ■ Ax)Ey 


and 


d 3 i 


(Ey • V)A ± = 


d 3 i 


AxV-E,| - / (dS-E|,)Aj 


Gauss’ law is V • Ey = p/eo so we can collect our results and write 


P* 


d 3 r pAx + eo 


dS{(Ey ■Ax)n-Ey(Ax-n)-Ax(Ey -n)}. 


The surface integral (at infinity) vanishes. To see this, adopt the Coulomb gauge where 
V • A = 0 together with V • Ax = 0 imply that V • Ay = 0. Therefore, by Helmholtz’ 
theorem, Ay = 0. Hence, 

<9 .A. i 

Ey = -V<p and = 

The scalar potential is the Coulomb potential so Ey falls off no slower than 1/r 2 as r —> oo. 
The slowest Ax can fall off is 1/r as r —> oo. Therefore, every term in the surface integrals 
decreases no more slowly than 1/r 3 and the integral vanishes. Consequently, the total linear 
momentum has the suggested form, 


Pem 


J d 3 rpA± + e 0 


d 3 rE± x B. 


Finally, the charge density for a collection of point charges qk at positions ry. is 
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Therefore, 


P(M) = ^2<lkS{r - r k ). 
k 



r pAj_ 


^2q k A ± (r k ,t), 

k 


and we conclude that 


Pem = /_QkA.±(r k ,t) 


eo 


d 3 i'E± x B. 


Source: M.G.Calkin, American Journal of Physics 34, 921 (1966). 


15.21 Hidden Momentum in a Bar Magnet? 

(a) For a permanent magnet, B = ^to(M + H) and H = —Vip, where ip is the magnetic 
scalar potential. Therefore, 

Pem = e° J d 3 r E x B = J d 3 r E x (M — Vip). 


The \7ip term is zero because integration by parts produces a factor of V x E in the 
integrand. This is zero because the point charge is at rest. Therefore, 

Pem = Jr J d 3 rE x M. 

(b) The center-of-energy theorem surely demands P tot = 0 for this situation. If so, some 
hidden momentum to cancel Pem is required. However, there are no “moving parts”. 
The magnetic moment due to spin is a relativistic effect, but its origin is quantum- 
mechanical, rather than classical. 


15.22 Lem for a Charge in a Two-Dimensional Magnetic Field 

L em = e 0 J d 3 r r x (E x B) = e 0 J d 3 r [E(r • B) - B(r • E)]. 
We have B = B(x,y) z and 

E = g xx + yy + zi 
47reo r 3 

Therefore, 
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OO OO OO 


J EM = 


47T 


dx dy dzB(x,y ) 


— OO —OO —OO 

OO OO OO 


47T 


Q_ 
47r 


*'/ d« J 4zB( x ,y) 

— OO —OO —OO 

OO oc 

ete J dyB(x,y){x 2 + y 2 ) J 


z A z 
—r- 


xx + yy — (x 2 + y 2 )z 

„2 


OO OO 


dz, 


—oo —OO 


Z 100 dz 

The integral / -or = 


_ oc r 3 x 2 + y 2 


. Therefore, 


L 


EM 


I dxdy B(x, y) = 


Source: H.J. Lipkin and M. Peshkin, Physics Letters B 118, 385 (1982). 


15.23 Transformation of Angular Momentum 

(a) Using Gauss’ law in integral form, and the fact that the cylinder has zero net charge, 
we find without trouble that 

f 7T-P 0 <p<a, 

E = < 2e ° 

[ 0 p> a. 


The electromagnetic linear momentum density is zero outside the cylinder and 
gEM {p <a) = e 0 E x B = rpBcf). 

Consequently, the total electromagnetic angular momentum per unit length of cylinder 
is 

a 

£em = j d 2 r p x g EM = —7 ipB J drr A i = —-npa i Bi. 

o 

(b) The torque per unit length which acts on the cylinder is Af = J d 2 r p x p(r)£, 
where £ is the electric field induced by the time rate of change of B(t) and p(r) = 
pQ(a — r) + aS(r — a). To find cr, we impose neutrality: 
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Z7T OO 


0 = y d 2 r p{ r) = J d(j) J drr[pQ(a — r) + aS(r — a)] = 27r(a 2 p/2 + era). 
o o 

Therefore, a = —pa/2, and we are ready to exploit the integral form of Faraday’s law: 


The result is 


Therefore, 


dt-e = ~ f dSB. 
dt I 


, 1 dB, 

c = --r——<p. 
2 dt ^ 


Af = J d 2 rpxp{ r)£ 

= — J d(f> J drr 2 \ £ \ [p0(a — r) + aS(r — a)] z 
- - J # j drr 3 ^ |[p0(a — r) — ^paS(r — a)] z 


1 4-dS^ 

= -7ra p—— z. 

4 dt 


d/L 

(c) The torque is related to the angular momentum by — = A f. Therefore, the difference 

dt 

between the initial and final angular momentum is 

tf 


Cf — Ci = J dtM = -^7ra 4 p(i?/ — B/) z. 


But Bi = B and = Bj =0 for our problem. Therefore, when the magnetic field 
has disappeared, the total mechanical angular momentum of the cylinder is 

Cf = —-na^pBz. 

1 4 

This agrees with £em calculated in part (a). 


15.24 Lem for Static Fields 

(a) 


Lem = e° J d 3 r r x (E x B) = e 0 J d 3 rv x [E x (V x A)]. 


300 



Chapter 15 


General Electromagnetic Fields 


A vector identity transforms this to 


L em = eo / d 3 rr x [V(E ■ A) — (A • V)E - (E • V)A - Ax(VxE)]. 


V x E = 0 for a static electric field. Therefore, 


Lem = £o(a — b - c), 


where 


a= d 3 r rxV(E-A) b= d 3 r rx(A-V)E 


c = / d 3 r r x (E-V)A. 


The external helds are static so the integrals of total derivatives below will always 
vanish after integration by parts. First, because eij k Sj k = 0, 

a, = eijk J d 3 r rjdk{E m A m ) = e ljk j d 3 r [d k ( rj E m A m ) - E m A m S jk ] = 0. 

Next, because the Coulomb gauge specifies V • A = 0, 

bi t-ijk J dr rj A m d m Ek — tijk j d v [d m (rjA m Ek) 5 m jA m E & vj E^d m 

= -e imk J drA m E k . 

In vector form, b = f d 3 r E x A. 

Finally, 

G — ^-ijk j d r rjE m d m A k — eij k j d /' \0 !U (rj E rn A k ) 5 m jE m A k r, A k D m E m ]. 


Therefore, 


c = — / d 3 r E x A — / d 3 r(V • E)(r x A). 


Since a = 0, substituting b and c in (1) and using Gauss’ law gives the advertised 
result, 

L E m = eo J d 3 r (V • E)(r x A) = Jd 3 rp(r) r x A(r). 

(b) The charge density of a point electric dipole at the origin is p = —V • [p5(r)]. Therefore, 


La.- = ~e k ( m J d 3 rd J [p j S(r)]r e A m 

= -tktm J d 3 r {dj \pjr e 6(r)\ A m - p j 5 jt A m 5{r)} 




301 



Chapter 15 


General Electromagnetic Fields 


because the charge density of the point dipole is zero away from the origin. Therefore, 

Lem = P x A(0). 

(c) The current density of the rotating object is j = pv = poj x r. Therefore, the magnetic 
energy can be written 




J d 3 r pA ■ (u) x r) = • J d 3 r pr 


x A = -w • L em . 


Source: N. Gauthier, American Journal of Physics 74, 232 (2006). 


15.25 The Dipole Force on Atoms and Molecules 

As a first step, we note that 

(m x V) x B = — m(V • B) = V(m • B) — — m(V • B). 

But m is not a function of position and V • B = 0 always. Therefore, we get the last term 
in the proposed force formula: 


(m x V) x B = V(m • B). 

Otherwise, the motion of the atom implies that we must use the convective derivative 


dB <9B . 

— = — + (v • V)B. 
dt dt 


Therefore, using Faraday’s law, 


dt 


(pxB) = pxB + px 


<9B 

dt 


(v • VB) 


= pxB — px(VxE) + px(v- V)B. 


Expanding the triple cross product gives 

-f-(p x B) = p x B [V(p • E) - (p • V)E1 + p x (v • V)B. 
dt 

On the other hand, because p and v are constant vectors, 

V[p • (v x B)] = p x {V x (v x B)} + (p • V)(v xB) = —p x (v • V)B + (p • V)(v x B). 

Adding V(p • E) to the last two equations reproduces the remaining terms in the original 
force law. This proves the result. 
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Chapter 16: Waves in Vacuum 

16.1 Wave Equation vs. Maxwell Equations 

We want the magnetic field to satisfy V • B = 0 and VxB = c~ 2 dVh/dt. By the Helmholtz 
theorem, this will be true if we define B using 


B(r, t) = Vx . 1 „ / d'V ^ E ( r V) 1 


47TC 2 


dt 


r — V 


Since V • E = 0 by assumption, it remains only to prove that V x E = — <9B /dt. Using the 
fact that E satisfies the wave equation, a direction computation gives 


d B M) = 1 f d 3/ 1 ^(rV) 

dt 47rc 2 ./ |r — r' | dt 2 

V x — / dV , 1 V /2 E(r', t) 

r - r' 


1 

47T 


r — r 


V x — [ d 3 r' E(r',f)V' : 

47r J 

-V x j dVE(r',t)<S(r-r') 


= —V x E(r, t). 


16.2 No Electromagnetic Bullets 

We are told that 


' d 2 d 2 d 2 

dx 2 dy 2 dz 2 


1 d 2 ' 
c 2 <9f 2 


ip(x,y,z 


ct) = 0. 


On the other hand, holding x and y constant, 


r d 2 

dz 2 


1 d 2 ' 
c 2 9< 2 


tp(x,y,z 


ct) = 0. 


Therefore, i) satisfies Laplace’s equation in two dimensions: 


~ d 2 
dx 2 


d*_' 
dy 2 _ 


ip(x,y,z 


ct) = 0. 


Now, if y,z — ct) is localized in the x and y directions simultaneously, the origin must 
be part of a closed area A in the x-y plane such that ip(x, y, z — ct) is zero everywhere on 
and outside the boundary curve of A. However, the unique solution of Laplace’s equation 
which satisfies this boundary condition is t)(x, y,z — ct) = 0 everywhere in A. Therefore, 
our assumption that ip(x, y, z — ct) is localized in all three dimensions cannot be correct. 


Source: J.N. Brittingham, Journal of Applied Physics 54, 1179 (1983). 
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16.3 An Evanescent Wave in Vacuum 


(a) The electric field must satisfy the wave equation 


1 <9 2 E 


V ~ E c 2 dt' 2 
Substituting the trial solution shows that 


= 0 . 


h 2 -n 2 = —. 


(b) For time-harmonic fields, Faraday’s law gives 


B = ——V x E = — y x (V exp [iVhz - cut) - kx 1) = — (ihx + nz)e l(hz ~ ut) e~ KZ 
00 


iE o . 
00 


iEo,,r 

IV 


(c) Given the result in (a), the magnetic field will be very nearly circularly polarized if 
h « k, that is, h, n lv/c. 


(d) When E = E 0 exp(— iut) and B = B 0 exp(— icvt), the time-averaged Poynting vector is 


(S) = —'—Re [Eg x B 0 ] = . 

2/ro 2p,Qtv 


16.4 Plane Waves from Potentials 


(a) A Coulomb gauge vector potential, A c , must satisfy V • A c = 0 and the homogeneous 
wave equation. The latter is automatically true of A(k • r — ckt). To satisfy the 
Coulomb gauge constraint, it is sufficient that k ■ A = 0. Since (pc = 0, we set 
4> = k • r — tot and compute 


E = - 


dA c 
dt 


- A '< 


tv A '(</>) 


B = V x Ac = k x A'{<t>). 

Both fields are transverse to k because A((f >)—and hence A'{(f)) —are transverse to k. 
(b) We impose the Coulomb gauge constraint to get 


0 = V • A c = V • (ua) = a • Vu. 


Therefore, a T Vu is necessary. Otherwise, we require 



1 d 2 ' 
c 2 dt 2 


A c 


= a 



1 d 2 u 
c 2 dt 2 


= 0 . 


In words, u(r, t) must be a solution of the homogeneous wave equation. By direct 
computation, 


_ dA c _ du 
dt ~ dt a 


B = V x Aq = —a x Vu. 
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(c) The special case u = u(4>), where <j> = k • r — ckt, simplifies the fields in part (b) to 

E = cku'((j)) a B = —a x u'(<j>) k => cB = k x E. 

(d) The vector potential satisfies 


11 

\ T - ^ 

r 2 i <9 2 m1 

c 2 dt 2 

-f*-L — 

V c 2 dt 2 


= 0 . 


Therefore, u must be a solution of the homogeneous wave equation and there is no 
restriction on the constant vector s. The Lorenz gauge constraint reads 

~ A ' v “- (1) 

The electromagnetic fields in this case are 

t 

E = —V7pl — = c 2 ( s • V)V J dt'u(r,t')~^s B = VxA L =-s xVn. 

— OO 

(e) With Ax = u(<f>) s and </> = kr —ckt, we can write down the solution to (1) immediately: 

= c(s • k )u{<j>). 


In that case, 

f)_A_ T A. A. A 

E = —V(pL -= ck[ s — (s • k)k]u' B = ck( k x s)vf. (2) 

The vector in square brackets is perpendicular to k. This makes the electric field the 
same as in part (c), because alk also. The magnetic fields are the same also because 
the fields in (2) satisfy cB = k x E. 


16.5 Two Counter-Propagating Plane Waves 

( a ) E = Eo[cos(kz — cut) + cos(kz + cot)] x 

= Eg [cos kz cos uit + sin kz sin cat + cos kz cos Lot — sin kz sin cot] x 
= 2Eq cos kz cos cot ic. 

The electric field is a standing wave, so we cannot use cB = k x E. However, if 
E(z) = 2Eo cos kz x, we have E = Re £ and B = Re B , where 

£{z,t) = E(z) exp(— iut) and B(z,t) = Bexp(— iuit). 

The latter two satisfy Faraday’s law, Vxf= —dB/dt, which gives 

V x E(z) = iuB(z) 
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or 


—2kE 0 sin kzy = iujB(z). 

The magnetic field is 90° out of phase with the electric field in both space and time: 


cB = Re 


2ic . . . 

—— sm kz exp t—iu)t) 

K 


y = 2Eq sin kz sin cot y. 


(b) 


(ue( z)) = ^Re [^e 0 E* • E] = ^e 0 4£); cos 2 kz 


( u B {z)) = ^Re [^e 0 cB* • cB] = |e 0 4 E$ sin 2 kz. 


As for the Poynting vector, E is real and B is pure imaginary, so (S(z)) oc Re [E* x B] = 
0. 

(c) The given electric field is 

E (z, t) = Re [. E 0 e ikz e~ iut ]ic + Re [iE 0 e~ ikz e~ iul1 ]y = Re [E (z)e~ iujt ] 


where 


y _i_ ? „-2ifcz v 

E (z) = {e ikz ± + ie~ ikz y)E 0 = 1 y 


V2 


V2E 0 e ikz = e(z)V2E 0 e ikz . 


In this form, we can easily read off the normalized, position-dependent polarization 
vector e(z): 

x -J- iy 

e(z = 0) = — -j=— (right-hand circular) 

v 2 

t wo\ x + ie~ in/2 y x + y . , 

e(z = A/8) = --= -j=- (linear) 

e(z = A/4) = x + ^ i?r y = (left-hand circular) 

eO = 3A/8 ) = i±^pL = izy (linear) 

e( 2 = A/2) . * + . *+g (right-hand circular). 


s/2 V2 


x ± iy 


(d) In part (c) we have E = Eo[e lkz 'k + ie lkz y]E$. On the other hand, e± = —so 

v2 


e+ H- e_ A e + — e_ 

x =-—— and y = 


72 


72 ■ 
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Therefore, 


E = 


n ikz 


e+ + e_ 


V2 


gikz _|_ g—ikz 


ie 


—ikz I t; + 


e+ — e_ 


V2 


Ea 


gikz _ g—ikz \ “| 


V2 J \ V2 

V2E 0 (e+ cos kz + ie_ sin kz). 


Ea 


Therefore, 


E = Re 


V2Eq (e+ cos kz + ie- sin kz)e lwt = V2 Eq [e+ cos kz cos wt + e_ sin kz cos tot] . 


(e) The part (c) electric field is £ = Eoe l ( kz + iE^e *( fcz + wt )y = Ee ,wt . This is the 
sum of two propagating waves so the magnetic field is 

cB = {zxx)EQe i(kz - ut) -iEQ{zxy) e - i(kz+ult) = E 0 [e ikz y + ie~ ikz ±} e~ iut = cBe~ iu,t . 
The time-averaged Poynting vector is 


(S(z)) = *Re [E* xB] = ^Re { (e tkz x + ie~ lkz y)* x (e tkz y + *e" ifc "x)} = |^Re [z-z] = 0. 

Z ZC *• J ZL 


Source: Prof. C. Caves, University of New Mexico (public communication). 


16.6 Transverse Plane Waves with E || B 

Since E = E (z, t) and V • E = 0, we know that dE z /dz = 0. Therefore, E z = const. = 0. 
By the same argument, B z = 0. 

(a) If S oc E X B = 0, our task is to show that 


Ouem d 


dt dt 
and 


— — {E 2 + Ey + c 2 (B" + B")} — 2 E X E X + E y E y + c" (B X B X + B y B y ) 


= 0 

(1) 


dUEM = + E l + c 2 (B 2 + B 2 )} = 2 \E X E’ X + EyE'y + c\B x B' x + B y B' y )\ = 0. 


dz dz 

We begin with the Maxwell equations. These tell us that 

VxE = ^ E ' x = ~ Ey an d E y = Ex 


( 2 ) 


VxB = 


1 <9E 
c 2 dt 


c B x = E y and c B y = — E x 
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The Poynting vector has only a ^-component so, from above, S z = E x B y — E y B x = 0. 
Therefore, using the Maxwell equation information, 



Q^(E X By EyB x ) 


This confirms (2). Similarly, 



q^(E x B v E y B x ) 


This confirms (1). 


E X By + E x By — Ey By — Ey By 

c E y E y — E X E X — c B X B X — EyEy. 

E x B y + E x B y — E y B x — E y B x 

By By — V E X E y B y B y —y Ey Ey . 


(b) The results of part (a) imply that E 2 + B 2 = const. The suggested parameterization 
gives the special case E 2 +B 2 = cos 2 a+sin 2 a = 1 . This gives the Poynting condition 
as 

0 = E x B y — E y B x = sin a cos a sin (7 — (3). 

The solutions with sin a = 0 or cos a = 0 are trivial so 7 (z, t) = (3{z , t) + mn where m 
is a non-negative integer. Substituting this back into the parameterization gives 

E x = cos a cos P cB x = (—) m sin a cos f3 

E y = cos ol sin f3 cB y = (—) m sin a sin /?. 

The Maxwell equations, e.g., E' x = —B y , demand that 

col = {-) m p and cp' = (—) m d. (3) 

Combining these two shows that a(z, t) satisfies the wave equation 

d 2 a 1 d 2 a_ 

dz 2 c 2 dt 2 

The general solution is a sum of left-going and right-going plane waves. Therefore, 
using (3), 

a(z, t) = F(z + ct ) + G(z — ct) 

t) = (-) m i F ( z + ct ) ~ G ( z - c< )} • 

This has the required form. The corresponding fields are 

Ey = \ {cos 2 F + cos 2G} cB x = (-) m | {sin 2 F + sin 2G} 

E v = (-) m I {sin 2 F - sin 2G} cB y = \{-cos 2 F + cos 2G}. 

The factor of (—) m affects only the sense of rotation in the examples below so we drop 
it. 
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(c) When F = \k{z + ct) and G = ±\k(z — ct ) with lo = ck , 


E x = cos kz cos ujt 


cB x 


sin kz cos tot 
cos kz sin tot 


J cos kz sin tot 
\ sin kz cos Lot 


cB y = sin kz sin Lot, 


where the upper/lower portion of the brackets corresponds to the plus/minus sign 
choice for G. For the plus sign, E y /E x = B y /B x =tan Lot so E(z,t) and B(z,t) lie in 
the same plane, independent of The plane rotates with angular frequency lo. The 
field vectors are parallel but their magnitudes are 90° out of phase along the 2 -axis as 
shown below. 



For the minus sign, E y /E x = B y /B x =tan kz at all times. This is a standing wave 
where the fields vary helically with z as shown below. An alternate description is a 
superposition of two circularly polarized waves that propagate in opposite directions. 
That is, 

E (z, t) oc Re {(x + iy)e l <**-"*> + (x - iy)e i{kz+bjt) } . 



(d) When F = \k{z + ct) and G = 0 we get 

E x = \ {1 + cos {kz + Lot)} cB x = | sin(fcz + Lot) 

E y = k sin(fc 2 + cot) cB y = \ {1 — cos (kz + cot)} . 


This is a superposition of a static field E x = B y = \ with a wave that propagates in 
the - 2 -direction. The Poynting vector for the propagating wave part is not zero but 
the total field has zero Poynting vector! In particular, in a plane of fixed z, the tips 
of the E and B vectors trace out identical circles oriented at 90° from one another as 
shown below. 
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Source: K. Shimoda, T. Kawai, and K. Uehara, American Journal of Physics 58, 394 (1990). 


16.7 Photon Spin for Plane Waves 

(a) The angular momentum is L = eo / d 3 rr x (E x B) = eo / d 3 r r x [E x (V x A)] so 
U = eo j dr{e ijk e kmn e npqrj E m d p A q } 

= tQtijk J dr(Sk p S m q dkqd m p) \^p{XjE m Aq) AqE m Spj Aq Tj dp E m } . 

The total derivative term vanishes if E m A q —> 0 faster than l/r 3 so 

Li = eoet3k / dr {AkEj ~ Amr > dkEm + Akr ^ ■ E} ■ 

The last term is zero because V • E = 0 in vacuum so 

1/ = Co j elv (E x A)j jk e 0 J dr {(it (A m Vj E m ) rjE m d] i A m A m E m 5jk } . 

The total derivative integrates to zero again and the last term in brackets is zero 
because etjkSjk = 0 . We conclude that 


Lem — eg d r E x A -j- eo J* d r E m (r x V) A m — L S pi n T L, 


orbital • 


(b) The decomposition is not gauge invariant because, if A —> A' = A + V/, 


Lgpin — L sp i n + e 0 / d 3 r E x V/ ^ L s 
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(c) In the Coulomb gauge, we have V • A = 0. When there are no sources, we can also 
choose <p = 0 so E = —dA/dt. In that case, the given electric field can be derived 
from 

iE 0 k±iy 

A+ =-=— exp \i(kz — uit) . 

w V2 1 

The time-averaged spin angular momentum is 

< L spin > = |Re J d 3 r E x A* = ±zg Jd 3 rE 2 . 

On the other hand, the time-averaged total energy is 

< J7em > = J d 3 rE • E* = ie 0 J d 3 rE 2 . 

Therefore, ^ 

z- < Lspin > = ±— < Lem > • 
to 

If < Lem > = hu), we correctly get z- < L sp i n > = ±h for the “spin” of the photon. 


16.8 When Interference Behaves Like Reflection 

(a) The H and V beams are both propagating, monochromatic plane waves with electric 
field amplitude Eq. The time-averaged electromagnetic energy density for both is 

(u E m}h,v = ^Re{|(E-E* + c 2 B-B*)} = -^E 2 . 

For the superposed beams, we note that B# • By = 0, so 

(«em) = 2"^ e {~2 A c ~ (Bff + Bff) • (B^ + By) j- 

= {uem)h + {uem)v + -eoRe {Ey • E* H + c 2 B ff • By } 

= eo^o-^ 0 E 0 2 Re{e^e-^} 

1 - ^ cos [A: (a; - y)) . 

This quantity is minimum when x — y = m A where m is an integer. The only solution 
in the overlap region is m = 0, so x = y. On that plane, the physical fields are 

E(x = y) = 0z and cB(x = y) = Eq cos(kx — ajt)(ic +y). 
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(b) The time-averaged Poynting vector for a plane wave propagating in the k direction is 

(s) = M k. 

C 

Therefore, for the horizontal and vertical beams, 

( s )v = l^oy and ( s )h = e f c Efa. 

For the superposed beams, 


(S) = —Re {(E# + Ey) x (E# + E#)*} 

ZfJ , 0 

= (Si f ) + (Sv) + TRe{E ff xB^ + E y xBj r } 

zp 0 

= —£ 0 2 (x + y) - ^Re{e ik ^-v)y + e iHv-C^\ 

2c 2cp 0 L J 

= 7^E$[l-cosk(x-y)](Z + y). 

The sketch below uses line thickness to indicate the intensity of (S). The dashed line 
indicates that (S(x = y)) = 0. 



(c) At the surface of a conductor, we must have E|| = 0 and Bj_ = 0. For this problem, 
part (a) shows that E points along z and goes to zero at x = y. Part (a) showed also 
that B is parallel to the x = y plane everywhere in the overlap region. Hence, the 
boundary conditions for a perfect conductor are met at x = y. 


Source: J.P. Dowling and J. Gea-Banacloche, American Journal of Physics 60 , 28 (1992). 
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16.9 Zeroes of the Transverse Field 


(a) If ij) = k{gx + kx 2 sin 6 + iy cos S + iz sin S)e l( - kz , direct calculation gives 


ip xx = 2k 2 sin 6 

Ipyy = 0 

ip zz = —2k 2 sin i_ fc 2 ^ 
tptt = -u> 2 ip. 


1 'ib 

Consequently, \7 2 tp --r- =0 if w = ck. 

c- ot z 

(b) We find E z by integrating (over z) the requirement that 0 = V • E = d x tp+id y ip+d z E z . 
This gives 

E x = k {gx + kx 2 sin S + iy 1 } e l( - kz ~ ut ^ 


Ey — iE x 

E z = i{g — cos 6 + 2kxsm5)e l ( kz ~ ut ^ + f(x,y,t). 

A brief calculation shows that E z satisfies the wave equation if the arbitrary function 
f(x,y,t) does so. We will choose / = 0. Given the foregoing, we know that both the 
V • B and V x B Maxwell equations will be satisfied if B = — (*/w)V x E. In detail, 


cB x = —i {k(gx + kx 2 sin5 + iy') + sin<5} e % ( kz ~ ut ) 
cB y = {k(gx + kx 2 sin S + iy') — sin5} e l ( kz ~ ut ) 
cB z = (g + 2kxsinS — cosS)e^ kz ~ ut K 


(c) If g 1, we can drop the terms quadratic in x so that 

E x = k {gx + iy'} e l V z ~ut) oB x = — i {k{gx + iy') + sin (5} e z ( kz ~ ut ) 

E y = ik {gx + iy'} e h fcz - wt ) c B y = {k{gx + iy') — sin <5} e l ( kz ~ ut ) . 

Clearly, the zeroes of E± occur when x = 0 = y' = y cos 6 + z sin 6. This is the line 
y = —z tan 6 in the x = 0 plane. 

(d) For the magnetic field just above, it is simplest to let Q = kz — ujt and set Re B x = 
Re By = 0. These give 


( kgx + sin S) sin O + ky' cos kl = 0 

( kgx — sin S) cos O — ky' sin fl = 0 . 

Substituting gx = r cos 9 and y' — r sin 9 into these two yields 

kr sin(fl + 9) = — sin <5 sin O (1) 
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kr cos (12 + 6) = sin S cos 12. 
Squaring and adding (1) and (2) gives 

r = k~ l sin 5 = const. 


Therefore, 


2 2 , /2 2 . 
g x + y = r = const. 

This defines an ellipse centered on the z' axis. 


( 2 ) 


Finally, multiply (1) by cos 12 and add this to (2) multiplied by sin 12. This gives 

kr sin(212 + 6) = 0 —> 9 = 2u>t — 2 kz. 

This shows that the polar angle which traces out the ellipse increases steadily as time 
goes on. 



Source: J.F. Nye, Proceedings of the Royal Society of London A 387, 105 (1983). 


16.10 Superposition and Wave Intensity 

The fields of a monochromatic plane wave propagating in the 3-direction satisfy cB = z x E 
and the definition of the wave intensity is 


I = 



For our problem, the Poynting vector is 


S = — [ReE x ReB] = — [|ReEi| 2 + |ReE 2 | 2 + 2ReEi • ReE 2 ] z. 
h’O Mo 

The first two terms produce I\ + / 2 , so we focus on the last term. If (fj. = u>k(z/c — t), 
ReE/,. = A k cos (4> k + S k )x + B k cos(4> k + 6 k )y. 
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Therefore, 

ReEi • ReE 2 = Ai A 2 cos(</>i + <5i) cos(cj> 2 + £ 2 ) + B 1 B 2 cos(^i + <5i) cos((j) 2 + £ 2 )- 
Both terms have the same structure in time, so we focus on the first one. If A* = 6k +u>kz/c, 

T 

X = ^ J dt cos(^i + (Si) cos(^ 2 + 62) 

0 

T 

= ^ J dt [cos[(wi + w 2 )t + Ai + A 2 ] + cos[(wi - w 2 )t + Ai - A 2 ]]. 

0 

Carrying out the integrals gives 

X = —— -r [sin[(wi +u 2 )T + Ai + A 2 ] - sin(Ai + A 2 )] 

1 (U >1 + U> 2 ) 

+ Tpr ,— -t [sin[(o>i - u 2 )T + A x - A 2 ] - sin(Ai - A 2 )]. 

1 (Wi — i0 2 ) 

The numerators in both terms are bounded by 2. Therefore, these integrals will be negligible 
(as we desire) if the averaging time satisfies 

r(wi + u> 2 ) 1 and T(w 1 — ui 2 ) 1. 

Source: G.S. Smith, An Introduction to Classical Electromagnetic Radiation (University 
Press, Cambridge, 1997). 

16.11 Antipodes of the Poincare Sphere 

Let E = £\&\ + S 2 e -2 and E' = £\ei + £' 2 e 2 . The condition for orthogonality is 

E-E’* =£ 1 £'\+£ 2 £'* 2 =Q. ( 1 ) 

Our task is to check that (1) is satisfied if the tips of E and E' are antipodes on the Poincare 
sphere. For this purpose, we recall that the Cartesian coordinates of points on this sphere 
are (si,s 2 ,S 3 ), where the Stokes parameters are 

Sl = \£\\ 2 - \£ 2 \ 2 s 2 = 2Re [£*£ 2 ] s 3 = 21m [£&]. 

If E' is an antipode point, we must have 

Si = —Si s 2 = —S 2 S3 = —S3. 

This will be true if 

|£il 2 - |£ 2 | 2 = -\£'i \ 2 + \£'i \ 2 
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and 

£& = -£'\£' 2 . 


The first of these is satisfied if 


\£'i\ = |£ 2 | and |^ 2 | = |«?i|. 

Therefore, we write 


(O 

C3 

11 

'-O 

-C> 

II 

► ^ 

-C 

II 

^0 

S '2 = ae iS ' 2 


( 2 ) 


Substituting these into (2) gives 


abe 1 ^- 5 1 ) = -abe i( ^- 5 ^. 

But this is the same as 

abe i( - dl ~ 5 ^ + abe^ 2 - 5 ^ = 0, 

which is the orthogonality condition (1). 


16.12 Kepler’s Law for Plane Wave Polarization 

Let ^ be the angle between 5(f) and the ei axis. Then, 


tan ij) 


a 2 cos (cat — 62 ) 
Oi cos (cat — <5i) 


Taking the time derivative gives 


sec 2 V’ 


dip 

dt 


ujaiao sin(u;f — (5i) cos (cut — 62 ) — 010201 sin(wt — 62 ) cos (cut — <5i) 
a\ cos 2 (cot — di) 


or 


di/j cooio 2 sin(i52 — <5 2 ) wai02 sin(<52 — <$ 2 ) 

dt Oj cos 2 (wt — di + a\ cos(ut — 62 ) |£| 2 
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Ignoring the change in the magnitude of £(t) over a time interval A t, the area of the 
triangular sector swept out by £ in this much time is dA = (1/2)|£| 2 di[>. Therefore, 


dA = l| f |2# 
dt 2 C dt 


1 

2 


uiaia 2 sin(^2 


50- 


Source: H. Mott, Polarization and Antennas in Radar (Wiley, New York, 1986). 


16.13 Elliptical Polarization 

The text demonstrates that the locus of |E| is the ellipse 

(t ) 2 + (f ) 2 - - *■) = ™ 2 («i - &)• 

Let the principal axis system x-y be rotated from the x-y system by an angle a as shown 
below. In that case 

E x = E x cos a — E y sin a 
E y = E x sin a + E y cos a. 


y 




\ 




X 


Substituting these into the ellipse equation above gives 


Ei 


cos 2 a sin 2 a 2 sin a cos a 


A 2 


B 2 


AB 


cos(<5i - S 2 ) 


■e: 


sin 2 a cos 2 a 2 sin a cos a 


A 2 


B 2 


AB 


cos(<5i - S 2 ) 


+ 2 E X E V < — 


sin a cos a sin a cos a cos 2 a — sin 2 a 


A 2 


B 2 


AB 


cos(5i - 62 ) 


= sin 2 ((5i - 62 ). 

Since this is the principal axis system, the coefficient of E x E y must be zero. This gives 


- sin 2a 
2 


A 2 - B 2 

AB 


= — cos 2 2a cos(<5i — S 2 ) 
AB 


or 
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as required. 


tan 2 a = 


2 AB 
A 2 - B 2 


COS (<52 


*l) 


16.14 A Vector Potential Wave Packet 


(a) The electric and magnetic fields are 
F _ dA _ _dAd( _ _ dA 

~dt ~ ~dCdi ~ ° k ~dC 


z 

B = VxA = V(x —— = — x E. 

OQ C 


The chain rule gives the exact electric field as 


E = -(ax + iby) [A' 0 «) + *A 0 (C)] exp«)cfc. 


The slow-variation assumption means that Aq(£) <C Aq(C)- Therefore, 


E = Re {—zcfc(ax + iby)A 0 (() exp(z£)} = ckA 0 (ica sin £ + y&cos £) 

B = Re {fc(6x + zay)Ao(C)exp(z£)} = kA 0 (xb cos£ — yasin£). 

(b) The linear momentum density of the field is 

gEM = eoE xB = —eocfc 2 Ag (a 2 sin 2 £ + b 2 cos 2 £) z. 

The sign of gEM is negative because the factor exp(i£) = exp [ik(z + ct )] implies that 
the wave propagates in the — ^-direction. 


16.15 Fourier Uncertainty 

(a) We get h(k) = ikf(k ) because 


OO 

&(*) = £ = J 

— OO 

(b) Using the definitions above, 


OO 

= [ ^ h(k)e ikx . 

J 27T 

— oo 


^ J dkf*(k)g(k) 


OO OO 

^ J dkf*{k) J dxg{x)e-' kx 

oo —OO 

oo oo 

J dxg(x) J '"j*We ik * 

—oo —oo 

oo 

J dxg{x)f*{x). 

— OO 
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(c) 


f dkf*(k)kf(k ) — i J dkf*{k)h(k) —i f dxf*(x) 


< k > k = 


I dk\f(k)\* 


I dk\f(k )\ 2 


I dx\f(x)\ 


df_ 

dx d 

— =< -*T" 
, dx 


Similarly, 


< fc >k = 


°° ^ OO OO rff* slf 

J dkf*(k)k 2 f(k) J dkh*(k)h(k) J dx-j--j- 


I dk\f(k )\ 2 


— OO 
OO 


— OO 
OO 


/ dk\f(k )\ 2 / dx\f{x )\ 2 


00 d 2 f 

~_l dxr(x) dj 

OO 

I dx\f{x )\ 2 


=< | - 1 — | >* . 
dx , 


(d) Note first that [A, B] = [A, B] if O = O— < O > x . Now define (/, Of) = dx f*(x)Of(x) 
and let ||/|| =(/,/)■ Then, for any real number c, 


0 


|a + *cB j 

Aff + c 2 ||S/|| 2 + ic { (Af, Bf) - (b/, Af ) } 
{c 2 (AS) 2 + c < * [A, B] >, + (AA) 2 } ||/|| 2 

m 11/11 2 . 


Now write i?(c) = (c — Ci)(c — C2) where B(ci) = R{c- 2 ) = 0. R{c) > 0 for consistency 
with the inequality above so the roots cannot be real and distinct. This means that 
the discriminant of B(c) is non-positive, i.e., < i[A, B] > 2 , —4(AA ) 2 (AB ) 2 < 0 . We 
conclude that 


AA AB > i| < i[A,B] > x | 


as desired. 

(e) 

A k = < k' 2 >k — < k >1 = \J< (—id/dx) 2 > x — < (— id/dx) > x 

so 

AxAk = AxA(-i-jj-) > < i[x, -i^] > x | = 

This proves that Ax Ak > \ as required. 
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16.16 Plane Wave Packet from the Helmholtz Equation 


(a) Separation of variables in the form 


u(r,t) = u(r)T(t) 


transforms the scalar wave equation to 


c 2 o 1 d 2 T 


Setting these independent ratios equal to the same constant (— to 2 ) gives 


and the Helmholtz equation 


The general solution to (1) is 


+ u> 2 T = 0 


V u H—— u = 0. 
c l 


T(t\u) = a{u)e iut + b(u})e~ iut . 

Therefore, if w(r|o;) is the general solution of (2), the general solution to the original 
wave equation is 


OO 

u(r,t) = j du>u(r\u)T(t\u>). 


(b) In Cartesian coordinates, (2) reads 

d 2 u d 2 u d 2 u J 1 

dV 2 + W + ~9V 2+ ^ u= ' 

A separated-variable trial solution to (4) has the product form 

u(x,y,z\u) = X{x)Y{y)Z{z). (5) 

Proceeding as in part (a) generates three separation constants, —k 2 , —k 2 , and —fc 2 , 
and three ordinary differential equations, 


+ klX = 0 




+ k 2 Z = 0. 
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It is natural to define a variable k 2 using the constraint imposed by (2) on the sepa¬ 
ration constants: 


+ ky + k 2 z — 



(7) 


The three equations in ( 6 ) are solved by similar complex exponentials. Therefore, the 
wave vector k = (k x , k y , k z ) appears when we form the product (5) to get a typical 
solution of the form 


exp (ik x x) exp (ik y y) exp (ik z z) = exp(*k • r). 


( 8 ) 


A general solution to (2) sums terms like ( 8 ) with amplitudes c(k, u>) and a delta 
function 6 (u> — c|k|) to enforce (7): 


u(r| w) 


d 3 k c(\s.,w)5(u — c|k|)exp(ik • r). 


(9) 


Substituting (9) into (3) and using the delta function to perform the u> integral gives 
the final result in the form 


u{v,t) 


d 3 k (A(k) exp[i(k • r + ckt)\ + B( k) exp[i(k • r — ckt)]} . (10) 


(c) Equation (10) is a superposition of monochromatic plane waves propagating in the -l-k 
and k directions. The text used only the -l-k set. However, if we change the dummy 
variable k to —k in the A(k) sum, (10) becomes 

u(r,t) = j d 3 k {A(— k) exp[—i(k • r — ckt)] + -B(k) exp[!(k • r — ckt)]} . 

With A = A! + iA" and B = B' + iB" , the real part of the foregoing is 

Re [u(r, t)] = J d 3 k {{A 1 + B') cos(k • r — ckt ) + {A" — B") sin(k • r — ckt)} . 

This is identical to 

Re [u(r, t)] = Re f d 3 k C(k) exp[i(k • r — ckt)]. 


16.17 Pem for a Wave Packet 

(a) Let k = |k|, k! = |k'|, <f> = k• r — ckt, (/>' = k'• r — ck't, and cBj^(k) = kx Ej_(k). Then, 
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Pem = e 0 J d 3 rReE x ReB 

= j J d 3 r( E + E*) x (B + B*) 

= |(^)3 J d3k J d " k ' j d 3 r[E ± (k)e^ + El(k)e-^] 

x [Bi(k')e^' + Bl(k')e-^'] 

= J d 3 k j d 3 k' j d 3 r {[E x (k) x Bx(k 7 )]e^') . 

+ [Ex(k) x Bl(k')]e < ^-^ + c.c.} . 

There are four terms inside the curly brackets. Let us show that the first term (and 
its complex conjugate) vanish. 

I = J ^ J dX ^' J x B ±(C)]exp['i(^ + ^')] 

= 5(SF /A/"/^W k )x(t'x^ (k ')]} 

x exp[i(k + k') • r] exp[— ict(k + fc')] 

= ^ Jd 3 kJ d 3 fc'<j(k + k') {Ex(k) x [k 7 x Ex(k')]} exp[-icf(fc + As')] 

= — J d 3 fc jEx(k) x [k x Ex(—k)]| exp[— 2 ic<fc] 

= —y d 3 fckEx(k) • Ex(—k) exp[—2ictfc]. 

We get 1 = 0 because the last integral above is an odd function of k x , k y , and k z . 
This leaves the third term in curly brackets in our expression for Pem and its complex 
conjugate. The third term is 

T = f d3k jd 3 k'jd 3 r {V±0t)x[ k'x El(k')]} 

x exp[i(k — k') • r] exp[— ict{k — k')\ 

= S / d * k J d3k ' 6 ( k ~ k ') { E J-( k ) x [k 7 x El(k 7 )]} exp[-ict(k - k')} 

= e fJ d3k { Ex(k)x[kxEl(k)]} 

= ^ /d 3 fckEx(k)-El(k). 

4c J 

Adding T to its complex conjugate gives the desired linear momentum: 

Pem = ^ J d 3 kk\E ± (k)\ 2 . 

This formula is valid at any time. We have done no time-averaging. 


322 



Chapter 16 


Waves in Vacuum 


(b) The text reports that the total electromagnetic energy is 

Uem = j J d 3 k |E ± (k)| 2 . 

The suggested inequality is true because the momentum adds unit vectors that gen¬ 
erally point in different directions with the same weighting factor as the energy. 

(c) cPem = Hem when all the waves in the packet propagate in the same direction. 


Source: E.J. Konopinski, Electromagnetic Fields and Relativistic Particles (McGraw-Hill, 
New York, 1981). 


16.18 A Transverse Magnetic Beam 

The Lorenz gauge satisfies the vector wave equation. With the assumed form for A, this 
implies that u(p, z) satisfies the Helmholtz equation: 


0 = V 2 u + 



d 2 u 
d z 2 


19/ du \ 
pdp V dp) ' 


(1) 


The magnetic field is 


B = V x A = 

op op 


To get the electric field, we need the scalar potential, which satisfies 


V • A + 


1 dip 
c 2 dt 


= 0 . 


Hence, 


Therefore, using the right side of (1), we find 


9 A ic 2 

~dt 


z,t) 

. o 

= ~ l ^2 



, we 

find 

• 9 

zc z 

' d 2 u „ 

LU 

dzdp P 


c du 
^dz' 


u „ 1 d f du 


E and B at any fixed point in space do not change direction as a function of time. Therefore, 
both are linearly polarized. However, E has a z-component, which means it is not transverse. 


Source: J. Lekner, Journal of Optics A 5, 6 (2003). 


16.19 Paraxial Fields of the Gaussian Beam 

Choose a Lorenz gauge potential A/, = ( u/ico)x.. The Lorenz gauge condition reads 
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Therefore, 


V • A + 


1 dp 
c 2 dt 


= 0 


_ . .U) 

V • A = 

c l 


E = —\7<p 


dA 

~dt 


c 2 du 
u 2 dx 


+ itx. 


In the paraxial approximation, u> = ck and the fields in the transverse (x and y) directions 
change much faster than in the longitudinal ( 2 ) direction. Therefore, the gradient may be 
approximated by d/dz. Consequently, 


c 2 du „ „ 1 du „ 

E = —IK— Z + UK = Z + MX. 

or dx k dx 


The magnetic held equation is Faraday’s law written for time-harmonic fields. 


The divergence of the electric held is 

„ i d 2 u du 

V • E =-1-. 

kdxdz dx 

This is zero because du/dz = ik in the paraxial approximation. V • B = 0 is an identity 
because the divergence of any curl is zero. 


16.20 Physical Origin of the Gouy Phase 

For the Gaussian beam, the transverse wave vector distribution function is 


1 2 ^ roc po o 

\ -/ dx dy exp [— (x 2 + y 2 )/w 2 ] exp[— i{k x x + k y y)\. 

V 7T W J _ oc J _ oc 


1 2 1 

F(k x ,ky) = —\j-- 


By completing the square in the exponential, we easily get 


F(k x ,k y ) = -j= exp [-w' 2 {k 2 x + fc 2 )/4] . 


Then, 


/ OO /*oo 

dk x dk y kl\F(k x ,k y )\ 2 

-OO J — OO 


—OO 

,2 r° o 


= ^- / dk x 

2^ J- OO 


dky k 2 exp —m; 2 (/c 2 + fc 2 )/2] = 1 /w 2 


and (fc 2 ) = ( k 2 ) by symmetry. Therefore, 


dzk~= dz < k — 


kw 2 (l + z 2 /z 2 R ) 


= kz — tan — = kz + a(z). 


zr 


No localization in the transverse direction means ( k 2 ) = (k 2 ) =0. Therefore, f Q dzk~ = 
kz and a(z) = 0. 


Source: S. Feng and H.G. Winful, Optics Letters 26, 486 (2001). 
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16.21 D’Alembert Solutions in Two and Three Dimensions 


(a) Let G(r,t) = F(r,t)/r. There is no angular dependence so 


V 2 G 


1 d ( 2 <9G\ 
r 2 dr \ dr ) 


^wW F '~ F) 


F" 

r 


Therefore, 


V 2 G 


1 d 2 G 
c 2 dt, 2 


1 \d 2 F 


r 


dr 2 


1 d 2 F' 
c 2 dt 2 


= 0. 


The quantity in square brackets is the wave operator in the one-dimensional variable 
r. This solves our problem because the latter is solved by F{r ± ct ) where F is an 
arbitrary function. 

(b) Let G(p,t) = F(p,t)/t/p. There is no angular dependence so 


V 2 G 


1 d f dG\ 
-pdpVT) 




Vp V /2 ’ 


The term on the far right can be dropped when p is sufficiently large (see below). In 
that case, 


V 2 G 


1 d 2 G 
c 2 dt 2 


1 

Vf> 


r d 2 F 

p 2 


1 d 2 F~ 
c 2 dt 2 


= 0. 


The quantity in square brackets is the wave operator in the one-dimensional variable 
p. This solves our problem because the latter is solved by F(p± ct) where F is an 
arbitrary function. 


Among the solutions we find, the term we dropped will be negligible when 


Vp V /2 



16.22 Wave Interference 

(a) The waves interfere constructively when their phases differ by a multiple of 2n. If we 
subsume this multiple into the definition of 6, the interference condition is 

kx — 5 = k ■ r = k\Jx 2 + y 2 + z 2 . 

Squaring both sides eliminates k 2 x 2 from both sides and we get 


k . o o \ & 


This equation defines a family of paraboloids parameterized by the phase shift S. 
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(b) Suppressing a factor of exp(— iu>t), the electric field for the two waves can be written 

Ei = yAexp[ifc(,zcos0 + a; sin#)] 

and 

E 2 = y A exp [ik(z cos 9 — x sin 0)]. 

The associated magnetic fields satisfy cB = k x E. Therefore, 

cBi = A(sin 9i — cos Ox) exp [ik(z cos 9 + x sin 0)] 

and 

cB 2 = —A(sin 9i + cos Ox) exp [ik(z cos 9 — x sin 0)]. 

The superposed waves are 

E = Ei + E 2 = y2 A cos (kx sin 9) exp {ikz cos 9) 

and 

cB = cBi + cB 2 = 2A [-xcosOcos(kxsmO) + *zsin0sin(fcxsin0)] exp(ikzcosO). 
For an arbitrary angle 9 , this is not a plane wave and it is not transverse. 


(c) At 9 = 0, we have 

E(0) = y2Aexp(ikz) and cB(0) = — 2Ax exp(iA; 2 :), 
and a time-averaged Poynting vector that is uniform throughout space: 

1 9 A 2 

(S(0)) = -—Re(E x B*) = -z. 

2p 0 Mo 

At 9 = 7t/2, we have a pure standing wave with 

E(7t/ 2) = 2Acos(fca:)y and cB(7r/2) = i2Asin(fca;)z, 
and a time-averaged Poynting vector (S(7r/2)) = 0. Finally, at 9 = 7t/ 4, the helds are 
E(7 t/4) = y2Acos(kx/V2)exp(ikz/V2) 


and 


cB(tt/4) = 2 A 


— -j= cos(fccc/v / 2) + i—j= sin(/ca;/v / 2) 






exi 


p(ikz/V 2 ). 


The time-averaged Poynting vector is 


1 

2^0 


2A 2 


' S(tt/ 4) ) = -Re(E xB’)= -cos" 

Mo 


kx 

I z. 


V2 
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<S> 



Source: G. Toraldo di Francia, Electromagnetic Waves (Interscience, New York, 1953). 


16.23 Phase Velocity of Spherical Waves 

The waves in question are based on the Hankel functions, h^\kr). If u> = cfc, solutions of 
the wave equation are 


. . ,(D„ . . . exp \i(kr — cat)] 

uo(r,t) = (kr) exp(— iujt) = --- 

ikr 


and 


m (r,t) = h£\kr)exp(-iut) = (1 - ikr f xp [ t(fcr . 

ikr 


A general, complex phase function is (f>(r,t ) = 4>'(r,t) + icj>"(r,t). Therefore, 

exp [icf>(r,t)\ exp (*<//) 


i(r, t) = 


exp(—</>"), 


ikr ikr 

and the phase velocity (which is in the radial direction) is 

d(f>'/dt 
Vp d(j)'/dr 

For the t = 0 wave, (j)'(r,t) = kr — cot and v p = u/k = c. For the i = 1 wave, 

u\ (r, t) = —— exp[ln(l — ikr) + i(kr — cot)} = CX P(^) 
ikr ikr 


(1) 


where 


(f> = kr — wt — * ln(l — ikr) = kr — cot — tan 1 (kr) 


iln |1 — ikr |. 


Therefore, using (1), 


to lv 1 + k 2 r 2 1 + k 2 r 2 

k k k 2 r 2 C k 2 r 2 

1 + k 2 r 2 
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This phase velocity diverges as r —> 0 and goes to c as r —> oo. The same general behavior 
may be expected for the £ > 1 spherical waves. 

Source: W. Gough, European Journal of Physics 23, 17 (2002). 


16.24 Bessel Waves 


(a) Let <t>, z,t) = f(p,(/>,z)exp(—iu>t). For this function to satisfy the wave equation, 
it is necessary that /(r) satisfy the Helmholtz equation, 

(V 2 + k 2 )f = 0, 

where u> = ck. In cylindrical coordinates, this is 


dp 2 


, 

p 2 a </> 2 


a 2 / 

dz 2 


+ k 2 f = 0. 


With f(p,(f),z) = R(p)G(<j>)Z(z), separation of variables yields 


,/2 y .72 /-< 

— t +k 2 Z = 0 and —— r +m 2 G = 0, 

az z d(p z 

where y 2 = k 2 — k 2 . The radial equation is Bessel’s equation, which is solved by J m (yp) 
and lV m (yp). The latter diverges at p = 0 so the general solution that propagates in 
the + 2 -direction is 


ip(p,<j>,z,t) = EE A m (n)J m (yp) [sin rrnp + B m cos m<j)\ exp i(nz — cat). 

m — 0 k>0 

The sum on n is restricted to positive real numbers so we get a propagating wave in 
the + 2 -direction. 

(b) The cylindrically symmetric solution has m = 0 so TE Bessel waves, 

Ott 

Bte = V x (V x 7r m ) and Ete = — V x 


dt 


derive from 7r m = z J 0 (yp) exp [i{nz — u>t)\. We get 
Bte = V(V • 7r m ) - V 2 7r ni 

1 d 2 rv m 


= V(V-7T m )- 


c 2 dt 2 


= [At Jo(yp)z + ifvVJo(yp)] exp [i(nz — wt)] 


= [y 2 J 0 (yp)z - *KyJi(yp) p\ exp[i(K 2 ; - cat)] 
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E te = -V x — zJ 0 ('yp)exp[iKZ -cot)] 
d 

= —iu)—Jo( r yp)exp[iKZ — u)t)} 

= icuj J\ (7 p) exp [inz — uit)\. 

The corresponding TM solutions can be obtained from the foregoing using duality: 

1 , 


—Etm- 
c 


Ete ~cBtm Bte 

(c) Since fc 2 = y 2 + k 2 , write n = k cos a and 7 = sin a so 

ipo(p,z,t) — Joi'yp) exp[*(«;z — cot)\ = Jo(fcpsin a) exp[i(fccos az — u)t)\. 
Moreover, a change of variable confirms that 

it 27 r 

Jo(x) = ^- J ddexp(ixcos 0) = ~ J d 0 exp[zxcos (0 — <£)]. 

0 0 

Finally, let x = p cos 4> and y = p sin <fi so x cos 9 + y sin 9 = p cos (9 — In that case, 


V>o(r ,t) 


Z71 

— / dO exp[zfcsina(xcos 9 + y sin 9)} exp[z(fccos az — uit)] 
27 tJ 
0 

7r 

^ J d9 exp[z(q • r - ut)], 


where q = fc(sinacos0,sina:sin0, cos a). This is indeed a set of plane wave vectors, 
all with the same magnitude |q| = k, which are uniformly distributed on the surface 
of a cone which makes an angle a with the 2 -axis. 
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16.25 Charged Particle Motion in a Circularly Polarized Plane Wave 

(a) The physical electric field is 

E (z, t) = (x + iy)E 0 e +i ^ z - ut '> + (x - iy)E Q e~ t{kz - ut) . 

The corresponding magnetic field is 


B (z, t) = -z X E(;r, t). 
c 


Therefore, 

dv 

dt 


q_ 

m 

o_ 

m 


E + v x -(z x E) 
c 


(l_^)E + ^T 
c c 


^(1-^)E 0 {(± + iy)E 0 e +i(kz ~ ut) + (x - iy)E 0 e~ l( ^“ wt) } 
qE 0 


< K + iv y )e + ^ kz ~^ + (v x - iv y )e- i{kz -^ 


} 


From this we get, as required, 
dv z 1 


= io|u + e +j(fcz " wt) +n_e- i(fcz " a,t) | 


^ = 0(c-u.)e Tl(fc2 - wt) , 

at 

where v± = v x d= and SI = 2qEo /me. 


(i) 


(b) Now define i± = u±e ±l ^ z ut ) ± icQ/tu so 




On the other hand, 

e ± i(kz-ut) 

dt dt 

Therefore, using (1), 


T iLOv ± e ±l(kz ~ wt) = fi(c - v,) if iLOv±e ±l(kz ~ ut) . 


( 2 ) 




( j{kz ut) _|_ v _ e -i(kz-ut) 


2 iu> dv z 
O dt 


We conclude that 




Hence, a constant of the motion is 


n 


K = v z (0)-i—[l + (0)-£.(0)]. 
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(c) Differentiating (2) gives 


d 2 v z fi 
~dt T = 2 


M+ di- 
dt + dt 


= fi 2 (c-u z ) - |zwH {v+eW*-"*) 


-wt) _ y g -i(kz-ut) 


}■ 


But £+-£-= v+e ^ kz - ult 'i - y_ e -Kkz-ut) + 2iHc/w so 
d 2 v z 


dt 2 


= fi 2 (c — u z ) — |zwfi {£+ — — 2zHc/w} = — (fi 2 + w 2 ) i> z + w 2 Ab 


Now, u(0) = 0 and £±(0) = ±icfl/u>, in which case, u 2 K = cfi 2 . Hence, if we define 


P = cfi 2 and fi|j = fi 2 + w 2 


the equation of motion for v z is 


drv z 

dt 2 


HqVz = P. 


This is solved by writing 


d 2 ( P 

Vr ff 


dt 2 


fi 


P 

0 ' ^ “ fif 


= 0 , 


so t; z (t) = Hsinfi 0 t + B cos fi 0 t + P/Hq. The initial conditions v-(0) = h z (0) = 0 
determine the constants and we finally get 


v z (t) = -j- (1 - cosH 0 1) 

“ o 

P 

a z(t) = 7^2 sin H 0 t. 

No steady acceleration occurs; the particle cyclically accelerates and decelerates as it 
propagates along the z-axis. 
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Chapter 17: Waves in Simple Matter 

17.1 Waves in Matter in the <p = 0 Gauge 

(a) A gauge transformation of the potentials is 

7>' = 7>-^kt A' = A + V*. 


To get p' = 0, we need 


ip = 


dt 


l 

X ( r ,t)= J <K v (rX) + const. 


(b) For simple matter, B = pH and D = eE. Therefore, 


V x H = 


<9D 

~dt 


„ „ <9E 

V x B = /re—. 

at. 


Substituting B = V x A and E = —dA/dt gives 

_ _ . d 2 A 

Vx Vx A = ~pe —, 

or, using the supplied vector identity, 

f )2 A 

V 2 A — S e< -Qp2 — V(V • A) = 0. 

(c) The vector potential of a plane wave is A = A 0 exp(?'k • r — iwt). Substituting this into 
the equation just above gives 


[— k 2 + J 2 pe] A + k(k • A) = 0. 

When k 1 A. we get waves with the vacuum dispersion relation u> = ck. When k || A, 
we get 

to 2 pe A = 0 => A = 0. 


17.2 Faraday Rotation During Propagation 

Let Ul = wrii/c and kn = uiur/c. Left and right circularly polarized plane waves with the 
same amplitude and frequency propagating along the ^-axis in the medium of interest are 

E l(z, t) = E(x + iy) exp [i(kiz — u>t] E R (z, t) = E(x — iy) exp [i(knz — u>t ]. 

In this basis, the given electric field is 

E (z = 0 ,t) = i[E £ (z = 0 ,t) + E r (z = 0,t)]. 
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Therefore, at other points in space, 


E (z,t) 


~[EiL(z,t) + E R (z,t)] 

}_ E [ e ikL 2 + e ikRZ ] e~ iut K + l -E [e ikL 2 - e ikRZ ] 


e~ iut 


y- 


The field will be linearly polarized along y when 

e ikLZ _ _ e iknz _ e ik R z ±imn 

This occurs when z takes the values 

TO7T mirc/uj 

k L - k R n L - n R 


m= 1 ,3,5,... 


to = 1,3,5,... 


17.3 Optically Active Matter 

(a) For plane wave fields, the Maxwell equations in matter are 

(jJ 

e 0 ik • E = pi n d(k, u) k-B = 0 k x E = wB iV x B = fioj in (k, 

& 

where 

Pi nd(r,t) = -V P => Pillow) = — ik • P = —i(e - e 0 )k • E 

dP 

jind^-i) = -fa + v X M => Jind( k » w ) = -iwP + ikxM 

= — iuj(e — eo)E + i(p,Q l — /-i^ 1 )k x B. 

For pi n (k, u>), we need a scalar that is linear in the fields. Using E, B, and k, the 
only possibilities are k • E and k • B. The latter is zero from the Maxwell equations. 
Hence, the form given is as general as it can be. For j ind (k, u>), we need a vector that 
is linear in the fields. The possibilities are E, B, k x E, and k x B. The form given 
for j ind (k, u) includes only the first and last of these, and so is not as general as it 
could be. 

(b) From part (a), the induced current density could include terms proportional to B and 

k x E. But the Maxwell equations show that these are proportional. Hence, only 
one is needed, and the problem statement chooses B. Including that term, we now 
substitute pi n (k, u>) and j ind (k, u) into the Maxwell equations. The first gives 

ie ok • E = — i(e — eo)k ■ E => k • E = 0. 

The second gives 


or 


ik xB = —iujfj, 0 (e - e 0 )E + ino(p 0 1 + p ‘)kxB + 


ewE + p 'kxB + i£wB = 0. 


(1) 
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(c) To study propagating waves, start with Faraday’s law, k x E = wB, and use k • E = 0 
from part (b) to write 


tok x B = k x (k x E) = k(k • E) - k 2 E = -fc 2 E. 


Substituting this and Faraday’s law into the identity proved at the end of part (b) 
gives 


w 2 -) E 

He 


i^uk 


kxE = 0. 


Operating on this equation with kx gives 


iuj^k 


E 


k 2 \ 


to -— k x E. 

pej 


These two equations have the suggested form with 




a = u - b = 

pe e 


(d) We solve the linear system by insisting that the determinant vanish: 

= 0 . 

This gives a = ±6, so the dispersion relations we seek are 


a —ib 
ib a 


w 2 = — ± 

pe 




Substituting a = ±b back into the original 2x2 system shows that the associated 
electric fields satisfy 


k x E = ±*E. 


( 2 ) 


These are left and right circularly polarized waves because, if e is any vector perpen¬ 
dicular to k, (2) is satisfied by E = e ik x e. 

(e) For a plane wave, the usual form of the Maxwell equations in matter without free charge 
or current is 


k • D = 0 


k • B = 0 


kxE = wB 


kxH = -wD. 


Using the suggested constitutive relations, we get 

k • (eE + /3B) = 0 => k • E = 0 

and 

k x (B — yE) = —oj(e E + /3B) =y ewE + p^ 1 k x B + u)(/3 — 'y/p) B = 0. 

k 

The last of these expressions is identical to (1) with ?'£ = /3 — 'y/p. Therefore, all the 
results found in parts (c) and (d) remain valid. 
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Source: J.F. Nieves and P.B. Pal, American Journal of Physics 62, 207 (1994). 


17.4 Matching Conditions 

(a) The matching conditions in question derive from the Maxwell equations V ■ D = 0 and 

V • B = 0. However, the first is a consequence of V x H = dD/dt and the second is 
a consequence of V x E = —9B /dt. Since the divergence equations provide no new 
information not already contained in the curl equations, the former are not needed to 
derive the Fresnel equations. 

(b) Let _L and || refer to components perpendicular and parallel to the interface, so 

S = ExH=(E||+E ± )x(H |[ +H ± ) = (E || xH | |) + (E||XH ± ) + (E a .-xH | |) + (E x xH ± ). 

The last term vanishes, so 

S x = Ejj x H„ S,| = (Ey x Hj_) + (E x x Hy). 

Since Ey and Hy are continuous at an interface, we conclude that S x is continuous at 
an interface. 


17.5 Escape from a Dielectric 

The rays that escape have propagation vectors that make an angle 6 with the vertical that 
does not exceed the critical angle for total internal reflection. Snell’s law for this situation 
is rising = sin^o- The critical angle 9 c makes sin$o = 1, or 

6c = (;) ■ 

The waves are emitted isotropically, so the fraction of light that escape is the relative solid 
angle 

27T sin 6c 1 

/ = ^ j j d0 sin 9 = * J dx = * (1 - cos 9 C ) = * (l - y/l - 1/n 2 ) . 

0 0 cos 6c 


17.6 Almost Total External Reflection 

In the variable a = n/2 — 9, Snell’s law (sin6*i = rising) reads coscci = ?rcosa 2 - Since 
n = 1 — 5 and <5 <C 1, we see that «2 1 if cq <C 1. Therefore, using cos a « 1 — |a 2 on 

both sides of Snell’s law gives 

oq — oi\ ~ 2d'. 

Using the same approximations, the “s” reflection coefficient for non-magnetic matter is 
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R s = 


cos 6\ — n cos d 2 

2 

sin o\ — n sin 02 

2 

Of 1 — Ot-2 

2 

af — a\ 

cos 0\ + n cos 0 2 


since! + n sin 02 


0\ -j- 0.2 


4a\ 


4af 


The “p” reflection coefficient gives the same answer, 


R p = 


n cos 0\ — cos d 2 

2 

n sin oi\ — sin 02 

2 

ol\ — a 2 

2 

af - a\ 

n cos 9i + cos 0 2 


n sin ay + sin a 2 


ai H- q.2 


4a\ 


4af 


Now, the vector q is normal to the surface with q = (4 -k/X) sinai ss (47r/A)ai. Therefore, 
R(q) a q~ 4 . 


Source: J. Als-Nielsen and D. McMorrow, Elements of Modern X-ray Physics (Wiley, New 
York, 2001). 


17.7 Alternate Derivation of the Fresnel Equations 

With the given geometry, the Maxwell matching conditions read 


and 


£ i [ E l + 


Mi [Hi + H?} = poHj 


/•:' • I-:'; //,' • u'; //,' 

eI + e; = eJ //' • //; //J . 


(1) 

( 2 ) 


The four equations in (2) collapse to two when we use k • Ei = 0 = k • E 2 and similarly for 
H. Indeed, because kj = (fci^O, k\ z ) and k^ = (k\ x , 0, — ki z ), we get 


k u {El - E?) = k 2z E T z 


k lz {Hl - Hf) = k 2z H T z . (3) 


The left sides of (1) and (3) are two equations in two unknowns. Hence, 

Ef _ k lz e 2 - k 2z e\ Ej _ 2k u ei 

El kp z e 2 + k 2z e\ E\ ki z e 2 + k 2z e\ 

The right sides of (1) and (3) are identical in structure except that E —> H and e —> p. 
Therefore, 

H? __ k lz p, 2 - k 2z p 1 Hj _ 2ki z ni 

Hi ki z p, 2 + k 2z p 1 Hi kuE 2 + k 2z n 1 ‘ 


Source: S.-Y. Shieh, Physical Review 173, 1310 (1968). 


17.8 Fresnel Transmission Amplitudes 

The text gives the Fresnel transmission amplitudes as 
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2 Z 2 cos 9i 

p Z\ cos 9\ + Z 2 cos 9 2 


and t, = — 


2 Z 2 cos 9i 


Z 2 cos 9\ + Z\ cos 02 
For non-magnetic matter, we use Z\fZ 2 = n 2 /m to write these as 

2m cos 0i 2m cos 0i 


n 2 cos 0i + m cos 02 


Using m sin 0i = n 2 sin 0 2 , we get 
2 cos 0i sin 02 


and t s 


■ cos 0i + n 2 cos 02 


tr) — 


2 cos 0i sin 0 2 


cos 0i sin 0i cos 0 2 sin 0 2 sin(0i + 0 2 ) cos(0i — cos 9 2 ) 


= £tm 


and 


2 cos 0i sin 02 
cos 0i sin 02 cos 9 2 sin 0i 


2 cos 0i sin 02 
sin(0i + 0 2 ) ^ TE ' 


17.9 Guidance by Total Internal Reflection 



From Snell’s law, n a sin0 = nj sin0j. We get the maximum angle 0 when 0 C is the critical 
angle for total internal reflection. The latter is defined by nj sin 9 C = n c . Also, 0/ = 90° — 0 C . 
Combining these facts, 


sin 0 = 


V± 

n a 


cos 0 C 


— \/l - sin 2 0 C 

^a 



— n 


2 

c 


n 


a 


17.10 Reflection from a Metal-Coated Dielectric Slab 

(a) The diagram below defines the amplitudes of the four electric fields that appear in this 
problem. 



4=0 z=d 


<=> 


z 



337 

































Chapter 17 


Waves in Simple Matter 


The left-going fields in the vacuum have non-zero components 

E lx = Ae i{ut+kz) cBi y = -Ae i(ut+kz) . 

The right-going fields in the vacuum have non-zero components 

E[ x = A'e i{ut - kz) cB[ y = A'e i{wt ~ kz) . 

The left-going fields in the medium have non-zero components 

E 2x = Ge i{ut+nkz) cB- 2y = -nGe i{ut+nkz) . 

The right-going fields in the medium have non-zero components 
E' 2x = G , e i( ‘ ut ~ kz) cB 2y = nG'e i(ut ~ nkz) . 

The boundary condition at the metal surface is that E|| = 0. This gives 

E 2x {z = 0) + E' 2x (z = 0) = 0 => G' = -G. 

At the front face of the slab, we must have continuity of E|| and continuity of B| . The 
first of these gives 

E lx (z = d) + E[ x {z = d) = E 2x (z = d) + E 2x (z = d), 

or 

Ae ikd + A'e~ ikd = i2G sin (nkd). (1) 

Since B = /i 0 H everywhere, we also get 

B ly (z = d) + B[ y (z = d) = B 2y (z = d) + B 2y (z = d), 

or 

- Ae lkd + A 1 e~ ikd = -2nG cos (nkd). (2) 

Let 9 = nkd. Adding (1) to (2) gives 

2 A'e~ lkd = — 2G(ncosO — isin#). 

Subtracting (2) from (1) gives 

2 Ae lkd = 2 G(n cos 9 + i sin 9). 

Therefore, 

jY e -ikd n cos 9 — i sin 9 

Ae lkd n cos 9 + i sin 9 

This shows that |A| = \A'\. Let 5 be the amount by which the phase of the right-going 
wave exceeds the phase of the left-going wave in the vacuum at z = d. In other words, 

jY e ~ikd _ giS Ae ikd . 
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Using (3), . s 1 — ?’tan(0)/n Me lA _ i2A 

1 + itan(0)/n Me lA 

from which we conclude that tan A = tan(0)/?i. Finally, exp(±*7r) = —1, so 


5 = ±7r — 2 tan 1 


tan(0) 

n 


We choose the positive sign so 5 > 0 in the limit when d —> 0. 


(b) The radiation pressure V (time-averaged force per unit area) acting on a conductor 
due to the surface current density K induced in it by a time-harmonic magnetic field 
B is the surface value of 


V = -K x B* = — (n x B) x B* =-—|B| 2 : 

4 4p 0 v 4 no' 


For our problem, 

B(z = 0) = [B 2y (z = 0) + B' 2y (z = 0)]y 



2 nG „ 

-y- 

c 


Therefore, using (3), 


V = - “f IAP , z. 

n 2 cos 2 9 + sin" 9 


Source: B.H. Chirgwin, C. Plumpton, and C.W. Kilmister, Elementary Electromagnetic 
Theory , Volume 3 (Pergamon, Oxford, 1973). 


17.11 Fresnel’s Problem for a Topological Insulator 

(a) For a plane wave varying as exp[i(k • r — Lot)], the Maxwell equations in matter read 
k-B=0 kxE = u>B k-D = 0 kxH = —u>D. 

Inserting the constitutive relations, the third of these gives 

0 = k D = ek E — ook • B —> k • E = 0. 

The fourth gives 

g 

kxH = kx-1- Ook x E = —w(eE — ooB). 

d 

Substituting k x E from Faraday’s law into the middle term of the preceding equation 
produces aopujU. Canceling this with an identical term in the rightmost term leaves 


k x B = — tue/zE. 


Collecting results, we get conventional plane waves of E and B with wave speed 
v = l/y/J7e- 
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(b) The matching conditions that Ey and Hy are continuous do not depend on the con¬ 
stitutive relations. Let E/, E^, and Ey be the amplitudes of the incident, reflected, 
and transmitted electric fields. At normal incidence, all of these are parallel to the 
interface. Therefore, the continuity of Ey reads 

E/ + E/j = Ey. 

We let k = uj/c and k' = oo^fpe. The reflected magnetic field points opposite to the 
incident magnetic field. Using the constitutive equations, the continuity of Hy reads 

- k x (E/ — E/;) = —k' x Ej 1 + oqEt 1 . 

pout poo 

We let k = k' = z, E/ = E/x, and allow for the possibility that E^ and E^ may differ 
in direction from E/. In that case, the components of the matching conditions are 


Ez x T E R x 

II 

£ 

Er v 

II 

£ 

(Ej x E Rx ) 

= —Er 

poc 

flV 

1 

1 

fcd 

*5 


p 0 c 

flV 


Tx 


aoE Ty 


Substituting E Ry from the second equation into the last equation gives the Faraday 
angle of rotation of the plane of polarization as 


e t v 

Etx 


_«0_ 

yfcfc + V € /S 


= tan dp. 


(c) Divide the third and fourth matching conditions by E Rx and use the first to eliminate 
Ei x . This gives 

/ 1 _ 1 \ Ep x 2 ^ Ep y 

\p 0 c pv) E Rx po c ° E Rx 

1 Er v _ 1 Ep y ^ Ep x 
Poc E Rx pv E Rx E Rx 

Now use the second matching condition to replace Et v /E Rx by E Ry /E Ry : 

( 1 1 \ Ep x 2 _ ^ Ep y 

\p 0 c pv J E Rx pqc ° E Rx 


1 1 \ E R y Ep x 

p 0 c pv J E Rx E Rx 
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These are two equations in two unknowns, one of which is the tangent of the Kerr 
angle of rotation: 


ERy 

Er x 


2«o/mo c 



tan 6 k ■ 


Source: X.-L. Qi, T.L. Hughes, and S.-C. Zhang, Physical Review 78, 195424 (2008). 


17.12 Polarization Rotation by Reflection and Refraction 

(a) Let s and p be unit vectors aligned with the incident electric field when the latter is 
purely s-polarized or p-polarized (as they are defined in the text). Then, for a general 
polarization, the incident electric field has the decomposition 


Ej = sin 7 /S + cos y/p. 

By the definition of r s and r p , the reflected and transmitted electric fields are 


= r s sin y/S + r p cos y/p and E r = t s sin y/S + t p cos y/p. 


On the other hand, Ej? = siiiy^s + cosyj?p and Ey = siiiy^s + cosy^p. Therefore, 


E„ 


E„ 


= tan y r = — tan y j 
r„ 


and 


E„ 


E„ 


t s 

= tan 7 t = — tan y/. 
tn 


Now, the Fresnel formula use 6 \ and 62 for the angles of incidence and refraction, 
respectively, and the textbook shows that 


sin( 0 i - 0 2 ) tan( 6 >i - d 2 ) 

rs ~ _ sin( 0 ! + 6 2 ) “ Tp ~ tan( 0 ! + 0 2 )' 

Therefore, as advertised, 


tan y R 


cos( 6 *i - 62 ) 
cos( 6 1 + 6 2 ) tan7/ ' 


Using Snell’s law, n\ sin 6 \ = n 2 sin 0 2 , and a trigonometric identity, the ratio of the 
transmission amplitudes is 

t s n 2 cos 6 \ + n 2 cos 62 sin 61 cos Q\ + sin 0 2 cos 62 

t p n\ cos 6 \ + ri 2 cos 62 sin 6 \ cos 62 + sin 62 cos 9\ 

sin 26i + sin 2 62 2 sin(#i + 0 2 ) cos($i — 62 ) 

2 sin ( 0 i + 0 2 ) 2 8111 ( 6*1 + 0 2 ) 

Therefore, 

tany T = cos($i — 0 2 ) tan 7 /. 
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(b) The reflected wave is more TE (s-polarized) if tan 777 > tan 7 j. This true because 
cos( 0 i — 0 2 ) > cos( 0 i + 6b)- Similarly, the refracted is more TM (p-polarized ) when 
tan 77 < tan 77 . This is true because cos( 0 i — d 2 ) < 1. 

Source: L.D. Landau and E.M. Lifshitz, The Electrodynamics of Continuous Media 
(Pergamon, Oxford, 1960 ). 


17.13 The Fresnel Rhomb 

(a) The sketch below shows that the angle of incidence at each internal interface is a: 



(b) The angle of incidence is 9 \ = a. Then, if 6-2 denotes the (complex) angle of the 
transmitted wave, Snell’s law reads sin 62 = nsina. Since nsina > 1 for total internal 
reflection, we get cos 02 = i\/ ri 2 sin 2 a — 1 . From Fresnel’s equations, 


Er 1 _ sin( 0 i - 6 2 ) 

Ei _ ± ± sin(0i+0 2 ) 


sin 9 i cos 0 2 — cos 0i sin 0 2 
sin 0i cos 02 + cos 0i sin 0 2 

i sin a\/ ri 2 sin 2 a — 1 — n sin a cos a 
i sin a \/n 2 sin 2 a — 1 + n sin a cos a 

cos a — i yj sin 2 a — l/ri 1 


cos a + iJ sin 2 a — 1/V 


This complex number has the form (a — ib)/(a + ib), which has magnitude one. 
(c) Similarly, 


Er 

Ei M\ 


= R \\ 


tan(0i — 0 2 ) 
tan(0i + 0 2 ) 


R± 


cos 0i cos 02 — sin 0! sin 0 2 
cos 0i cos 02 + sin 0i sin 0 2 


cosa i-^sin a l/ri 2 cos a i\J ri 2 sin 2 a — 1 — nsin 2 a 
cos a + iJ sin 2 a - l/ri 2 cos a i\J ri 2 sin 2 a - 1 + n sin 2 a 


cos a — in 2 


cos a + in 2 
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This is also a complex number of the form (a — ib )/(a + ib ) with magnitude one. 

(c) Orient the coordinate axes so x is parallel to the scattering plane and y is perpendicular 
to the scattering plane. In that case, the electric held incident on the first interface 
where total internal reflection occurs is 

Ej = £/(x + y). 

With the notation given, the reflected electric held is 

E r = f?/(i2||x + R ± y) = Eje~ iS± (e^-^x + y) . 

This shows that the quantity —<5|j determines the polarization of the rchccted wave. 
The same argument applies to the second internally rehected wave. Now, both £j_ and 
<5|| have the form 


a — ib a 2 — b 2 — 2tab . . . . 

-- = - -z -—-= exp(— id) = cos o — jsinfl. 

a + ib a 1 + b 2 


Therefore, 


tan 6 = 


2ab 

a 2 — b 2 


2b/a 

1 — b 2 /a 2 


tan 2(5/2) 


2 tan 5/2 
1 — tan 2 5/2 


We infer that tan = b/a, so 


sin 2 a — l/n 2 


tan —5± = 

2 cos a 


and 


tan -<5ii = n 2 


y/sin 2 a — 1 /? 


cos a 


Hence, 


1 , tan f(5j_ — tan i<5ii 

tan -(<y x - A,) = --Vr 

2 y 1 + tan bd± tan i<5|i 


cos ayji sin 2 a —l/r 


sin 2 a 


(d) The light is rehected twice by the rhomb. So, if 2|<5j_ — <5||| = 7 t/2 , linearly polarized 
light will be converted into circularly polarized light. This implies that 


cos a^J sin 2 a —l/r 


sin 2 a 


IT 

= tan —. 


This may be solved for sin a: 


sm a = 


1 + 1 jn 2 ± \J{1 — l/n 2 ) — (4/n 2 ) tan7r/8 


2(1 + tan7r/8) 
So, if n = 1.5, we get a = 53.26° and a = 50.23°. 
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Source: M. Born and E. Wolf, Principles of Optics (University Press, Cambridge, 1980). 


17.14 Energy Transfer to an Ohmic Medium 

The time-averaged rate at which power flows through a unit area of an ohmic surface is 


(S) = (ExH) 


-Re {E*(0) x H(0)} 


1, 


<j5 


= -Re{E*(0)x—(zxE(O)) 


= ^Re <! ^z|E(0)| 


1 — i 


= l Re ^ <5(1+i) 

= 70-<5|E(O)| 2 z. 


|E(0)| 2 z 


This the total rate of Joule heating computed in the text. 


17.15 Refraction into a Good Conductor 

(a) We must have k = inz, with n > 0 to avoid exponential runaway of the wave as ^ —> oo 
and as x —> ±oo. The phases of the incident, reflected, and transmitted waves must 
agree at the z = 0 plane where they coincide. This implies that 

hf .x — = Re k 2 , x - 

The left equation is the law of specular reflection. With kj = kji = k\ = aJy/JIe, the 
right equation is the generalization of Snell’s law: 


q sin = k\ sin 6*i. 


(1) 


(b) The dispersion relation for the conductor is k 2 • k -2 = e(o>)^w 2 . Equating real and 
imaginary parts of the dispersion relation gives 


2 2 2 /2 
q — k — peu = k 1 


and 


2<7KCOS 02 = JjLCTCjJ. 

Equation (2) gives q> k\. Therefore, (1) guarantees that 02 <0i- 


( 2 ) 

( 3 ) 
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(c) Eliminate 0 2 by adding the square of (1) to the square of (3) and use (2) to eliminate 
q 2 . The result is 

K 4 + k\ cos 2 9\k 2 — ^(paui ) 2 = 0. 

This is a quadratic equation in the variable n 2 whose solution can be written using 
the variable sinh A = (pie/a) cos 2 9\. The n 2 > 0 solution is 


« 2 = 


I cos 2 9i — — cos 2 9i | ^ jiaui [cosh A — sinh A]. 


The skin depth is 5 = \j2jpcrco, so 


(5(w) 


exp 


-2 A H 


(d) Equations (2) and (1) give the two remaining unknowns as 

q = \Jk\ + k 2 and sin 0 2 = ^ ^ 1 


y/1 + (n/ki ) 2 


A good conductor satisfies u/ew 1, so sinh A wA<l and q ~ k ~ 1/5 1 $> hi. This 
gives 82 <C 1 because 


sin 0 2 ~ ( —'- ) sin0! k , -sin0i <C 1. 

k ) a 


17.16 Phase Change for Waves Reflected from a Good Conductor 

The TE reflection coefficient is 

Er Z 2 cos 0i — Z\ cos 02 hi cos 0i — h 2 cos 02 

Ei Z 2 cos 0i + Zi cos 0 2 hi cos 0i + h 2 cos 0 2 ' 

The second equality above follows when m = M 2 = Po because Z = jic/h. The text shows 
that the transmitted wave propagates normal to the interface for all angles of incidence. 
Therefore, cos 02 = 1 and, with hi = n\ and h 2 = n 2 + in", 

Er n 1 cos 0i — n 2 — in'J nf cos 2 0i — |h 21 2 — i2m njf cos 0i 

Ei m cos 0i + n ' 2 + in '2 n\ cos 2 0i + | h- 21 2 + 2m n ' 2 cos 0i 

For a good conductor, |h 2 | 2 n 2 cos 2 0i where 

Q 

h 2 « (1 + i) = (1 + i)n 2 
uid(ui) 

and n 2 iS> 1. In that case, 
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„ „ n 2 + ini cos 9i 

Er « —-E/ x - 

n 2 — n\ cos #1 

The minus sign infront of Ej contributes a phase of ir and the final factor contributes a 
factor of tan -1 (ni cos # 1 / 712 ). Therefore, the net phase change is 

7T + tan” 1 [(ui/c)ni5(u>) cos#i]. 


17.17 Airy’s Problem Revisited 

(a) The geometry in question is 


1 

t 

r 

r 

r' 


SQi^O 

£,jU 

£0-^0 


z = 0 


z = d 


The five electric field waves are 


E = Eq exp (—iu)t) x < 


exp(ikoz) + r exp(— ikoz) z < 0, 

texp(ikz ) + r r exp(— ikz^j 0 < z < d, 

T exp[iko(z — d)] z > d. 


The five magnetic field waves consistent with Z 0 H = k () x E in the vacuum and 
ZH = k x E in the film are 


Z 0 1 [exp{ikoz) — r exp(— ikgz)] 


z< 0, 


H = E 0 exp(— iu>t) x < 


Z 1 [t exp(ikz) — r' exp(— ikz)\ 0 < z < d, 


Z 0 T exp [ik 0 (z — d)} 


> d. 


All the fields are tangential to the interfaces and therefore continuous passing through 
them. Continuity of E at 2 = 0 and z = d gives 


1 + r = t + r' te ikd + r'e~ ikd = T. 
Continuity of H at z = 0 and z = d gives 


1 — r t — r' 

= 


_ j,fg—ikd -j' 

Z = Zn 


(i) 


( 2 ) 


Eliminating r' from the right sides of (1) and (2) gives 
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2 te ikd = z[^+^) T - ( 3 ) 

To get another relation between t and T, we first eliminate r from the left sides of (1) 
and (2) to get 

(Z~Z o y = 2 Z-(Z+Z 0 )t. (4) 

Now use (3) to eliminate r' from the right side of (1). The result is 

[(Z - Z 0 )e ikd - {Z + Z 0 )e~ ikd ] t + 2 Ze~ ikd = {Z - Z 0 )T. (5) 

Finally, eliminating t between (3) and (5) gives the desired result: 

q- _ ikd _ 4ZZq _ 

' (Z + Z 0 ) 2 - (Z- Z 0 ) 2 e 2tkd ' 

The input vacuum amplitude is unity and the output volume is also vacuum. There¬ 
fore, the fraction of power transmitted is 


|T| 2 


4 ZZ 0 

(Z + Z 0 ) 2 - (Z-Z 0 ) 2 e 2ikd 


(b) The text studies a film (medium 2) in vacuum (medium 1) with index of refraction n 
and shows that 


^ _ rprpf | ^ 

where, at normal incidence, A (j) = 2 n(uj/c)d , 



Z% — Z\ 2Z 2 

zTTzJ “ d i = 


are the Fresnel reflection and transmission amplitudes for refraction into medium 2 
from medium 1 and r' and t' are the same with the two media interchanged. Therefore, 
since k = nu/c, the textbook formula with Z\ —> Zq and Z% —*> Z is 


\T\ 2 


4 Z^Z 
(Z 0 + Z ) 2 


(Z - Z 0 ) 2 

i2n(cj / c)d 


l - 


(z 0 + zy- 


4 ZZ 0 

(Z + Z 0 ) 2 - ( Z-Z 0 ) 2 e 2ikd 


17.18 Radiation Pressure on a Perfect Conductor 

(a) The reflected electric field must be 

E re f(a:, 2 :) = — yE 0 exp[ifc(2sin0 + xcosO) — iut]. 
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This ensures that the total tangential electric field (the total field in this case) vanishes 
at x = 0. In other words, E to t(0, z) = 0 because 

E tot = E inc + E re f = —2iE 0 exp[i(fczsin0 — ut)} sin(fca: cos 9)y. 

The curl of this field is 


V x E to t = —2'ikEo exp[i(kz sin 9 — wf)] [cos0cos(fca;cos0)z; — zsin6 ) sin(fca;cos6 | )x] . 

From Faraday’s law, V x E = iivB, the total magnetic field at the x = 0 surface is 

cB out (x = 0,z) = —2 E 0 exp[i(fcz sin 9 — u>t )] cos 9z. (1) 

Now, since /u 0 K = n x B out is the surface current density at a conductor surface, and 
Bj n = 0 is characteristic of a perfect conductor, the time-averaged force per unit area 
of surface is 


(f) = 


;2 KX ( B i: 

1 


B out )) 


= \Kx B* ont = i(n x B out ) x B: ut 


~ 4/z 0 |B ° ut|2 "- 


The last equality is true because B out (:r = 0 ,z) is perpendicular to the surface nor¬ 
mal. This force/area is already a pressure. Therefore substitution from (1) gives the 
pressure exerted by the field on the surface as 


V = cqEq cos 2 9. 


(b) From Newton’s law, the we can compute the time-averaged force from the change in 
electromagnetic momentum suffered by the incident wave. That is, in a time At, 

(P rc f) — (Pine) = (F)Af. 

On the other hand, if normal incidence exposes an area A of surface, 

(P) = (gEM)AE = (g EM )cAtAcos9. 


Therefore, 


(F) = [(gref) - (ginc)] cA COS 9. 


For both the incident and reflected plane waves, 


(g> 


1 eo 

2 c 


|E| 2 k. 


Moreover, 

k; nc = — cos 9x + sin 9 z and ki nc = cos 9x + sin 9 z. 

Therefore, k ro f — k inc = 2 cos 9x. Finally, the force exerted on the conductor by the 
field is the negative of the force exerted by the conductor on the field. Hence, in 
agreement with part (a), the pressure on the conductor is 

V = 2 cos 9 x ^“-Fo cos9ccos9 = cqEq cos 2 9. 
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17.19 Phase Velocity of Evanescent Waves 



2 _ w 2 _ to 2 _ q 2 - K 2 c 2 
p k 2 q 2 + n 2 q 2 + k 2 n 2 


This is always less than c/n because q 2 — n 2 > 0. 


17.20 A Corner Reflector 

Our discussion of polarization defines (ei,e 2 ,k) as a right-handed orthogonal triad. More¬ 
over, back-scattering by a perfectly conducting corner reflector occurs by two reflections at 
9 1 = 7t/ 4. Hence, the appropriate diagram is 



LCP (upper sign) and RCP (lower sign) waves have the electric vectors 

E = Eq [ei cos(wt) ± e 2 sin(wf)] . 


The ei component is p-polarized and the e 2 component is s-polarized. In the perfect- 
conductor limit, the reflection amplitudes for these polarizations are r p = 1 and r s = — 1. 
But there are two reflections, so the amplitudes of both components are exactly the same for 
the outgoing wave as for the incoming wave. Hence RCP remains RCP and LCP remains 
LCP. 


Source: H. Mott, Polarization in Antennas and Radar (Wiley, New York, 1986). 


17.21 Bumpy Reflection 

(a) If the surface were z = 0, a specularly reflected wave Ejj(r, t) = —itEoexp[i(k y y — 
k~z — uit)\ added to the incident wave would give a total field 

E = E 0 + E^ = x2 iE 0 exp [i(k y y — ut)\ sinA^z. (1) 

This field satisfies the boundary condition at the conducting surface because it is 
entirely tangential to, and vanishes at, the z = 0 surface. 
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(b) Now, evaluate (1) at z = as\n{2irx/d) and use uia/c <C 1 to expand the result to first 
order in a. This gives 

Eg = x2iEo exp[i(k v y — Lot)} sin{fc,asin(27rx/d)} 

« x2iEoexp[i(k v y — u>t)]k z asm(2TTx/d). ( 2 ) 

Our task is to identify a solution of the Maxwell equations in vacuum, call it E', with 
the property that E' reduces to —Eg at the corrugated surface. If we do this, E + E' 
is the solution we seek. The form of E emerges if we rewrite (2) as 

Eg = xk z aE 0 e i{k y y - vt) [e i27rx/d - 

This shows that we should choose E' as the sum of two plane waves, 


E' = —x.k z aEo {exp[i(q + • r — vjt )] — exp[i(q_ • r — lot)]} , 
where q± = (±2n/d, k y , q). 

(c) E' must satisfy the wave equation. Therefore, since part (a) tells us that the angle of 
incidence 6 satisfies k y = (w/c) sin0, 




Hence, 



This quantity will be pure imaginary near grazing incidence (6q « 90°) and E' will 
decay exponentially from the surface into the vacuum. 


17.22 Photonic Band Gap Material 

(a) When e is not constant, 0 = V • D = V • (eE) = eV • E + E • Ve. Also, 


d 


d <9D 


V(V • E) - V"E = V x V x E = V xB = -wrMo^r = -p- 0 e 


Therefore, 


V"E — /i 0 e 


d 2 E 

ht? 


dt 


V E 


dV' 1 dt 


d 2 E 

~W' 


Ve\ 


c J 


= 0. 


The last term does not contribute if e = e(z) and E = E(z,t)x. Therefore, 

d 2 E 8 2 E 

- = 0. 


dz 2 


dt 2 
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(b) If E(z,t ) = E(z) exp(— iuit), the wave equation in (a) reduces to 


^2 + Moe(»a 


E(z) = 0. 


Substituting e(z) = eo[l + acos(2/c 0 2)] and E(z) = f dkE(k) cos kz into the wave 

— OO 

equation gives 


dk E(k) 


to aw 


-A: + ~y + -j- cos(2 k 0 z) 


cos kz = 0. 


But cos (k + 2/cq) + cos (k — 2fc 0 ) = 2 cos kzcos(2koz). Therefore, 


dk [ k 2 - y ) -E'(fc) coskz = —p / dkE(k) cos[(fc + 2ko)z) 


u> 2 a 
2c^ 


dkE(k) cos[(fc — 2ko)z]. 


Changing variables in the two integrals on the right and then re-naming the new vari¬ 
ables k in both cases gives a common factor of cos kz in all three integrals. Therefore, 
it must be true that 

( k 2 - E(k) = ^ [E{k ~ 2k 0 ) + E(k + 2fc 0 )} . 


(c) Let k = q + ko so the equation just above reads 


(q + k 0 ) 2 


a E(q+k 0 ) 


uj 2 a 

~2£ 


{•£(<? - k 0 ) + E(k 



(1) 


If a = 0, to = c{q + ko) where |g| <C ko. If a <C 1, the right side of (1) is very small. 
Hence, the left side must be very small. There are two ways this can happen. Either 
the Fourier component is very small or the quantity in the square brackets is very 
small. The second possibility is true for (1) as written because to ~ c(q + ko). Now 
change ko to —ko in (1) to get 


0 1-ko ) 2 -=V 

c z 


2 

E(q — M = {E(q + k 0 ) + E(k - 3fc 0 )} • (2) 


The quantity in square brackets on the left side of (2) is very small for the same reason 
it was small in (1). Therefore, E(q — ko) need not be small. Now change ko to 3fco in 
(1). This gives 


(q + 3fco) 2 — “Y 

c z 


E{q + 3fc 0 ) — 2 c 2 — 3/cq) + E(k + 9/cq)| • (3) 
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It is still true that w ~ c{q + ko). This means the quantity in square brackets in (3) 
is not small. Hence, E(q + 3kg) must be small and we can drop it from (1) and (2). 
The 2x2 problem that remains is 

(q + k 0 ) 2 - 

u> 2 a 
~ ~ 2 <? 

(d) Setting the determinant of the matrix in part (c) equal to zero gives the quadratic 
equation 

( 1 “ (^") “ [(9“ fc o) 2 + (9 + fco) 2 ] + (9- k 0 ) 2 {q+k 0 ) 2 = 0. 

The solutions are 

= 9 2 +kl± \/(g 2 + fcg) 2 - ( q 2 - fcg)(l - q 2 /4) 

c 2 1 — a 2 /4 

The key observation is apparent already from q = 0, i.e., when k = kg. In that case, 
the original frequency cko is replaced by two frequencies, 


/ 

V 



= 0. 


(q-k o y J 


“ 0 ^ (1 ± “ /2) - 

Studying the dispersion relation for very small q leads to the graph of to(k) shown 
below. The function oi(fc) = ck except in the immediate vicinity of fco, where there is 
a jump from to ui+. Thus, there is range of frequencies (a gap) where no waves 
occur. A vacuum wave with a frequency in this gap, incident on a sample with this 
e(z), would be totally reflected from its surface. 



17.23 Plane Wave Amplifier 

(a) The momentum of the wave field changes due to (1) reflection from the mirror and (2) 
the motion of the mirror. We begin with the v = 0 contribution and note that S /cr 
is the field linear momentum per unit volume, so SA/c 2 is the momentum per unit 
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length perpendicular to the mirror. The fields move at speed c so SjA/c 2 x c = S jA/c 
is the momentum per unit time incident on the mirror and S rA/c is the momentum 
per unit time reflected from the mirror. Therefore, 

= -(S* - Si) = z ~(S R + Si) 

at c c 

is the rate of change of field momentum due to reflection. Now focus on the volume 
between the mirror and a parallel reference plane a distance L away. The total momen¬ 
tum stored there is AL(Sr + S/)/c 2 . The mirror moves with velocity v = —idL/dt 
so the rate of change of field momentum in the volume is 

dP EM ^ A A dL /n cm a Av (o cm 

-^r = *Mdi {S ' , - s,) = - z ^ is *- s,) ■ 

This is general because the position of the reference plane is arbitrary. By momentum 
conservation, the total rate of change of field momentum is the negative of the total 
rate of change of mirror momentum, i.e., the force on the mirror. Therefore, 

F = —Z ^ {(Si + Sr) + - c (S! - S R )} . 

(b) A(Sr + Sj) • z = A(Sr — Si) is the rate of change of field energy in the volume between 
the mirror and the reference plane due to energy flow through the plane. On the other 
hand, the energy stored in the volume between this plane and the mirror is 

U = AL j-e 0 .E 2 + -/i 0 1 B 2 | = — | S | 

because E = cB for an plane electromagnetic wave and S = /i ( y 1 E x B . Therefore, 
the energy in the volume changes at a rate —Av(Sr + Si)/c due to the motion of 
the mirror. By energy conservation, the change in field energy plus the change in 
mechanical energy as the mirror moves against the force exerted on it must be zero. 
Therefore, 

F • v = A(Sj - S R ) + A-(Si + S R ). 

c 


(c) From (a) and (b), we have 


{(5/ + Sr) + V -(Si - Sfl)} = (Sr - Si) - V -(Si + S R ). 


Collecting terms, we get 
power P = SA. 


Sr 

Si 


(1 + v/c)' 2 
(1 — v/c)' 2 


This is the desired result because the 


(d) Let the position of the mirror be z = vt. Since to = ck, the phase of the incident wave 
at the mirror surface is kiz + cu/t = ui(z/c + t) = u>it(v/c + 1). The phase of the 
reflected wave at the mirror surface is kuZ — URt = u>R.(z/c — t) = WRt(v/c— 1). These 
two phases must be equal because the sum of incident and reflected waves satisfies 
a boundary condition on the mirror surface that is independent of time and space. 
Therefore, using the results of part (c), 
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Ur _ v/c + 1 Pr _ / Ur \ 

W/ VI c — 1 Pj \UJj J 

Source: J.R. Pierce, Journal of Applied Physics 30, 1341 (1959). 


17.24 Laser Beam Bent by a Magnetic Field 


(a) A typical laboratory electromagnet produces a field of about 1 tesla (T). A typical 
argon-ion laser produces a continuous beam with ~ 3 watts (W) of output power 
distributed over a beam diameter of 1 mm. Therefore, the magnitude of the beam’s 
time-averaged Poynting vector is 


(* 5 ) 


3 W 

7r(l mm) 2 


10 6 W/m 2 . 


Moreover, for a monochromatic wave, (item) = |eo|£| 2 = ( S)/c , and cB = £. There¬ 
fore, 

B = » ,/ 4 * * 10 'I "A * , 10 ° "Af * 6.5 X 1C- T. 

V c y 3 x 10 8 m/s 

Thus, the magnetic field of the laser beam is four orders of magnitude smaller than 
the magnetic field produced by the electromagnet. 

(b) From V x E = —SB /dt and B = /zH, we get H = (k/pu) x E. Therefore, the Poynting 
vector for the electromagnetic wave is 


S = E x H = — E x(kxE) 

flU) 


fc|E| 2 

/L IU) 


E(k-E) 

|E| 2 


To find k • E, we note that (i) V • D = 0 ; (ii) the external magnetic field is very 
much larger than the optical magnetic field; and (iii) eoE differs from D by a factor 
proportional to Bo. Therefore, since we are working to lowest order in Bo, 

0 = k- D = ek-E — ry k • (B x E) ss ek • E — iyk • (Bo x E) « ek • E — • (Bo x D/e). 
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The diagram shows that Bo x D is anti-aligned with k. This permits us to conclude 
that 

k • E = —i'yBoD sirup/e 2 . 


Therefore, using D«fE again, 


S = 


jfc|E 


2 r 


pto 


ijB 0 D sin p ' 

k+ E 


A: |E| 2 

fliO 


k + i— {— 1 sin i^D 

e \ D ' 


(1) 


Finally, the diagram shows that D lies in the plane defined by B and k x By. Hence, 

(D - Bo) , D-(kxBo), 


D = 


Bn 


(k x B 0 ), 


B 2 B 2 

and D • (k x Bo) = k • (By x D) = — B$Dsirup. Therefore, 

D = ^-[cospTSo — sin<p(k x B 0 )]. 
Bo 

Substituting (2) into (1) gives 


fc|E| 2 

pu> 


k + i— sin<p[cos </?B 0 — sin<^(k x B 0 )] 


With E = S exp[i(k • r — cat)], the time average of the Poynting vector is 


m 


2/icj [ 


Im7 * 

k-- sin y>[cos <pBo — sin p(k x B 0 )] 


( 2 ) 


(c) The maximum deflection of the beam from the k direction occurs when the last term 
in the square brackets on the far right side of (1) is largest, i.e., when p = 7t/2. 


Source: D. Budker, D.F. Kimball, and D.P. DeMille, Atomic Physics (University Press, 
Oxford, 2004). 


17.25 An Anisotropic Magnetic Crystal 

(a) Let H = H 0 expt(k • r — cot) . Then, because H = p~ l • B and D = e 0 E, 

<9D 

V x H = 4 kx (ju -1 • B) = — loco E 

<9B 

VxE=-— => kxE = wB. 


These imply that 


dt 


p 0 k x [p, • (k x E)] = —ure 0 E. 


(1) 
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On the other hand, the data given tell us that k x E = (k z y — k y z)E. Therefore, 
PoP^ 1 • (k x E) = [( k z m — k v m')y + ( k z m' — k y m)z]E, 
and, since k 2 = k 2 + k 2 , 

/zok x {/W 1 • (k x E)} = (2 m!k y k z — mk 2 )Ex = — k 2 (m — m! sin20)E. (2) 
Comparing (2) with (1) gives the desired result: 

uj(k,9) = ck\Jm — m' sin 29. 

(b) The incident wave is normal (9 = 0) so u> = cky/m inside the medium and to = ck in the 
vacuum. There is no distinction between s- and p-polarization at normal incidence. 
The Fresnel formula for the latter gives 


Er 

~Ei 


Z\ — Zi 
Z\ + Z<i 


Et 

“ d 


2Zo 


Z\ + Zi 


bearing in mind that, with our conventions, the formula on the left contributes with a 
negative sign to the component of the electric field parallel to the interface. Moreover, 


Z\ = p 0 c and Z 2 = poc/yrn 


Therefore, 


E (z < 0) = ? 

E (z >0) =xf?o: 


r 

r. (z 

A1 

< exp 

lid - 

- t) 

l 

L \c 

1 J 

2 


r. ( 


= exp 

VjJ 

1 + 

m 

!_ V 


1 — Jrrx 


1 + 


— t 


exp 




Source: Prof. M.J. Cohen, University of Pennsylvania (private communication). 


17.26 A Complex Dielectric Matrix 

(a) We begin by looking for plane wave solutions inside the dielectric medium. With 
E = Eo exp[?'(k • r — u>t)\, the Maxwell curl equations imply that 

k x E = uB and k x B = —poLo D. 


Therefore, 


k x (k x E) = wk x B, 


or 


k(k-E) — fc 2 E = -~p 0 u) 2 e ■ E. 


(1) 
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We are used to setting k • E = 0 in isotropic media because 

V-D = V-eE = 0—>ek-E = 0. 


Now, however, 


V-D = V-(e-E)=0—>V-E^0—>k-E^0. 

On the other hand, we are told that k = ky. Therefore, with k = nui/c, (1) becomes 

E-y(E-y) = e • E. 

n 2 e 0 


Writing this out in detail gives 


E x 


olE x + i/3E y 

0 

1 

O 

-i(3E x + aE y 


n z 

_ E * . 


1 

K) 

_ 1 


This equation has two (normalized) solutions: 


ckx z/3y 

E a = Ea% with tia = V7 and Eg = Eg — with ns = 

yjo? + /3 2 

There is no distinction between s- and p-polarization at normal incidence. The Fresnel 
formula for the latter gives 



Er _ n 2 - ni 

Ei || n-2 + ni 


and 


Er 2n\ 

Ei || n 2 + n i ’ 


bearing in mind that, with our conventions, the formula on the left contributes with 
a negative sign to the component of the electric field parallel to the interface. Conse¬ 
quently, in the vacuum, the sum of the incident and reflected waves is 


E (y < 0) = E 0 j exp [iu> (y/c - t)] + ] UB exp [-iu ( y/c + t)] 1 x. 

I 1 +n B J 

In the medium, we must choose Er so Eq = aE B /\Ja 2 + (3 2 . In that case, 

E (y > 0) = E 0 —^ — (x + i-y ) {exp [iu (n B y/c -1)\ . 

1 + ns \ a ) 

The “appearance” of a y-component in the medium does not violate any matching con¬ 
dition. Note also that n B could be pure imaginary, in which case we get an evanescent 
wave in the medium. 
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(b) Superpose the x solution from part (a) to a solution with a z-incident wave solved in 
exactly the same way. The result is 

E(y < 0) = -^= |exp [iu> ( y/c - t)] + | + ^ exp [-iw ( y/c + 1)} j x 

exp [iu (y/c- t )] + | + exp [-iw (y/c + t)} X z 


E q 2 f P \ Eo 2 

E(y > 0) = -exp[«w(n B y/c-f)] x + i-y )+ —| —-exp [iu; (n A y/c - t)] z. 

V2l + ns V a ) y/2 1 + nA 
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Chapter 18: Waves in Dispersive Matter 

18.1 Electric Susceptibilities in Time and Frequency 

OO 

The response function of interest is x(w) = f dt y(f) exp(zwt). 

— OO 


(a) 


xM 


OO 

J dt Xo $ ( t ) exp (zwt) = \o ■ 


— OO 


(b) 


OO OO 

X(w) = J dt Xo@(t) exp(zwt) = lim xo J dt exp[i(uj + ie)t] 


. Xo 

= inn i -= i \o 

e—»o w + it w — le 


= i~ + Xo nS(uj). 
to 


(c) 


(d) 


xM 


J dtxod(t) exp(— t/r) exp(iwt) 

-OO 

»Xo = Xo 
w + z/r l/r — ico 


OO 

J dt xo exp(— t/r) exp(zwf) 
o 


xM 


OO 

J dt xo 0(£) sin (wot) exp(iwt) 

— OO 


OO 



Lo 


OO 

J dt exp[z(w — wo + ie)t] 
o 


Xo 1 w + w>o — it 1 w — Wo — ie 

lim —- 

e—*o 2 w + wq + ie w + wq — w — wq + ie w — wq — ie 


Xo 

2 


1 

W + Wo 


Z7T(5(w + Wo)-h Z7T<5(w — Wo) 

w — Wo 


Xo 




w o) - + w o) 


w 2 — Wq _ 


18.2 Magnetization and Conductivity 

(a) We know that M = XmH = ^ _1 x m B, p = p 0 (l + Xm), an d V x E = — dB/dt. 
Therefore, 
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M(r,i) = - 


Xv 


Mo(l + Xro) 


l 

j A'VxEfr,/). 


This gives 


J = VxM = - 


Mo(! + Xm) 


l 

J dt'VxVx E(r,t') 


Mo(l + Xro) 


dt' {V(V • E) - V 2 E} 


or 


Ji (r, t) = 


Xn 


dt' l S . 


a 2 a 2 


Mo(l + Xm) ./ l“ !J dx k dx k dxidxj J 3 


Ej(r, if). 


(b) Make the Taylor expansion 


E i(r',t') = E t (r, t') + dE Q^\ x'j - xj) + * & faffal ~ ^ “ **) + 

and substitute it into 


ji(r, t) = I dt' I dr'<Tij(r — r',t — t')Ej(r',t'). 

•J — OO J 


The result is 


ji{r, t) 



|- t')Ej(r, if) + r ijk (t - t') ~~ 


+ Y ijkiit ~ if) 


d 2 Ej(r, t') 
dxkdxf 


where 


dij (t -if) = J dr' <T i:j ( r-r',t- if) 
r ijk{t-t') = J dr' (jjj(r — r',t — t')(x' k - x k ) 

Dij k i{t -tf) = \ f dr' <Jij(r - r',t - t’)(x' k - x k )(x' e - x e ). 
The magnetization current is a particular case of the third term where 

^ijke = —ypT-y [SijSke — S ik Sji]. 

Mo(l + Xm) 
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The first term <Jij(t — t') leads to the usual Ohm’s law with a frequency-dependent 
conductivity. The second term T,^ (t — t') is present in general but vanishes if the 
medium has inversion symmetry. 

Source: Yu.A. Il’inskii and L.V. Keldysh, Electromagnetic Response of Material Media 
(Plenum, New York, 1994). 

18.3 The Radio Operator’s Friend 

The index of refraction for a non-magnetic medium is defined by n 2 = e(w)/eo- Therefore, 
when to > f2, we have 112 < n\ where n\ is the index of the lower atmosphere and no, is 
the index of the ionosphere. Therefore, from Snell’s law, there will be total refection of a 
wave which approaches the ionosphere from the lower atmosphere if the angle of incidence 
exceeds 9 = sin -1 (n, 2 /ni). Such waves return to Earth quite far from the source (solid line 
below). By contrast, the Fresnel equations show that the reflection coefficient is quite small, 
in this case, until the angle of incidence approaches the critical angle. Thus, waves which 
approach the ionosphere with small angles of incidence mostly continue into the atmosphere 
(dotted line below). 


Ionosphere 



18.4 Plane Waves of Vector Potential 

In the Lorenz gauge, the inhomogeneous wave equation for the vector potential is 

A 1 d 2 A 
v = 

With the given constitutive relation, we get 

n 1 <9 2 A 2 

For a plane wave 

A(r, t) = A 0 e i(k ' r - Wt) , 
substitution into the above equation yields 

, ,2 

-k 2 + — - k 2 

The wave vector is real (and true propagation occurs) only when u> > loq = cko. 


18.5 Plasma Sheath 

(a) The field and potential are related by ip( 1) — tp( 2) = Jf ds ■ E in a quasistatic approxi¬ 
mation. We also require the continuity of D = eE across the plasma/sheath interface. 
These two conditions produce two equations: 

2£E S + 2 LE P = V 
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£o Es = cE P . 

Solving for the two unknowns gives 


Ep — 


V 

2t?(e/£ q) + 2 L 


and 


{e/e,)V 
2£(e/ 6q) + 2jL 


(b) Using e(yj) as given, both fields diverge when 1 — uj 2 /u 2 + L/i = 0, that is, when 


* 

UJ = UJ 


\/l + L/£ 


For the sheath, Es(u> = 0) = V/2£, E${u = top) = 0, and Eg{u —* oo) = V/2L. As 
for the plasma, Ep(u = 0) = 0 and Ep(u —> oo) = V/2L. A plot of these functions is 
shown below. 



When cv oj p , all the voltage drops across the vacuum since the plasma acts as a 
perfect conductor. The voltage drops uniformly when w 3> top because the plasma 
particle motion cannot follow the field. All the voltage drops across the plasma when 
u = Up because the plasma can support the electric field V/2L needed to do this. 

(c) Both fields diverge at u = u*. This indicates some sort of resonant behavior. In 
circuit theory, amplitude divergences occur at the resonant frequency of an LC circuit 
(without damping), where the energy sloshes back and forth between magnetic (L) 
and electric (C). The same must happen here, where the electric energy is stored in 
the sheath and the magnetic energy is stored in the moving charged particles of the 
plasma. 


18.6 Propagation in an Undamped Medium 

The curl of Faraday’s law is 

Vx(VxE) = ^ v x B = -|{« + -tf}. 

We have V • E = 0 because p = 0, and VxVxE = V(V-E) — V 2 E = — V 2 E. Hence, 


V 2 E 


1 <9 2 E _ <9j 

~c-~dc ~^°dt' 


(1) 
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Newton’s law for an electron is F = tov = — eE. Therefore, the current density associated 
with the entire collection of electrons is 


3j . ne 2 

— = — new =-E. 

dt to 


( 2 ) 


Substituting (2) into (1) and defining co 2 = ne 2 /me o gives 


V 2 E — 


i a 2 E 


= M0— E= -fE. 


c 2 dt 2 to c 

Finally, substituting E = E 0 exp[i(k • r — cot) into (3) gives 


(3) 


or 


2 w _ Wp 
S' I 9 9 1 

c c 


2 2 , 2 7 2 

W =W p +C fc . 


Source: A.M. Portis, Electromagnetic Fields (Wiley, New York, 1978). 


18.7 Surface Plasmon Polariton 


(a) The wave equation for z > 0 is 


V 2 E + to 2 pge^F, = 0. 

The wave equation for z < 0 is the same with the dielectric function replaced by eg. 
Therefore, substituting the trial electric field functions gives 

kL = Q 2 - wVoe(w) z>0, 


2 2 / 
= q -CO jc 


z < 0. 


(1) 


(b) The dielectric functions do not depend on position. Therefore, in each medium V D = 0 
implies that 

„ „ dE x dE z „ 

V-E=—A + —^ = 0. 

ox oz 

In other words, 


iqE™ - K in E) n = 0 


and 


iqE° x ut + K out E° z nt . 


The electric field matching condition at z = 0 from V ■ D = 0 is 

egET* = e(w)E?. 

The electric field matching condition at z = 0 from Faraday’s law is E° ut = E™. 
Combining all this information gives the desired expression: 

eM = - eo ^<0. (2) 

^out 

The inequality follows because, by assumption, k > 0 in both media. 
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(c) Squaring (2) and using (1) to eliminate n m and K ou t gives 


1 - 


2 M 


= oj 2 p 0 e{oj) [1 - e(w)/e 0 \ , 


or 


2 _ ^H/eo 


c 2 1 + e(w)/e 0 ' 


(3) 


The inequality in (2) and q 2 > 0 imply that l+e(u;)/eo < 0. Using e(w)/eo = l—u 2 /u> 2 , 
we conclude that 


id < 




Substituting e(aj) into (3) and rationalizing gives 


2 / 2 | r) 2 2 \ i 222 _ 

— id + 2c q j + id^c q — 0. 


The solutions of this equation are 


(4) 


4 = f + cV±i v A>J+ 4 cV. 

It is easy to check that only the lower solution satisfies (4). Moreover, 
u>-(q —> 0) = cq and 


Wr, 




The entire mode dispersion is plotted below. 



18.8 Inverse Faraday Effect 

(a) The time average of the current density has two terms. One term is zero because it 
is the time average of —enSvexp(-iut). The other term is the time average of the 
product of — e<5?rexp(— iuit) and <5v exp(— iu)t), which is a familiar calculation. Hence, 

(j) = -*Re(e<5n<5v). 
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(b) The continuity equation is — + V • j = 0. Dropping the term proportional to Sndv, 
this reads 

—iwSn + V • (n<5v) = 0 => Sn ss — (i/w)V • (nJv). 

On the other, the problem statement tells us that 8v = — (cr/eh)<5E. Therefore, using 
part (a), 

(j) = —?—Re [icr*(5E*V • (cr<5E)l = ?—Im [cr*<SE*V • (crJE)l . 

w 2 hew L v ;J 2new 1 v n 

It is convenient to write this in the form 

er*<$E*V • (cr<5E) - cr<5EV • (cr*<®*)' 

2i 

Now use the vector identity 


(j) = - 


1 


2 new 


V x (A x A*) = A(V ■ A*) - A*(V • A) + (A* • V)A - (A ■ V)A* 


to write 


* er 1 


(j) = -i-L_ {V x (<JE x «5E*) + (<5E • V)<5E* - (<5E* • V)c5E} . 
Anew 


The first term has the required form of V x M where 

M = ^-(<5E x <5E*) = (SE x 5E*) = ^%(<5E x <5E*). 

4neu> 4m 2 u 3 4mw 3 

(c) M = 0 for linear polarization because (5E is real. For a circularly polarized wave 
propagating along the z-axis, <5E = A(x ± iy) so 

<5E x <5E* = A(x ± iy) x A(x iy) = T2iA 2 z. 


eenuc „ 

Therefore, M = ±- ! fA 2 . 

2mu) J 


Source: R. Hertel, Journal of Magnetism and Magnetic Materials 303, LI (2006). 


18.9 The Anomalous Skin Effect 

(a) If we set dj/dt = dj/dt from above and neglect the displacement current, Ampere’s law 
V x B = p 0 j gives 


|-VxB = w ^ = ^E-^j = ^E-lvxB. 

8t P dt T T T T 


Taking the curl of both sides and using V x E = — dfi/dt and V • B = 0 gives 
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V' B + r— = p 0 a 0 — . 


Substituting B = B 0 e^ kz ^ into (1) gives 

2 _ ppcrpioJ 
1 — iwr 

This is consistent with our previous treatment of ohmic matter, where we found 


hr = eopo to 2 + iijjcr(u))no and <r(u;) = 


1 — iojT 


because, here, we neglect the displacement current term eoMow 2 . 
(b) In this case, Ampere’s law gives an extra term: 


d Mo. . _3j 

— V x B =-E-j + ppv—. 

at t t az 


Without trouble, this leads to 


__2 L, „dB 5B1 6>B 

v B -‘ir + r Tit = 


Substituting B = Boe*^ z_w ^ into (2) gives the cubic equation 

fc 2 (l — iki — iu>r) = ippapu. 

In the extreme anomalous limit, the space derivative dominates so k£ 1 and k£ 
lot. Therefore, 


( ppcjpwDD ( u \ 

= l-H = (-AH.) 


c) 11 ' = srr) eM±,n/3) ^srr) \ ±i T ■ 


Exponential growth of the field into the medium is unphysical, so we get the anticipated 
behavior 

B (z,t) = B 0 exp [i(kz — wt)] = B 0 exp [i(z/8* — u>t)\ exp[— VZz/5*]. 

(c) When the gradient is present, the steady-state current is found from 


= =► j = aE + &. 

at t t oz az 

To a first approximation, we assume the first term is large compared to the second to 
get 

„ * dE 

j « a 0 E + £a 0 —. 
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Finally, the order-of-magnitude estimate DFi/dz ~ E/<5 gives 


j « a 0 E + a 0 -E. 


This shows that the gradient correction is negligible if (. <C 5. 


Source: P.W. Gilberd, Journal of Physics F 12, 1845 (1982). 


18.10 Energy Storage and Energy Loss 


(a) The energy density is 


mem = ^eo|E| 2 + N jmw 0 2 r + ^ mi 2 , 


where the complex oscillator displacement is 


. . q/m , . 

x(f) =-S- vE 0 exp (—ujt). 

LOq — 


The time average of the energy density is 


/ x 1,0 r , . Nq 2 2w 2 

mem = t E 0 e(u>) -\ -w-j- , 

4 [_ to ( w o — w ) . 


where 


, ^ _ , N r 1 

e(w) — eo H-5-y ■ 

TO Wg — ur 


The time average of the energy density is 


(UEM> = i£ [we, H] |E ° |2 - 


(b) The dielectric function is 


where 


e = e 0 + i~, 

OJ 


1 — iiOT 


The time average of the rate of work done on the particles is 


(V) = ^Re [JH • E»] = \ [Rea] |E 0 | 2 = 
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On the other hand, 


Therefore, 


e"{uj) = Im 


i cr 0 

uj 1 — iuiT 


a 

u>( 1 + w 2 r 2 ) ’ 


(0(0) = i kmiei ! ] = 


En 


18.11 The Lorenz-Lorentz and Drude Formulae 

(a) The relevant boundary value problem is a dielectric sphere in a uniform, static electric 
field Eo = Eqz. If D = kcoE we have V • E = 0 both inside and outside the sphere. If 
E = —Vtp, V 2 (/? = 0 everywhere. Then, since </w —> —EorcosO, 


(pin = Ar cos 6 

f (A + Eo)a 3 


ty^out — 


V 


— Eqt ) cos# 


satisfies Laplace’s equation everywhere and is continuous at r = a. The normal (radial) 
component of D is continuous (no free surface charge) so 


d^out _ 

r=a ~ K 

The polarization inside the sphere is 


=td=- 


3eoEo 
n 2 


P = eoX £ E in = E 0 = 3e 0 ^-^E 0 = 

k + 2 k + 2 n z + 2 

In the quasistatic approximation, Eq —> Eo(t) and n —> n( u>). 

(b) Since the polarization is uniform inside the sphere, the effective volume charge density 
p = V • P = 0. Therefore, an electron in a tiny vacuum sphere feels only the effective 
surface charge densities a = P • n from two spherical surfaces. Consider the outer 
surface first. Since P = Pi and n = r, we get cr ou t = P cos 6 in otherwise empty space 
(where Laplace’s equation holds). Therefore, 

<^i n = ^4rcos0 and = ^4(a 3 /r 2 ) cos 0. 


The matching condition now is 

{-dtp ont /dr + d<p in /dr] r=a = (P/e 0 )cos6». 

This gives A = P/ 2eo and E inm = —zP/3eo- The charge on the surface of the inner 
sphere produces exactly the same electric held except that n = —r in this case so the 
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sum of the two electric fields is exactly zero. There is no force on the electron due to 
the sphere polarization. The only force comes from a “spring” that binds the electron 
to its parent atom. This gives 

r + (jJqT = —(e/m)E 0 cos uit 

as the equation of motion, where r is measured from the origin of the vacuum sphere. 
This has the steady-state solution (uJq — cv 2 )r = — (e/m)E 0 cos cat. Each of the N 
electrons leads to the same solution so the total sphere polarization (approximated by 
the total dipole moment per volume of the sphere) is 

P (t) = -en 0 r(t) = E(f). 

m(wg — u> 2 ) 

Equating this to the polarization computed earlier gives the Lorenz-Lorentz formula, 

n 2 (w) — 1 Wp 
n 2 (w) + 2 Uq — w 2 


(c) The total positive charge is Ne so, from Gauss’ law, the electric field inside the sphere 
due to the uniform positive charge of the sphere is 

_ Ne r 

E = --= ner/3e 0 - 

47reocr 

The equation of motion for the k th electron is 


mffc = —ne 2 r/3eo — 


a , N 2 

a 1 \ - e 


E 


dr k 47re 0 f^\r k - Vi 


— eE 0 cos wf. 


Therefore, the equation of motion for the polarization is 

q N N 


P = -E/p 


3 p 4-7T e 0 V m |r fc - r, 

k= 1 i^k 


EE f rfc _ E + eow 2 Eo cos u)t, 


where V = |7ra 3 . The double sum cancels out so 


P = --w/P + e ow/E 0 cos u;t. 


This equation has a steady solution, 


P(t) = P cos U)t = y 


3 w 2 -w 2 


£qEo (t). 


Equating this to the polarization computed in part (a) gives the stated formula, 


ac 


„ n 2 (oj) — 1 ,. . „ w 2 

1 2 2 = ^~( 'i I o ^ 71 = 1 2 ' 

- to 2 n 2 {cv) +2 u> 2 
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18.12 Loss and Gain Media 


(a) A monochromatic plane wave propagating in the 2 -direction through a medium with 
complex index of refraction n(u>) = n' + in" has fields of the form 

exp [iui(hz/c — f)] = exp[— n"u>z/c] expfm'wz/c] exp[— iu>t]. 

The wave amplitude decreases if n" > 0 and increases if n" < 0. This can only occur 
if the medium absorbs energy from the wave in the first case and supplies energy to 
the wave in the second case. Now, because |/| <C 1, the stated index of refraction is 


in = i /1 + 


f<4 


ujg — u> 2 — iu>T 


1 + 




ajg — up- — iu>T 


= 1 + 


(w 2 - w 2 ) 2 + w 2 r 2 (w 2 - w 2 ) 2 + w 2 r 2 ' 




This shows that / > 0 corresponds to an absorbing medium and / < 0 corresponds 
to a gain medium. 


(b) A general wave packet for one component of the electric field is 


E(z,t) 


OO 

J du)A(yS) exp 
o 


in(u))z 


u~ 

c. 


exp[— icot\. 


The packet will emerge undistorted if the total accumulated phase (j> = {ji!qLg + 
n' A LA)cv/c is the same as the phase 4>v = (L A + Lb)uj/c that would be accumulated 
if the packet passed through vacuum. The real parts have the form n' A = 1 + f A A and 
n' G = 1 + f G A. Therefore, 


4> — [(1 + /gA)Lg + (1 + f a^)L a ]u> /c — 4>v + UgLg + /aLa) A—. 

c 

Since fa < 0, the condition for no distortion is /a L a = \fc\Lc- 


Source: E.L. Bolda, J.C. Garrison, and R.Y. Chiao, Physical Review A 49, 2938 (1994). 


18.13 A Magnetic Lorentz Model 

(a) By symmetry, the magnetic field (due to its neighbors) is zero at the equilibrium 
position of each wire. This symmetry is broken when «/0, but the net field will be 
small as long as u is small. 

(b) A uniform field By exerts a force per unit length —IBx on an infinite straight wire 
that carries a current I in the +z-direction. Therefore, Newton’s equation of motion 
for the displacement u x for a single wire is 

mu x = —ku x — nvfii — IB exp(— iut). 
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Substituting a trial solution of the form u x (t) = u T exp(— iujt) gives 
[—mco 2 + k — imyuj}u x exp(— iujt) = —IB exp(— iujt). 


Therefore, 


u x (t) 


IB 

muj 2 — k + imyuj 


exp(— iu>t). 


(c) The figure to the left below shows that there is one line of current (either positive 
or negative) per area A = a 2 /2 of sample cross section. The figure to the right 
below shows the displacements of the wires in the ^-direction when B points in the 
+y-direction. 



O- y, 

a '' 

/ 

b- S 

— 

\ 

/ 

/ 


-( 

S 

>-^ 

/ 

-o 



The internal wires pair up in the shaded regions. What remains is a sheet at the top 
of the sample (where I < 0) with current density 


H 2 W.;7 . n 7/'.; , 

A a 2 ’ 

and a sheet at the bottom of the sample with current density — K z . From elementary 
magnetostatics, the magnetic field produced by these two sheets is zero outside the 
sample. Inside the sample, the field is 

Bind = -p 0 K z y. 


The total field is the sum of the external field and the induced field just computed. 
This sum is the field responsible for the displacements of the wires. Therefore, if 
ujq = k/m and f l 2 = 2 p 0 I 2 /ma 2 , 


B — B ext po 


21 


IB 


a 2 mu) 2 — k + imyu) 


— Bf-vt, 


n 2 p 


uj- — ojg + i'yu 


-B. 


(d) The tangential (y-component) of H must be continuous at the top and bottom of the 
sample. This tells us that 

B ex t _ B 

Po p(w) ■ 

The two preceding equations above both give expressions for B/B ext . Setting these 
equal gives the desired formula for the magnetic permeability: 

Mo 


mM = 


fl 2 

i I “p 

1 w — 2 - 1 -:- 

UJ — UJ Q + lyuj 
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Source: J.B. Pendry and S. O’Brien, Journal of Physics: Condensed Matter A, 7409 (2002). 


18.14 Energy Flow in the Lorentz Model 

(a) We have previously derived the Poynting energy conservation statement: 

y g+ Buem_ +j . E = Q 


dt 


Here, j = dP/dt = — Nedv/dt and 


E = - 


m fd 2 r 1 dr 


dt 2 


dt 


+ w o r r’ • 


Hence, 


J-E 


Nmr • {r + r 1 r 


+ Wq r} = N 


d_ 

dt 


-m\r\ 




The quantity in brackets is the total mechanical energy u mec h of a harmonic oscillator, 
so 


v s | du EM | du mech | Nm 2 =Q 
dt dt t 

The last term represents the energy lost due to damping. 

(b) We have B = u 'kxE and k(w) = kn(w)w/c, so 


(S) = —Re{E x B’ } = ——Re(E x (k x E*)n*l = le 0 chi|E| 2 k. 

2/io 2c/io t J 2 

(c) Everything is time-harmonic so we must compute 

(u) = (u EM ) + ( u mech ) = ^e 0 (E • E* + c 2 B • B*) + ^Nm( r ■ r* + cvfir ■ r*). 

From above, c 2 B • B* = (c 2 /w 2 )k • k*|E| 2 = |h| 2 |E| 2 , so u em = |e 0 (l + |h| 2 )|E| 2 . 
Moreover, the Lorentz model corresponds to 


p = —er = aE = 


Wn 


e 2 /to ^ 
—2— 

— U) z — VjJ/T 


so er = icoa'E. Therefore, 

( Umech ) = |iVm(r • r* + • r*) = ^iV(m/e 2 )(w 2 + Wg)|a| 2 |E| 2 , 

where 

Nm 2 _ \Ne 2 /m _ 

4 e 2 (wg — w 2 ) 2 + oj' 2 /t 2 (oj'q — u> 2 ) 2 + oj 2 / t 2 
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This gives 


<«> = ^ 0 |E| 2 

On the other hand, 


1 

(wg — w 2 ) 2 + w 2 /r 2 J 


2 2 2 W 2 (Wq — LO 2 ) u1u)/t 

n 2 = n\ — n\ + 2im 712 = H---o + i p 


(wq — w 2 ) 2 + w 2 /W (wg — w 2 ) 2 + w 2 /r 2 


Hence, 


w) = 


as required. 


(d) We have 




1 |e| 2 ^ _ ^K 2 -" 2 ) , _ 

4 0 1 1 (wg — w 2 ) 2 + w 2 /r 2 (wq — w 2 ) 2 + lu 2 /t 2 


1 


2w 2 w 2 


-eo|E| 2 < 2n 2 + — 2 22 2 < 2 

4 I (wg — w 2 ) 2 + w 2 /r 2 


1 


— e 0 1E | 2 {h 2 + 2 u)Thifi 2 } 


h 2 = (hi + m 2) 2 = h 2 - h 2 + 2ih\fi2 = H—,-— 7 — 7 -. 

o>5 — lo a — tw/r 


Therefore, 


n 2 - n\ = 1 + — 


K 2 -^ 2 ) 


(u, 2 -u, 2 ) 2 + ( W /r) 2 


o~ ~ w p w/r 

2 mn 2 — 7 2 - 272 


( w 0 — W 2 ) 2 + (w/t) 2 ' 


By definition, 

fe ) 2 


h 2 + 4wrhih2 + 4w 2 r 2 h 2 


= h\ — h\+ 4wrhih2 + (4 w 2 t 2 + 1 )h 2 


= 1 + 


= 1 + 


ul(uo~u' 2 ) w 2 w/r 


+ 2uit- 


(wq — w 2 ) 2 + (w/r) 2 (wq — w 2 ) 2 + (w/r) 2 

W p( W 0 + w 2 ) 2 2 

+ (4 u t + l)n 2 - 


+ (4ott 2 + l)h.2 


( W 2 - W 2 ) 2 + (w/r) 2 
The second and third terms are positive so Ve < c as required. 
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Source: R. Loudon, Journal of Physics A 3, 233 (1970). 


18.15 A Paramagnetic Microwave Amplifier 

(a) When 7 = 0 we have 

dM x _ M x dM y _ M y dM z _ M z - M 

dt t dt t dt t 

The first two are solved by M x [t) = M x (fS)e~ t l T and M y [t ) = Mj,(0)e _t,/T . The third 
is solved by M z (t) = M — [M — AT(0)]e _i / r . Therefore, as t —> 00 , M x ,M y —> 0 and 
M z —> M. This is the equilibrium state. 


(b) When 7 yf 0, the fact that B y = 0 tells us that 

_ jy- g _ Mr 

dt ~ t 


^ = 7 (M Z B X - M X B Z ) - %L 
dM z 


dt 


, f u M z — M 
= ~lM y B X -^- . 


Differentiate the M x equation with respect to time and substitute in from the M y 
equation to get 


d 2 M x 1 dM x 
dt 2 ^ t dt 


7 B z 


7 (M Z B X 


M x B z ) 


M y_ 

T 


Eliminate M y in this equation using the original M x equation to get 


d 2 M x 
dt 2 


2 dM x 
t dt 



YB 2 z m x 


7 2 B z M z B x . 


Finally, use B = ^(M + H) to eliminate B z and B x in last two terms, respectively, 
and define u)q = y 2 po B z H z to get 


d 2 M x 
dt 2 


2 dM r 


dt 


+ (ijJq + l/ 1 " 2 ) M x = ' ' 2 


Wn 


M z 

H z 


H., 


The fields in the z-direction are constant in time. Therefore, because p = po(l + Xm) 
and 

M x (t) = M x e~ iut = X (u)H x (t) = xM H x e~ tut , 

we get 

,, . f. w 0 2 M z 1 

mM = Po < 1 + 2 1 1 / 9 -7— , ' TT f = W + ^2- 

[ o>q + 1/t z — w(w + 2i/t) H z J 
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Hence, 


Mi = Mo 


1 + 


JM + I/t'-J) 


M, 


(c^o + 1 /t 2 — a; 2 ) 2 + 4a; 2 /r 2 H z \ 


M2 = MO 


Wo( 2 w/t) 


M, 


(cJq + 1/t 2 — a; 2 ) 2 + 4a; 2 /r 2 


(c) The Maxwell equations V x E = — <9B/<9£ and V x H = <9D/d£ in the magnet yield 

V 2 H = e/j,d 2 H/dt 2 = -(i{lo)u 2 H 


for time-harmonic solutions as assumed above. Indeed, H = xH x expi(ky — cat) so 
k 2 = efiui 2 . With k = k\ + «/c 2 , this implies that 

k 2 — k '2 = e/ti oj 2 
2 fcifc 2 = e/i 2 ur. 

For propagation in the +y-direction, k\ > 0. Since e > 0, the second equation just 
above shows that has the same sign as /i 2 . The definition of p(ui) given in part (b) 
shows that fa has the same sign as M z / H z . Therefore, the H-wave decays (amplifies) 
exponentially as it propagates if M z /H z is positive (negative). 


Source: A.M. Portis, Electromagnetic Fields (Wiley, New York, 1978). 


18.16 Limits on the Photon Mass 

Let the wave packet have central frequency ojo and width Awo. After a propagation distance 
z = v g t, the time difference of interest is 


At 


dt 

dw 


Aw 0 - 

o 


Now, 


Therefore, 


1 duj 


c cdk y/l + (Mc/hk) 2 


2 \ Tnv 


z z 

t = — « - 

Vn C 


1 / mc“ 

2 V Tiuj 


so 


We conclude that 


dt _ M 2 c 3 z 
dio h 2 co 3 

z Awo f Mc 2 \ 2 
C w 0 \tuv 0 ) 
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or, because it is surely true that Awo/^o « 1 , 

Me 2 ~ (Ticv o) 2 —t-- 
z/c 

This shows that the smallest bound is obtained if the relevant data are collected at the 
lowest frequency, i.e., radio waves rather than X-rays. 


18.17 Negative and Infinite Group Velocity 


(a) Inside the medium, the wave propagates with phase speed c/n. When the wave emerges 
from the medium, it has phase speed c again, but it has accumulated a phase of 
(w/c)(n — l)a. Therefore, 


E(z,t) = < 


Eq exp \iu>(z/c — f)] 

Eq exp[zu;(n 2 /c — f)] 

E 0 exp[zwno/c] exp [—iuj(t — (z — a)/c)] 


z < 0 , 
0 < z < a, 
z > a. 


The slab field transforms to the post-slab field if z —» a and t —»t — (z — a)/c. 

(b) Let no = n(u o) and insert the given group velocity approximation for um(u>) into part 
(a) to get 


E(z,t) = < 


Eq exp[zo; 2 :/c] exp[— iu>t\ 

E 0 exp[zwo^(no/c — l/u g )] eyrp[iu>z/v^\ exp[— iut] 

Eq exp[zwoa(no/c — l/u g )] exp[zo>( 2 ;/c — a/c — a/v g )\ exp[— iu>t] 


z < 0 , 
0 < z < a, 
z > a. 


(c) We choose E(z,u) = A{u>) exp{itoz/c) so 

OO 

E{z < 0, t) = f(z/c — t) = [ du> A(u>) exp(iu}z/c) exp(—zwt). 


The values of A(oS) are determined by /(s). Therefore, for the two downstream regions, 
we simply replace the vacuum plane wave factor in ( 2 ) by the corresponding factors 
in (1). Only the w-dependent factors remain inside the integral, so 

f(z/c-t) z < 0 , 

E(z,t) = exp[i(jJoz(no/c—l/v g )]f(z/v g — t) 0 < z < a, 

exp[za>oo(no/c — l/v g )]f(z/c — a/c + a/v g — t)] z > a. 
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(d) The field at 2 = a is 8(a/v g — t) just inside the back surface of the slab and 8(a/c — 
t — a/c+ a/v g ) just outside the back surface of the slab. These agree that the delta 
function emerges from the slab at t = a/v g . Since v g < 0, the pulse emerges before it 
enters the slab at t = 0! 


(e) Choose f(s) = E 0 exp(— s 2 /2t 2 ) exp(*w 0 s) and substitute 
cancellation, and 

E 0 exp [—{z/c — t) 2 /2t 2 ] exp[iwo(z/c — £)] 


E(z,t) = < 


Eq exp[— (z/vg — t) 2 /2t 2 ] exp[icoo(noz/c — t)] 
Eq exp[ia;oa(u-o — 1 )/c] exp [—{z/c — a/c + a/v g 


into (3). There is some 

z < 0, 

0 < 0 < a, 

— t) 2 /2t 2 ] exp[iu;o(.z/c — £)] 
z > a. 


(f) Let Eq = 1 and, as suggested, take out a common factor of exp[«jJo(;r/c — £)] and write 
w 0 (n 0 — 1) = —ie. In that case, 


E(z,t) = < 


exp[—(z/c — t) 2 /2t 2 ] 
exp[ez/c] exp[— {z/v g — t) 2 /2t 2 ] 
exp[ea/c] exp [—{z/c — a/c + a/v g 


z < 0, 
0 < z < a, 
t) 2 /2r 2 ] z > a. 


The diagram below shows Gaussian wave packet propagation with a negative group 
velocity. Note that the “packet” does appear to move backward inside the medium, 
even as transmission proceeds. 




II 

1 

L/i 

O 



f = —125 

A 


II 

1 

O 

O 



A f = -75 

11 

1 

.. O 
.. 

• : 

/ V. 


t = - 25 i S 



0 

II 



f = 25 



f = 50 


fl 


-200 0 50 -250 

z 


377 


































Chapter 18 


Waves in Dispersive Matter 


(g) The diagram below shows Gaussian wave packet propagation when v g = oo in the region 
between the vertical dashed lines. The meaning is simply that the field amplitude rises 
and falls uniformly throughout the slab “as if” it propagated through the slab infinitely 
quickly. 
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Source: K.T. McDonald, American Journal of Physics 69, 607 (2001). 

18.18 Parseval’s Relation 

(a) The first condition is satisfied because 

OO 

a <°> - / f 

— OO 

As for the second, we are told that 


OO OO 



— OO —OO 


OO 



0 


378 



























































Chapter 18 


Waves in Dispersive Matter 


Substituting one into the other gives 


OO OO 


X \x) = - J dx' J 


dx" 


1 X'(x") 


x — x' x' — x" 


— OO —OO 


Therefore, 


— OO —OO 

This is the delta function filtering property if 


1 


dx' 


7 T 2 J x'(x' — x") 


= S(x"). 


(b) By direct computation, 


OO OO 


J do; |x'M| 2 = ^ J du> J du 




— OO —OO 


However, from part (a), 

OO 

5( x -z) = ^ J 

— OO 

Therefore, as required, 


dy 


1 


ds 


y(y-x + z) 7 t 2 J (s-z)(s-x)' 


OO OO 


J duj\x'(u ))\ 2 = j dco' J du"S(uj' - u")x"{u')x"(u") = j daj'\x"(u )')\ 2 


— OO —OO 


18.19 A Dispersive Dielectric 


(a) Begin with D = e 0 E + P = e 0 E + yV x E. Inserting this into 


V x H = 


<9D 

dt 


gives 


V x B = 


1 <9E 

? ar +W7Vx 


<9E 
dt ' 


The time derivative of this equation, and Faraday’s law, V x E = —SB /dt, permit us 
to eliminate the magnetic field and get 


379 



Chapter 18 


Waves in Dispersive Matter 


-V x (V x E) 


1 d 2 E „ 5 2 E 

c 2 a^ + Mo7V x ~W' 


We also know that 


0 = V • D = e 0 V • E + V • 7V x E = e 0 V • E. 

Therefore, because V x (V x E) = V(V • E) — V 2 E, the propagation equation is 


V 2 E = 


1 c> 2 E 


a 2 E 


p ae ■ W7V x at 1 ■ 


(b) Assume a plane wave E = E 0 exp[i(k • r — u)t)], where k • E 0 = 0. It that case, direct 
substitution gives 

c 2 k 2 E 0 = cc 2 E 0 + i^-—^- k x E 0 . 

e o 

Choose k = kz and write Eo = ax + by. In that case, the foregoing becomes 

(J 2 — c 2 k 2 )a — (iku> 2 j/eo)b = 0 
(ikiaj 2 y/eo)a + (uj 2 — c 2 k 2 )b = 0. 

These linear equations have a solution if the determinant 

I eo 2 - c 2 k 2 -ikuj 2 'y/e 0 I 


= 0. 


iku> 2 7/eo 


— c"fc 


,2 1, 2 


The eigenfrequencies are 


2 c 2 k 2 
^ 1 ± fcy/e 0 ' 


Substituting back into the linear equation shows that the wave with frequency ut± has 
polarization E 0 = a(x ± i y). These are RHC and LHC. 


18.20 Lorentz-Model Sum Rule 

The imaginary part of the Lorentz-model dielectric function is 


Im e(u>) 


e 0 WpWT 

( w 2 -cv 2 ) 2 +lo 2 W 


When T is small, the integral is dominated by contributions from u> ss loq and each of these 
can be substituted for the other (except when their difference is involved). Therefore, 
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OO 

J ciwwlme(w) 

o 


e 0 ujpT / duj 


(tvo + to) 2 (too — co) 2 + U) 2 F 2 




1 

2 


2 T - ' 

eo^r 


OO 


/ 


dx 

x 2 + r 2 


1 

2 


eo^pT tan 1 


x 


OO 


rlo 
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Chapter 19: Guided and Confined Waves 

19.1 Two-Wire Transmission Line 

The figure below shows the geometry of the line. 


2 C 


1 C 



£, )JL 


A,/ 




JC 


z 


The capacitance per unit length is C = X/(ip — ip 2) where tpi — P 2 is the potential difference 
between the wires. From Gauss’ law, the electric field between the wires in the plane of the 
wires is 



47T6 


1 

x 


1 

d — x 


x. 


Therefore, 


and 


<Pl - V2 


d—a 




a 


a 


dx 

x 


dx 

d — x 



7T 6 



c = 


7T 6 

ln[(d — a) /a] 


We suppose that the two wires are part of an infinite loop with wire length i. The 
inductance per unit length is C = <&/It where $ is the total flux which passes between the 
wires in the plane of the wires. / is the current circulating in the loop. From Ampere’s law, 
the magnetic field between the wires is 


Therefore, 



1 

x 


1 

d — x 


<F = 


dS-B = 


pH 

2-7T 


d—a 

/ dx 

a 


1 

X 


1 

d — x 


pH 
7r 


ln[(c? — a) /a], 


and 

C = — ln[(d — a)/a]. 
7r 


These results confirm that 

CC = pe. 
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19.2 TM Wave Guided by a Flat Conductor 

(a) The geometry defined by the statement of the problem is 



We will assume that the magnitudes of B/ and are equal and check that the 
boundary condition n x E|s = 0 is satisfied. Hence, because the angle of incidence is 
equal to the angle of refraction and u> = cko , the incident and reflected magnetic field 
vectors are 


and 


B/ = B o exp[— iko(xcosd + zsin0 + uM)]y 


B fl = B 0 exp [—iko (—x cos 9 + z sin 9 + wt)]y. 
The total magnetic field is the sum of the two: 


B = 2 B 0 cos(£:oa:cos0) exp[—i(/c o ~sin0 + ut)\ y. 


To get the corresponding electric field, we use 


„ „ 1 <9E 

VxB = ?8F 


iu >„ dB v „ dB v „ 

= -fa z ~ “s7 x 


The result, 

E = 2icB 0 [isin9cos(kox cos 0)x — cos 0sin(fcoa;cos 9) z] exp[— i(kozsin9 + cot)}, 

satisfies the boundary condition n x E|s = E z (x = 0) = 0. Our solution is a TM 
wave. 

(b) The time-averaged Poynting vector is 


or 

(S) 


(S) = -—Re(E x B*), 
2 Mo 


Re 


2 icBl 
Mo 


cos(fcoa; cos 9) [cos 9 sin(fcoa; cos 0)x + i sin 9 cos(koxcos 9)i 


2 C B 2 

—- cos 2 (fc o a;cos0) sin0z. 
Mo 
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(c) The induced surface charge density is 

cr = eon • E|,s = e$E x (x = 0) = — 2eoC-Bo sin#exp[— i(kozsm0 + cut)]. 

The induced surface current density is 

1 1 2 B 

K = —n x B| 5 = — B y (x = 0) = —- exp[—*(/co~sin# + cut)]. 

Mo Mo Mo 

For our geometry, the surface divergence has only one component, 

OK ‘IB 

V5 • K = —— = —ik o sin#—- exp[— i(k 0 z sin 9 + cut)]. 
dz MO 


Moreover, 


da 

at 


= ik o sin#c 2 eo2i?o exp[— ifk^zsinO + cut)]. 


Therefore, because Mo^oC 2 = 1, 


V S .K + |=0. 


19.3 TEM Waves Guided by a Cone and a Plane 


(a) For time-harmonic sources, the Maxwell curl equations are V x E = icuB and V x B = 
-*(cu/c 2 ) E. Using the information given, the components of these vector equations in 
a spherical coordinate system are 


1 


r sin 9 

_1 d_ 
r dr 
1 d_ 
r dr 


d 

— (sin 9E $) 


= 0 


(rE^) = icuBg 
C rEg) = iwB$ 


1 


r sin 6 

_ IS 
r dr 
1 d 


— (sin 9B^) 


= 0 


UJ 


(r B^) = i—^Eg 


UJ 


r 


dr 


C rBg ) = -i^E, 


From the bottom two lines, we see that there are two independent classes of solutions 
where the non-zero components of the fields are either (E^,Bg) or (Eg,B^). 


(b) The Maxwell divergence equations read 


1 

r sin 6 


d_ 

m 


(sin 9 Eg) 


= 0 


1 

r sin 9 


d_ 

d9 


(sin 9 Bg) 


= 0. 


These two equations have the same structure as the two equations in the first line of 
the curl equations in part (a). By direct integration, they show that 


Eg (r, 9) 


Eg(r) 
sin 9 


B<p{r,9) 


E <p( r ) 
sin 9 


Bg (r, 6) 


Bg(r) 
sin 9 


B<f,(r, 9) 


B <t>{r) 
sin 6 
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Substituting these back into the remaining curl equations gives 


^2 ( rE ») + ^ = 0 


Cj2 

^2 ( rB ») + c 2' = °- 


Therefore, 


Eg (r, 6) = 


E e iur/c _|_ e ~iuj/c 


cBg (r, 9) = 


r sin 9 

The partner fields follow by integrating one curl equation: 


Q e iuir/c _|_ ^/g-iw/c 

r sin 9 


cB^fr, 9) 


£ e iwr/c _ _g/g -iu/c 

r sin 9 


E(j>{r, 9) 


Be iur/c - B'e~ iu/c 

r sin 9 


(c) To provide wave guiding, the electric field must be entirely normal to both metal 
surfaces. This is the case with the set {Eg^B^) but not with the set {E^^Bg). 


Source: S.A. Schelkunoff, Electromagnetic Waves (Van Nostrand, New York, 1943). 


19.4 The Lowest Propagating Mode of a Waveguide 

(a) For a quantum particle-in-a-box, the integrated curvature of ip is the total (kinetic) 

energy of the particle. A simple sketch shows that this quantity is unavoidably greater 
for the ground state of a particle whose wave function must go to zero at the box 
boundary than for the ground state of particle whose wave function need only approach 
the wall with zero slope. We infer from this that the lowest propagating mode of a 
hollow-tube waveguide will be TE. 

(b) Consider a variational solution of the Helmholtz equation for the drumhead. The 
greater the constraints on the solution, the higher the energy will be. An elastic 
membrane sitting on top of a hollow cylindrical support with the same shape is less 
constrained than a membrane whose edges are tacked down onto the support. We infer 
from this that the TE mode of the waveguide will have the lowest cutoff frequency. 


Source: E.T. Kornhauser and I. Stakgold, Journal of Mathematics and Physics 32, 45-57 
(1952). 


19.5 Semi-Circular Waveguide 


(a) Let us start with the modes of a waveguide with a circular cross section. The modes 
of the semi-circular waveguide are a subset of these modes. Our task is to solve the 
Helmholtz equation in plane polar coordinates, 


[V 2 


1 d i 

f d ip\ 

1 d 2 ip 

r dr ' 

K~9r) 

1 r 2 cK? 2 
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with the boundary condition ip\s = E z \$ = 0 for TM and dip/dn\s = dB~/dn\s = 0 
for TE. Separation of variables with 0) = R(r)Q(9) and a separation constant m 2 
produces two ordinary differential equations: 


d 2 Q 

Iff 2 


+ m 2 0 = 0 


, d 2 R dR 


Liz JL Is Lh-L 1/ / O O O \ ^ 

+ 6 r _ m ) = °- 


dr 


The first has linearly independent solutions sin(m 6 *) and cos (m6). The second is 
Bessel’s equation. The solution must be regular at r = 0, so the only possible solution 
is We conclude that 


{ sin(md) 

(19.1) 

cos (mO). 

For TM modes of the circular waveguide, we need J m ( 7 R) = 0, which will be the case 
if we choose q mn = x mn /R where x mn is the n th zero of J m (x). For the semi-circular 
waveguide, we must ensure that = 0 when 6 = 0 and when 6 = n. This will be 
true if we choose the sine functions in (19.1) with m > 0. Hence, the TM longitudinal 
electric fields that can exist in a semi-circular waveguide are 


Bz{r,9) = EoJ m ('y mn r)sin(m6) m= 1,2,... n= 1,2,... 

For a waveguide where the fields vary as exp [i(hz — ccf)], the mode frequencies satisfy 



The cutoff frequency corresponds to h = 0. Therefore, the cutoff frequencies of the 
semi-circular waveguide are 


%mn 

^mn — ^~imn — C - 

K 

For TE modes of the circular waveguide, we choose ')’ mn = x’ mn /R where x' mn is the 
n th zero of J' n {x). For the semi-circular waveguide, we note that the normal to the flat 
wall points in the 0 direction. Therefore, the new boundary condition is dip/dd = 0 
when 6 = 0 and when 6 = it. This will be true if we choose the cos (m6) functions in 
(19.1). Hence, the TE longitudinal magnetic fields that can exist in a semi-circular 
waveguide are 


B z (r, 6) = B 0 J m {i mn r) cos (md) m = 0,1, 


n = 1 , 2 ,. 


The cutoff frequencies for these modes are 


, / _ ^ / „mn 

^mn ^7mn 
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(b) If we look up the zeroes of J m (x) and J' m (x), we find that the smallest is x\ = 1.841. 
Therefore, we need to evaluate the transverse fields of the TEn mode. These are 


B = 


i h i hR 2 1 r' ft 

Vj B z = tt^B 0 p^J[^ n r/R) cose--J^r/R) sine 


Mi 


^11J 


R 


E_l = —y—z x B_l = - ( 9'^-J[('nir/R)cosd + - J^'^r/R) sin# 

h x\ l \ R r j 


19.6 Whispering Gallery Modes 

(a) Our general discussion of waveguide modes began with 

E(r,f) = [E_L(rj_) + z.E'zfrx)] exp [i(hz — u>t)\ 

and 

H(r, t) = [Hj_(rj_) + zH z (r±_)\ exp [i(hz - ujt)\. 
Substituting these into the Maxwell equations produced 


ih„ iue „ _ „ 

H_l = -o V_L H z H- -z x X7 ± E Z 

Y '■y Zi 


and 

ih „ 

Ex = — 

icon TT 

—Ez x X7±H Z , 


T 

T 

where 




2 2 l2 

7 = fieuj — a 

and 

[Vi + X] [ 

o 

II 

K) N 

bq tq 


For the present problem, we set h = 0 to eliminate the z-dependence. Therefore, TE 
solutions are characterized by 


E x = -^z x V ± H X 


E z = 0 [Vi + 7 2 ] H z = 0 

and TM solutions are characterized by 

H z = 0 [Vi + 7 2 ] E z = 0 

This obliges us to study the Helmholtz equation in two-dimensional polar coordinates: 

[V 2 +7 2 ] 


V 


„ uve _ ^ 
Hi = 2 Z X V ± E Z . 

T 


E z 

H- 


d 2 Id 1 d 2 ib o 

-1-1-- -i- 

dp 2 p dp p 2 d(j)‘ 


E z 

H, 


= 0 . 
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The text shows that the solutions which satisfy perfect-conductor boundary conditions 
and which are regular at the center of the tube are 

E z (p, 4>) = EQj m (7™ p) exp [i(m<j) - ut)] 

and 

H z {p,4>) = H 0 J m ('y™p)exp[i(m<l>- uit)}, 

where 7™ R is the n th zero of J m ( x ) and 7™ R is the n th zero of J' m (x ). These are 
circumferentially propagating modes because the phase is constant when </> increases 
linearly with t. 


(b) The sketch below shows J m (x) for the first few values of m. The trend is clear: the 
weight of the function moves to larger values of a; as to increases. Hence, we choose 
to 1 and then yi? so the first zero of the Bessel function coincides with the tube 
boundary. Every solution of this type has |E(p, <fi)\ > 0 everywhere and has almost all 
its weight concentrated in the immediate vicinity of p = R. 



19.7 Waveguide Discontinuity 

The waveguide geometry described is as follows. 
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For a TE m o mode in waveguide 1, we have H z oc cos (?n 7 r:r/ai). The continuity of the 
tangential component of E shows that only TE m o modes will propagate in waveguide 2 
because the absence of y-dependence in guide 1 cannot generate ^-dependence in guide 2 . 
Our task, then, is to find the expansion coefficients H m so 


OO 

y: H m cos 

m = 1 


m7Tx\ 
02 ) 


Hcos(Trx/ai) 0 < x < oi, 

0 a\ < x < a- 2 - 


This is a job for the orthogonality of the cosine functions and we find 


H n 


2 H 

ai 


a i 

J dx cos (nx/a\) cos (mnxfaf) 
o 


2 Ha-2 

7r(a2 — max) 


sin[7r(l 


mai/a 2 )] 


2 Ha 2 

7r(a2 + mai) 


sin[7r(l + ?nai/a2)]. 


2Hmaia2 
7r(a| — m 2 aj) 


sin 



When ai 
answer, 


02 , = 0 for m 1. When m = 1, l’Hospital’s rule gives the expected 


= 


lim 


i dm 


2 H sin(m7r) 
7T (1 — m 2 ) 


2ttH cosfmn) 

lnn --- 

m —>1 —2mir 


= H. 


Source: C.G. Someda, Electromagnetic Waves (CRC Press, Boca Raton, FL, 2006). 


19.8 A Vector-Potential Method 

(a) We use X7 = X7± + zd/dz and first compute the magnetic field: 


B = VxA = — zx ( Vj_ + z — 

CJZ 


A{r 1 _)e i(hz ~ ult) ] = - [z x V±A(r)] e i{hz - ut) . 


The text defines y 2 = poo" 1 — h 2 and reports 


HTM^fzxViUje’M. 


7 


This agrees with our calculation if 


*=- w E - 


If so, it is necessary that [Vj_ + 7 2 ]A = 0. We confirm this by writing out the wave 
equation for A(r, t) explicitly: 
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0 = A(r,i) 

• V ± + z^- zA(r ± )e i(h3 - ut) + h<m 2 A 
oz\ 

■ [V±A + ihAz] e^ hz -^ + peto 2 A 
= [Vi - h 2 + peco 2 ] Ae l{ - hz ~ ut) z 
= [Vi+ 7 2 ]A. 

We calculate the electric field from VxB = epdE/dt. Specifically, 

E = —VxB 

fie uj 

= — f(z • X7)X7 ± Ae i{hz - ut) - zV • 

fieto L 

= — - zVi Ae 1 ^-^ 

fieuj 

= — \ihS7 ± A + z 7 2 .4l e i{hz - ut] 

fieco 

l -^S7±E z +z.E z ] e ^ hz - ut) . 

T 


This agrees exactly with Etm reported in the text. 

(b) The fact that Ete = V x A is not a problem because V • E = 0 for the fields inside a 
waveguide. 


19.9 Waveguide Filters 

A mode transmits if its electric field is normal to every conducting surface, including the 
wire screen. This boundary condition is satisfied automatically by a longitudinal electric 
field. Otherwise, the transmitted electric field lines must be purely radial for guide (a) 
and purely circumferential for guide (b). The former satisfies V x Ej_ = 0 (because it is 
like the field of a point charge except that the field vanishes at the origin) and the latter 
satisfies V x Ej_ yf 0 (because j> di ■ E yA 0 around a closed field line). Therefore, since 
V x Ej^ = iuiB. z, guide (a) can only transmit a mode where B- = 0, i.e., a TM mode. 
Conversely, guide (b) can only transmit a mode where B z yA 0, i.e., a TE mode. In fact, the 
modes in question are TEoi and TMoi. 

Source: C.G. Montgomery, R.H. Dicke, and E.M. Purcell, Principles of Microwave Circuits 
(Boston Technical Lithographers, Lexington, MA, 1963). 
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19.10 Waveguide Mode Orthogonality 


(a) We are given 

viVv = Ki’v 

Vi 4>q = A qljjq. 

Multiply the top line by ip q , multiply the bottom line by ip p , subtract, and integrate 
over A. The result is 

(A,-A p ) J d 2 rip p ip q = J d 2 r {'tpqV^ipp - ifpV^ipq} . 

A A 

Applying Green’s second identity to the right-hand side gives 

(A q - A p ) J d 2 ripptp q = <j> dt{if q h • Vip p - 4>pii • Vt/> 9 } = 0. 

A 

The zero on the far right-hand side follows from the assumed boundary conditions for 
ip p and ijj q . 


(b) For TE modes, 

B p = ih p 'V±4>p + irfpifp 
Ep — (u)/h p )z x Bp, 


where 

(Vi + rfWp = (Vi + u 2 /c 2 - h 2 p)ipp = 0 and n • V^p | c = 0. 

Therefore, if C is the perimeter curve of A, Green’s first identity and the boundary 
condition on the wall give 


f d 2 r Bp • B q 

A 


= -hphq J Vj.V’p • Vj.Vv, + %% J d 2 r'ipp'ipq 

A A 

r j2_,, V72„/, /. /. Idepjph ^ 1 ~' 2 -' 2 1 a2 


— hphq / d r'ipp’V 'ipq — h p h q 


= - KK) J d 2 rippfjq 


J 

c 


V±^ 9 +7p7 q J d~rip p tp q 

A 


= 0. 


The last line follows from part (a) if y 2 y 2 . Similarly, 
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f d 2 r E p • E 9 

A 


—— [ d 2 r {z x B p } • {z x B,} 
h p h q J 

A 

J d 2 r {Bp • B f; — (z • Bp)(z • B g )} 
P q A 


= —ur / u Vi^ 


2 2 


d 2 rf) v 'f q 


= 0 . 

The last line follows from part (a) if y 2 ^ y 2 . 

(c) For TM modes, the boundary condition for the Helmholtz equation is if p \c = 0, and 

Ep = h p X7 ± tp p + Z7pV>p 


p _ <?h v v ' 

Exactly the same string of arguments shows that the TM electric and TM magnetic 
fields will be orthogonal if the conditions of part (a) are met. We need not repeat 
everything because duality guarantees that the algebra will be the same. 


(d) For the TM-TE case, we have 


J d 2 rE™ • E™ = —itohpj d 2 rX/ ±_ip™ ■ (z x \7j_ifp E ) 

A A 

= — icohpZ ■ J d 2 r\7j_ipp E x V j_if™ ■ (19.2) 

A 

Using V x (/ g) = V/ x g + / V x g, we write the equation just above in the form 
J d 2 r E™ • Ef = cukpz ■ J d 2 r [if™V ± x (V ± if™) - V x x 

A A 

On the other hand, 

V x x (V±ipp E ) = z(d x d y - d y d x )ipJ E = 0. 

Therefore, 

Jd 2 rE™ • EJ e = -uhpz ■ f d 2 rV± x (if™V±ipJ E ) 

A A 

= —uhpi ■ j> d£ n x [if™ V X ^J E ] 

= 0 . 
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The last line follows because ifJ M vanishes on the boundary. There is no requirement 
that and be unequal. Finally, 


fd 2 r B™ -B™ 


£r/‘ iVBy.(zx E ™) 

q A 

J d 2 r {ihp\7^ E + z7pV>J E } • {ih q z x \7±ip™} 

q A 


= ■ jd 2 rV ± if™xV ± if™ 

a 

= 0 . 

We get zero because the final integral is the same as appeared in (1). 


19.11 A Waveguide with a Bend 

(a) We check each free-space Maxwell equation in turn, making repeated use of the fact 
that $ = <f>(y, z): 


_ .ui d<& 

V • E = I — — = 0 
c ox 


cV • B = —V • (x x V<1>) = x • V x Vd> — V<f> -V xx = 0 


CJ (j0 

V x E + - 7 — = i— V x (x$) + i —x x V<3> — 0 
at c c 


1 <9E up 

V x cB-— = —V x (x x V<1>) — x— r $ = — x 

c dt K ' c 2 


_ ,9 UJ 

V“ + — 


$ = 0 . 


On the top and bottom walls, nxEoc±xxx = 0so the boundary condition is 
satisfied. On the side walls, n x E oc ± (y x x)$ = 0 if <f>(y = 0) = <f>(y = a) = 0 is 
imposed as a boundary condition on the Helmholtz equation for < f>(y, z). 

(b) Separating variables in the Helmholtz equation gives d>(y, z) = sin(7r ny/a)ip(z), where 
n = 1,2,... and 


d 2 if 

hz 2 



9 9 

7 rrr 


2 


if = 0 . 


The curvature k(z) = 0 in the straight portion of the guide so, choosing n = 1, we get 
a propagating (sinusoidal) solution if u> > nc/a. 
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(c) In the curved portion of the guide, the Helmholtz equation is a one-dimensional 
Schrodinger-like equation, 

d 2 ih 

~^ + v ( z )tP = e iP, 

9 9 9 

# / x i 9/ n w 7r n 

with V(z) = —bn 2 (z) and E — — -—. 

c l a 1 

The potential is attractive so there is guaranteed to be at least one bound state with 
E < 0, that is, with lo < irc/a. The corresponding spatial mode is localized near the 
bend. Like a particle-in-a-finite-well wave function, its amplitude is large in the bend 
and falls exponentially to zero when the bend straightens out. 


Source: J. Goldstone and R.L. Jaffe, Physical Review B 45, 14100 (1992). 


19.12 TE and TM Modes of a Coaxial Waveguide 

Let q 2 = w 2 /c 2 — h 2 . The Helmholtz equation is 

[Vi+ 7 2 ]V- = 0. (1) 

For TE modes, we solve (1) with the boundary condition dip m /dn\s = 0 and construct 

ip m e i{hz ~ ut) 


Bte — 


ih „ 

—Vj_ + z 

T 


( 2 ) 


Ete = — v p z x Bte- 


For TM modes, we solve (1) with the boundary condition ip e \s =0 and construct 

ih. 


Etm — 


— Vj. + z 

L7 2 


^ e€ i(hz-wt) 


(3) 


Btm = x Etm- 


(a) For a coaxial guide with cylindrical symmetry, (1) becomes 


1 d ( dip 


Pdp V dp 


ip = 0. 


(4) 


This is Bessel’s differential equation of order zero with linear independent solutions 
Jofyp) and Noipyp). The origin and infinity are excluded from b < p < a so 

ip(p) = HJ 0 ( 7 p) + BNo ( 7 / 3 ). 

TM modes : The boundary conditions are ip | a b = 0 or 
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AJ 0 (^a) + BNo^a) = 0 = AJ^b) + BNo^b). 

These linear equations will be zero if the determinant of the coefficients is zero: 

Jo (in a) N 0 (j m b) = J 0 ( 7 m b) N 0 ( 7 m a). 

The index m accounts for multiple solutions to the transcendental equation. The fields 
Etm and Btm are given by (3). 

TE modes : The boundary conditions are dif/dp\ p=a b = 0. By the same logic, 
tHp) = Jo(ia) N o(l b ) = J o(l b ) N o(l a ) 

is the transcendental equation for the TE eigenvalues 7 ™. The fields Ete and Bte 
are given by ( 2 ). 


(b) When a-iCp = \(a + b) we approximate (4) with the differential equation 


Ad_ f-d_\ 

pdp X dp) 



= 0 = 



X- 


This gives the solutions 


4>m = sin 


mr(p — b) 
a — b 


and 


IpE = COS 


nn{p — b) 
a — b 


. , 9 9 IIL 

with 7 e = 7m = -=2 + 
P 



19.13 A Baffling Waveguide 

For a circular cross section, we must solve the two-dimensional Helmholtz equation 


where 


19/ dtp\ 
p dp V 9p ) 


1 d 2 X 

p 2 dcj) 2 


+ 7 2 V> = 0, 



(1) 

( 2 ) 


Separating variables in (1) with 0(p, f) = F(p)G{(J)) and separation constant or gives 


<f 2 F 1 dF 
dp 2 ^ p dp 



d 2 G 

dcj) 2 


+ a 2 G = 0. 


( 3 ) 
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Equation (3) is Bessel’s equation. Since 7 7 ^ 0, the general solution that does not diverge 
at the origin is 

tp a (p, 4>) = A J a ( 7 p) (sin acj) + B cos a<f>). 

The first two Bessel functions are shown below. 



TM modes : 

The boundary condition is 

tpTMh R ) = J<x(lR) = 0 . 

This shows that the TM modes are indexed by an integer m such that 7 ™ = x m /R where 
{x\, X 2 , ■ ■ ■} are the zeroes of the J a (x) beginning with the smallest. From the diagram 
above, we see that the lowest TM cutoff frequency is associated with the first zero of Jq(x ): 


wtm = C 71 = cxi/R « 2.4c/ R. 


TE modes : 

The boundary condition is 

dipTE _ dJgjjp) 
dr r=R ~ Op 

This shows that the TE modes are indexed by an integer n such that 7 ^ = y m /R where 
{j/i, 1 ) 2 ,.. • } are the maxima and minima of the J a ( 2 :) beginning with the smallest. From the 
diagram, we see that the lowest TE cutoff frequency is associated with the first maximum 
of J\{x): 

Ul TE ^ 1.8c/ R. 

(a) When the baffle is present at </> = 0, we get the extra TM boundary conditions if)((f> = 
0) = = 2tt) = 0. This leads to 

'•Pa M (/°: 4>) = A J a ( 7 P) sin ot(p, 
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with a = m/2 and m = 1,2,... From a table of zeroes of Bessel functions of half¬ 
integer order, the smallest comes from Ji/iiif) = 0. Therefore the new TM cutoff 
frequency is u>tm = cn/R > wtm- 


(b) The extra TE boundary condition is if'(.ft = 0) = = 27t) = 0 where the prime here 

denotes a derivative with respect to <j> (the direction normal to the baffle). This leads 
us to choose 

if™ = AJ a (7 p) cos acf 

and again we get a = m/2 and m = 1,2,... From a table of zeroes of the derivative 
of Bessel functions with half-integer order, the smallest comes from J[j 2 { 1.17) = 0 . 
Therefore, the new TE cutoff frequency is u>te = (1.17 )c/R < wte- 


19.14 Waveguide Charge and Current 

(a) For a TM waveguide mode, 

Etm = 

H T m 

M i surface charge density is 


ih „ _ 

— Vj _E Z + E z z 


7 

coe 0 


exp [i(hz — cat)] 


z x E. 


* rnl 

0"TM = £0 n • U<| S — T9~~ 


The corresponding surface current density is 


ieoh dE z 
7 2 dn 


K = n x HL = k^n x (z x e)L = ^^-n • E 
* h * h 


„ co 

z = — cr TM z = tipffTMZ- 


(b) For a TE waveguide mode, 

E T e = 




z x H 


H 


TE — 


ih. 


V_l H z + H z z 


exp [ifhz — cot)]. 


The surface charge density is 


~ , eow/ro - 

ute = eon • E| 5 =- - —n • (z x H) 


co , 


eo co no 


z • (n x H) 


K 

= ^z-K 

= — z K 


S c 2 

s v g 
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(c) 


T ■ Kte = T ■ (n x H)| s = H • (f x n)| 5 = z • H| s ^ 0. 


(d) For TM modes, the results from part (a) tell us that 

<9otm 


dt 


= —IUXJ TM- 


Moreover, 


This shows that 


„ udaTM uj 

V ■ Ktm = 1 -^- = -rlha TM = *W(TTM' 

h oz h 


V • K tm + = 0. 

at 


For TE modes, we have 


9a te 

~dT 


= —*W(Jte • 


Otherwise, we can rewrite one of the results from part (b) as 


, , eoUJ^o „ 

cr T E = eon • EL = - -— n • (z x H) 


=--—H ■ (n x z) 

= —Hr 

s h 

s c 2 h 


■ (1) 


Using part (c) and then (1), 


O A 

V-Kte = q: (z • K te ) + ^ (f • K TE ) 


c 2 h 9ctte 9 


bL(H-z) 


u> dz 9 t 

,c 2 h 2 911. 

l er T E ^ o— 

U) OT 

,c 2 h 2 7 2 

*-er T E + t ~tH t 

oj in 


1C / 7 9 0 \ 

= - (JTE{h +7) 

OJ 


= 2.09(JxE* 


This shows that 


V • K te + = 0. 

at. 
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19.15 Cavity Modes as Harmonic Oscillators 

The total electromagnetic energy for is 

Uem = J d 3 r[E 2 + c 2 B 2 ] . 


We work in the Coulomb gauge, V ■ A = 0, where 


E = - 


dA 

~di 


B = V x A. 


The vector potential satisfies the wave equation. Therefore, if 


we have 


A (M) = ^2<l\(t)A x (r), 

A 

V 2 A a + ^Aa =0. 


(1) 


When ji, ^ A, the text proved that 


J d 3 r (V x A a ) • (V x A p ) = 0 = 


d 3 r A\ ■ A fl . 


( 2 ) 


We also assume normalized mode functions, so 


J d 3 r A\ ■ A a = 1. 


( 3 ) 


Using (2), we see that the electric energy corresponds to the kinetic energy of a set of 
oscillators: 


Uem 



[ct\A\ ■ A m + c 2 (q\ V x A a ) • x A a ) 



d 3 rq{(\7x A a )-(Vx A a ) 


To simplify the magnetic energy, we use the identity quoted in the text, 


J dS ■ [a x (V x b) + (V • b)a] = J d 3 r [(V x a) • (V x b) + (V • a)(V • b) + a • V 2 b] 


With a = b = A a , the surface integral vanishes because V • A a = 0 and the boundary 
condition on the modes is n x A|g = 0. Therefore, using (1) and (2), 


d 3 r(V x A a ) • (V x A a ) 
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Substituting this into our formula for ZTem identifies the magnetic energy as the potential 
energy of the oscillators and gives the desired result: 

Uem = ^eo [€ +“Ul] ■ 
x 


19.16 An Electromagnetic Oscillator 

(a) When one sphere has charge Q, the other will have charge —Q. The potential of a 
conducting sphere with radius R and charge Q is V = Q/AneoR. Therefore the self¬ 
capacitance of a single sphere is Co = 'IneoR. For the two-sphere system, we neglect 
the mutual capacitance so that 

Q~C 0 V i 
—Q « C 0 V 2 . 

Q Co 

Therefore, C = — -— = — = 27re 0 -R- 

Vi — V-2 2 

(b) We estimate the inductance from the magnetic energy Ub = LI 2 /2 of the rod when a 

current I flows through it. As long as a < p <C l, the magnetic field is circumferential 
with magnitude 

Therefore, 


U B 


1 

2p 0 


dVB 2 


l 



a 


pdpB 2 (p) 


In (7/a) 


and L = l\n(l/a ). 

Z7T 

(c) Treating our system as an LC circuit, the resonant frequency is 

1 1 c 

V LC \J (27reo-R)(/i(dln(Z/a)/27r) \/Rl In {l/a) 


19.17 A Variational Principle 

(a) For any mode of the cavity, V x E = —3B /dt = iuj~B . This gives 

/ d 3 r |V x E | 2 f d 3 r |B| 2 2 

v __ 2V_ __ 

f d 3 r |E | 2 /d 3 r|E | 2 _ c 2 ’ 

v v 

because the time-averaged electric energy and magnetic energy are equal for a cavity 
mode: 


I 


d 3 r |E| 2 


= c 


/ 


d 3 r |B| 2 . 
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Similarly, because V x B = c 2 9E /dt = — iu/c 2 , 

/ d 3 r |V x B| 2 f^3^n7i2 


f d 3 r |E| 
lo v 


LV 


f d 3 r |B| 2 c 4 f d 3 r|B| 2 c 2 
v v 


(b) By the quotient rule for derivatives, 


= < 5 . 


/ d 3 r | V x E| : 

v _ 

f d 3 r |E| 2 


8 if d 3 r |V x E| 2 l/d 3 r|E| 2 - <5 (/d 3 r |E| 2 1 / d 3 r | V x E| 

Iv _ )_v_ _If_ )_v_ _ 

f d 3 r |E| 2 f d 3 r |E| 2 


5 f d 3 r |V x E| 2 2 S f d 3 r |E| 

v oj v 


f d 3 r |E| 2 c 2 / d 3 r |E| 2 


Now, 


Sfd 3 r |VxE| 2 = fd 3 r [V x (E + <SE)] • [V x (E + <SE)] - J d 3 r\V x E|' 

V V V 


and 

Ji 

(V x E) • (V x 5E) = V • (<5E x V x E) - (5E • V x V x E = V • (<5E x V x E) + —-<5E • E. 

c 2 


Therefore, if E = E|| +Ej_ decomposes E into a component parallel and perpendicular 
to the surface, the fact that <5Ey = 0 at the surface of a perfect conductor gives 


V • (<SE x V x E) = 


J dS ■ (<5E x B) 

s 



■ ((5En x By) = 0. 


We conclude that 



v v 


Much more simply, 


d 3 i 


|Er = 2 


d 3 r 


E • <5E + 


d 3 i 


m 2 


This gives the final result 



/ d 3 r {|V x <5E| 2 - (w 2 /c 2 )|<5E| 2 } 
v 


f d 3 r |E| 2 
v 


because the terms that are linear in <5E cancel. A similar proof applies to <5B. 
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(c) If B = (p+ ap 2 )(p, V x B = (2 + 3ap)z in cylindrical coordinates. Therefore, 


R 

f d 3 r |V x B| 2 27 tL f dpp{ 2 + 3 ap)' 2 

v _ < o _ 

fd 3 r IB 1 2 R 

v 27 tL / dpp(p + ap 2 ) 2 

o 


15(8+ 16a??+9a 2 ?? 2 ) 
I? 2 (15 + 24al? + 10a 2 1? 2 )' 


We want to minimize this: 


^=0 

oa 


1 11 7 O o 

5 + 24 ai?+ 30 a R ~°' 


Therefore, 


a = 


—55 ± v / 337 
56R 


The root with the plus (minus) sign gives d?A/da 2 positive (negative). We want a 
minimum so we choose the plus sign. Therefore, a « —0.654/1? and 


UJ 

c 


Va 


2.409 

R 


is our estimate. The solution we guessed corresponds to a TM mode, and the lowest 
such mode frequency for a cylindrical cavity may be inferred from the lowest cutoff 
frequency for TM waves in a cylindrical waveguide. This is 


to xoi 2.405 
c = ~R ~ R ’ 

where xqi is the first zero of the Bessel function Jo(x). Our estimate is excellent! 


19.18 An Asymmetric Two-Dimensional Resonant Cavity 

TM modes in a cavity have the property that ip = 0 on the walls of the cavity. This tells us 
to look for the zeroes of ip. The waves in the sum are ±ko, ±k|, and ±k 2 - Since to = ck, 

ip{x, y , t) = Im {2i [sin(k () • r) — sin(ki • r) + sin(k 2 • r)] e ~ tut } . 


Moreover, 


kj • r = cos 


L 3 J 


ko ■ r = kx 

7T 


ko • r = cos 


27T 

T 


kx + sin 
kx + sin 


L 3 J 

27T 

T 




Therefore, 

ip(x , y, t) = 2 cos (ivt) \ sin kx — sin 


kx a/3 ky 
2 H 2 


— sin 


kx \/3ky 

1 2 
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Zeroes come from multiplicative factors. To find one, let a = kx/2 and b = \/3ky/2 so the 
quantity in curly brackets is 

sin(a + a) — sin(a + b) — sin(a — b) = [sin a cos a + cos a sin a] — [sin a cos b + cos a sin b} 

— [sin a cos b — cos a sin b] 


= 2 sin a [cos a — cos 6]. 

This function is zero when sin a = 0. Thus, ip = 0 on the lines defined by a = kx/2 = to7t 
where m is an integer. We also get ip = 0 on the lines defined by cos a = cos b. The simplest 
of these are x = ±\/3 y. Therefore, if A = 2n/k, the heavy solid lines in the figure below 
outline a 2D conducting cavity which will support a TM resonant mode built from ip(x, y 1 1). 



Source: http://gregegan.customer.netspace.net.au/SCIENCE/Cavity/Simple.html 


19.19 The Ark of the Covenant 

The frequency ojq depends only on the dimensions of the Ark. Most scholars agree that the 
cubit used in the Hebrew bible was about 45 cm. Therefore, we take the Ark’s volume as 
V = abL where L = 1.125 m and a = b = 0.675 m. The half-width T depends on the skin 
depth and hence on the conductivity of gold. This is a = 4.5 x 10' f] _1 m _1 . Omitting a 
factor of exp(— iixt), we have TE cavity modes: 


_ iu> . 

Ete = -sm 

c 




z x V±1pTE p= 0,1,2,... 

pir /'P7TZ\ A . {P'KZ\ o 

cBte = —j~ cos y—— J \7 ±'ipte + zsm J 7 ^te 


V>TE = 'Ipo COS 


/ rmrx \ / mry \ 

- cos 




\ a 


V a J 


_ . m7r . / m7rx\ /nnyx ^ nn (m7rx\ . /mry\ 

Vj.'^te — —y^o -sm I- cos I- x-^o — cos I- sm -) 

a \ a / V a J a \ a / V a / 

7T 2 

7 2 = -it( m 2 + n 2 ) m,n = 0,1,2,... 


? 9 9 

2 p Z n Z 

~2 = 7 + 
c z 


i 2 ■ 
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We are interested in the lowest-frequency mode. The choice p = 0 gives no fields at all. 
Therefore, we must have p =1. Then, the choices m = 0, n = 1 or m = 1, n = 0 are 
degenerate with frequency 


Wo=C7r \/^ + Z2 GHZ ' 

The lowest TM-mode frequency cannot be lower than this. We can set ip o = 1 without loss 
of generality. Therefore, the fields associated with this mode are 


E 


IDTT 

*n ( 

' 7TZ\ 

. /Try 

Qi ri 1 _ 

u 



ac 

Dili 1 


olll 1 

V a . 

J x 


7I -2 / 

cB =-- COS 

aL \ 

'7 TZ} 

,~L) 

| sin 

V a , 

)y + 

TT 2 . / 

— sin 
a z \ 

'TTZ\ 

CL j 

l~(?) 


If ( U) is the time-averaged energy stored in the cavity and (P) is the time-averaged power 
dissipated in the ohmic walls, the half-width of the resonance is T = ujq/Q, where 


uJp _ ( P) 

Q ( U E ) + (U B ) eo 

4 


Sup o 
4^o 


cL4Bii • Bn 


cPr [E • E* 


2 B B* 


Straightforward integration, and the fact that ur /c 2 = it 2 /a 2 + tt / L 2 for this mode, gives 


(U E ) = ( Ub) = 


7r 4 e 0 L 
16a 2 


1+ Z 2 J ' 


Similarly, the fields do not depend on x, \B y (z = 0)| 2 = \B y (z = L) | 2 , and | B z (y = 0)| 2 = 
| B~(y = a)| 2 . Therefore, suppressing the field argument, 

a a L L 

j dA | B || | 2 = 2a j dy \B y | 2 =0 + 2 J dy j dz (\B y | 2 + \B Z | 2 ) r=Q + 2a j dz\B z \ 2 y ^ 0 . 


Therefore, 


and 


(P) = 


Suio 7r 4 
n 2 n 2 


3 L 


4/io c 2 a 2 [ L 2 2 L 2 a\ 


r — —— - 

= Q = 


dwO 7T 4 

'a 2 

a 

_i__i_ 

3 L 

a 2 

a 3 L 

4p 0 c 2 a 2 

L 2 

+ 2 L + 

2 a 

0 Su 0 L 2 

+ 2L + 2a 

O 

^ 00 

\ a 2 \ 

1 + v) 


2 L 

, a 2 

1 + lA 


At the resonance frequency, the skin depth is 

5 = 

P 0 UJ 0 <7 


16 x 10" 6 m. 
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For the Ark of the Covenant, a/L « 0.6. These numbers give the estimate 

T « 6.6 x 10" 5 w 0 « 0.1 MHz. 


Source: J. Franklin, Classical Electromagnetism (Pearson, San Francisco, 2005). 

19.20 Perturbation of a Cavity Resonator 

The theorem states that (Uem)T = constant. Therefore, if T = 

) _ Slo 

{U E m) w 

In our chapter on dielectrics, we learned that the energy change when a field Eo polarizes a 
dielectric is 

SU E = -\ j d 3 r P E 0 . 

Similarly, the energy change when the field B 0 magnetizes an object is 

SU B =~\j d 3 r M-E 0 . 

The adiabatic theorem makes sense when the object is small and the (barely perturbed) field 
is almost constant over the volume of the object. Therefore, if an asterix denotes complex 
conjugation, we take the field out of the integrals and use the time-averaging theorem to 
write 

5u> Re [p* • E 0 + m* • Bo] 

w 4 (Cem) 

This is called the Miiller-Slater formula. 

Source: C.H. Papas, Journal of Applied Physics 25, 1552 (1954). 


19.21 Resonant-Frequency Differences for a Cavity 

For a box with volume abc, the (un-normalized) resonant frequencies are nk = n 2 /a 2 + 
m 2 /b 2 + k 2 /c 2 . This equation defines an ellipsoid in (■ n,m,k ) space rather than a cube. 
Therefore, to capture all the frequencies less than a fixed value w max it is necessary to use 
different maximum values for n, m, and k. The following (normalized) results were obtained 
from 85,532 mode frequencies for a cavity with dimensions a = e, b = ir, and c = VT 7. The 
white line is a fit to a Poisson distribution. 


405 



Chapter 19 


Guided, and Confined Waves 



19.22 The Panofsky-Wenzel Theorem 

(a) The fields inside the cavity can be described by E = —dA/dt and B = VxA. Moreover, 
the particle velocity is not a function of position. Hence, 

v x B = v x (V x A) = V(v • A) — (v ■ V)A. 

Now, using the hint for a velocity v = vz, 


Apx = — / dz 


f) A 

— + (v-V)A —V(vA) 


= -- dz 


J j_ 


cl Aj 
dt 


- v\7±A z 


Because dz = vdt and the cavity electric field is E = iujA, 


A_l (L) 


E_l (L) 


iq 


Apx = —q J dA± + q J dz\7±A Z = — J dEj_ — — J dz\7j_E z . 

A ± (0) 0 Ej_(0) 0 


In this problem, the transverse direction is parallel to the z = 0 and z = L walls. If 
the holes in the cavity are negligibly small, the component of the electric field parallel 
to these walls vanishes and we get the advertised result. 


(b) E z = 0 for a TE mode so Apx = 0. This can be true only if the transverse force from 
the TE mode electric field exactly cancels the transverse Lorentz force from the TE 
mode magnetic field. 


Source: T.P. Wangler, Principles of RF Linear Accelerators (Wiley, New York, 1998). 


19.23 Forces on Resonant-Cavity Walls 

Every component of E satisfies the wave equation. Therefore 
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W 2 E z 


dE z 




: 2 dt 2 



We calculate the remaining non-zero components of B from V x E = The 

result is 


B 


X 


. 7T . TTX Try . 

—i — Eq sin — cos — exp (—not) 
auj a a 


. Eq TTX 7 ry 

-i—=- sin — cos — 
V2c a a 


exp(-iujt) 


B 


v 


—i — Eq cos 
ac 


7 xx . Try 
— sin — 
a a 


exp(— icot) 


. Eq 7 TX . 

—i—=^ cos — sin 
V2c a 


Try . . 

— exp y—iujt). 
a 


The Poynting vector contribution to the force density vanishes upon time-averaging because 


27T / CJ 

/ d 

dt— [ReE(r,t) x ReB(r,t)] = E(r)cos(wt) x B(r) sin(wt)|Q 7r//w = 0. 
o 

Otherwise, we treat each interior wall of the cavity separately and choose the volume V in 
the force integral as the space between two parallel walls. One wall lies inside the “meat” of 
the conducting wall, where the fields are zero. The other wall (call it S) lies in the vacuum 
interior of the cavity adjacent to the wall of interest. Therefore, the divergence theorem 
gives the force on the wall parallel to S in term of the normal n to 5 (which points into the 
cavity): 



F = / dS n-T = e 0 / dS 


(n • E)E + c 2 (n • B)B — -h(E 2 + c 2 B 2 ) 


The cavity cannot exert a net force on itself. Therefore, the force on the x = 0 wall is equal 
and opposite to the force on the x = a wall. The same argument applies to the y = 0 and 
y = a walls and to the z = 0 and z = h walls. 


The time-averaged force on the x = 0 wall is 


/*= o=*j J dS (c 2 \B x \ 2 -\E Z \ 2 - (?\B y \ 2 ) = I dz I dyc 2 \B y (x = 0)| 2 . 

x=0 0 0 


This gives an outward force 

a 

(F) x=0 = Jdy sin 2 ( 7 xy/a) = -x^e 0 ahE$ = ~{F) x=a . 

0 

An exactly similar calculation gives 

h a 

(F) w =o=yf J dS (c 2 \B y \ 2 ~\E z \ 2 -c 2 \B x \ 2 ) = -y e j-J dzJdxc 2 \B x (y = 0)\ 2 . 

y =0 0 0 
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Hence, 

a 

(F )y=o = -y^^- J dx sin 2 (7T x/a) = -y ^e 0 ahE$ = -(F)„ =0 
0 

Finally, 

<F)*=o = J dS (\E Z \ 2 -c 2 \B x \ 2 -c 2 \B v \ 2 ) 

2=0 


= y- 


b) E{ 


dx 


f , / • 2 KX . 2 

ny 

1 • 2 

nX ~ 2 

ny 

^ 2 

7TX . 2 

7T y\ 

dy < sin — sin 

— 

- - sm 

— COS 

- — 

- COS 

— sm 


/ ' l a 

a 

2 

a 

a 

2 

a 

a J 


= 0. 


By the previous argument, (F) z= h = 0 as well. 


Source: Prof. K.T. McDonald, Princeton University, http://cosmology.princeton.edu/~ 
mcdonald/examples / 


19.24 Graded Index Fiber 

(a) There is no free charge, so 


0 = V ■ D = V [e(r)E] = eV • E + E • Ve. 


Also, 

c) 02-p 

V(V • E) - V 2 E = V x V x E = V x B = -/ie— 

at dt z 

Therefore, if the medium is non-magnetic so p = po and n 2 (r) = e(r)/eo, 


V 2 E- 


n 2 (r) <9 2 E 



= 0. 


This reduces to the stated equation if the last term can be neglected. 

(b) We need to suppose that LVe <C 1 where L is a typical scale for the variation of E. 
This, in turn, requires a to be “small”, so a good approximation is 

n 2 (r) = tIq(1 — a 2 p 2 ) 2 w tIq( 1 — 2 a 2 p 2 ). 

Using this, we write out the wave equation in cylindrical coordinates to get 

<9 2 E 1SE 1 d 2 E d 2 E Tin(l — 2a 2 p 2 ) 9 2 E 

- 1 --- 1 - 1 - 1 — — --- - — -= 0 . 

dp 2 p dp p 2 df 2 dz 2 c 2 dt 2 

The proposed solution satisfies V • E = 0. With fc 0 = uqw/c, substituting it into the 
wave equation above gives 
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d 2 E 1 dE , o . „ 0 0 . _ 

prp ,—I-—- h" + fc 0 (l — 2a~ p“)E = 0. 

dp 2 p dp 

Now we try an exponential, E{p) = exp(— ftp). This gives 

Ef= 0 . 


(3 2 -^-h 2 + k 2 (l-2a 2 p 2 ) 


Now try a Gaussian, E(p) = exp(— (3 2 p 2 ), where 


< ^- = —2p/3 2 E and ^-^-=—2 /3 2 E + 4f3 4 p 2 E. 

dp dp 2 


This gives 


\—2/3 2 + 4/3 4 p 2 - 2/3 2 -h 2 + k 2 0 { 1 - 2a 2 p 2 )\ E = 0, 
which is a solution if /3 2 = ak o /\/2 and 

fco = n o~Y = 4/3 2 + /i 2 = -^=cnfco + fi 2 . 
c z y 2 


19.25 Interfacial Guided Waves 



(a) The field is time-harmonic so Faraday’s law and the fact that the fields have no , 2 - 
dependence gives 


H = t“ V x E = — \kd y E z - y d x E z + z(d x E y - d y E x )}. 

Vjjp tup 


Accordingly, 

Hi = —— [Ei z (aic — iky) + iE\ y {k — cc 2 )] e ay exp [i(kx — cat)}. 
On the other hand, the field satisfies the wave equation 


V 2 E- 


d 2 E 


c 2 dt 2 


= 0, 
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where n 2 = c 2 efi. Therefore, 


2 2 
o rtf or 

-fe 2 + a 2 + -A— = 0 
c z 


and 


-fe 2 +/3 2 + ^ = 0. 


Hence, 


H, = 


El Z / • „ . , „ N . „ e l W 

-(wx + fey) + z Ei v —— 

ujp, i k 


e ay exp[j(fea; — wt)] 


and 


H, = 


E 2 

W/^2 


-(—*/3x + fey) + z£ ; 


e 2 w 


'22/ " 


e ^ exp[i(fex — wf)]. 


(b) We have not yet enforced the Maxwell equation V • D = 0. A brief calculation using 
the given forms of the electric field yields 


E 


lx 


T £l * 


and 


E2x — ~^T.E2y 


,p- 

V 


(1) 


Using these, the y = 0 electric field matching conditions E\ x = E^x and E\ z = E- 2 Z 
imply that 

aEiy = -(3E- 2 y and E u = E 2z . (2) 


Similarly, the y = 0 magnetic field matching conditions H\ z = H 2 Z and H\ x = H 2 X 
imply that 


f-lEly — €2E2y 


a (3 

and — E\ z =- E 2z . 

Mi M2 


( 3 ) 


Since a and j3 are positive, (2) and (3) cannot be satisfied simultaneously except in 
two special cases: 


a 

P 


£l 

C2 


and 


E\ z — E2 Z — 0 


or 


a 

P 


Mi 

M2 


and E\ x — E 2 X — E\ y — E 2 y 0. 

In the case when E z = 0, (1) shows that the fields are elliptically polarized. 


(c) The results for E| and E 2 are identical; we will display the details for E ( only. The 
first case has E\ z = 0 and Hi = H\ z i. The time-averaged Poynting vector is 

(Si) = ^Re(E 1 x H*) 

= ^Re { (E lx ± + E ly y) x z E* ly ^ } e 2 ^ 

= ~Re{-yE lx E* ly + K\E ly \ 2 }e 2av . 
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A glance at (1) shows that the first term in curly brackets above is pure imaginary 
and thus does not contribute when the real part is taken. Hence, (Si) points along x. 
The second case has Ei = E\ z i and H\ z = 0. We find (Si) ax here too because 


(Si) 


^Re(Ei x H*) 

-Re / Ei z z x —— (fax — ky) 1 e 2ay 
2 ( wp, i J 

\~~ Re {y\Ei z fia + +xk\E lz \ 2 } e 2ay . 


Source: A.M. Portis, Electromagnetic Fields (Wiley, New York, 1978). 
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Chapter 20: Retardation and Radiation 


20.1 Poynting Flux above a Thunderstorm 

The frequency band given corresponds to wavelengths between 10 5 and 10 7 meters. A 
thunderhead rises to about 10 4 meters. Therefore, we are in the long-wavelength limit and 
can regard the lightning antenna as a vertically oriented dipole oscillator. The measurements 
are performed in the near zone of the dipole. The observation point lies above the dipole, 
which means that the electric field is approximately 

E - 1 2p(t) j 
47TC0 2 3 5 

where z is measured from the position of the dipole. The magnetic near-field comes from 
the displacement current on the right side of 


,, 1 <9E 

VxB = ?aT 


Using the integral form of this equation, we calculate the line integral of B around a circle 
of radius p with z as its symmetry axis. This gives 

1 • 2 w 2 

27 rpB^ = -^E-np = -i-^E z Trp , 

or 

.up 1 p(t)~ 

B = - VV- 

cr 47reo z 


The Poynting vector is S = eoE x B. From the foregoing, this will be radial and increase 
linearly with frequency. 


Source: W.M. Farrell et al ., Radio Science 41, RS3008 (2006). 


20.2 Fields from an Alternating Current in an Ohmic Wire 

(a) We have E = Ez so V • E = 0 => E(p,t ) = Re {E(p)e~ lut }. With j = crE for each 
Fourier component, the Maxwell equations yield the Helmholtz equation V 2 E+k 2 E = 
0 with 

k 2 = lo 2 / c 2 +iaou po. (1) 

In cylindrical coordinates, the general solution that is regular at the origin is 

E in (p) = AJ 0 (kp)z, (2) 

where Jo(x) is the zero-order Bessel function. The value of the coefficient A is fixed 
by the fact that the total current in the wire is Iq. Therefore, 

pa pa 

Iq = 27t / dppj(p) ='.2 tt<tA / dppJo(kp) => A = fc/o/27ro<Jo Ji(ka) 

Jo Jo 

because f g dxxJg(jx) = j^ 1 
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(b) Outside the wire, we have X/ 2 E + k^E = 0 where u = ckp . This means that E(p) is a 
linear combination of Jp{hp) and Np{kop) or, more conveniently, a linear combination 
of the Hankel functions = J v + iN v and Hi^ = J v — iN v : 


Eout(p) = [CH^(k 0 p) + DH™(kop)] z. 


( 3 ) 


The coefficients C and D follow from the matching conditions at the surface of the 
wire, p = a. First, the tangential component of E (E itself in this case) is continuous. 
Second, the tangential component of B (only a perfect conductor supports a surface 
current) is continuous. The latter reduces to the continuity of dE/dp because E is a 
function of p only and 


„ „ d>B „ idE - 

VxE = —— => B = 

at lo op 


( 4 ) 


In any event, because J' 0 {x) = — J\(x) and Nq(x) = 
tions yield 


C = 


lohk r Jo(fca) (2) 

8cr Ji(jfeo) 1 


{ha) - 


and 


lohk 

8(7 


M ka ) o-(l) 

J\ (ka) 1 


(ha) + 


—7V-| (x) , the two matching condi- 


Y H Q\ha) 
K 0 


( 5 ) 


Explicit formulae for E and B follow from (3) and (4). 

(c) Poynting’s theorem for any surface A concentric with the wire is 


-/ dAS = ^ + /^ E ' 


The total energy is time-harmonic if the fields are time-harmonic. Therefore, the time- 
derivative term integrates to zero when we time-average. Otherwise, since j = ayE, 
we conclude from 

-J dA • ( S) =^ 0 J d 3 r |E| 2 > 0 

A V 

that the normal component of the time-averaged Poynting vector (S) always points 
toward the 0 -axis. 

(d) To get the rate of energy loss due to resistive heating, P les , we use a cylindrical surface 
whose radius is infinitesimally less than a. Per unit length of wire, the rate of energy 
loss to ohmic processes is 

7TCL 

Pies = 27t a(S) = —Re {E in (a)B* n (a)} , 

Mo 

where E in is given by (2) and B ln is computed from (4) as 


Bin (a) 


-Ah 


U) 


dJ 0 ( kp ) 
dp 


p—a 


i 

UJ 


AkJ\{ka). 
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Remembering from (1) that the wave vector k is complex, the final result is 

Houi \2rraa J \ J\{ka) ) 

(e) To get the rate of energy loss per unit length due to radiation, P ra d, we begin with a 
cylindrical surface whose radius p will go to infinity and compute 

<S) = ^ Re {E oM B* M} . 

The calculation requires (3), (4), and the following asymptotic forms for the Hankel 
functions: 

lim H^ikop) = \l~r — e~"^ i e ikoP lim HPUkop) = \h^e +i "/*e~ ikoP . 

p—> oo y nkop p >oo V ttKo P 

Only the outgoing wave can contribute to energy loss by radiation. Comparison with 
(3) then tells us that 


2\C\ 2 

-Prad = lim 27 rp(S) = -, 

P~> OO fiQ(.0 

where C is given by (5). This is consistent with part (c) because the incoming wave 
supplies the net flow of energy into the wire. 


20.3 Free-Space Green Function in Two Dimensions 

In plane polar coordinates, the Green function for the Helmholtz equation is 

[V 2 + fc 2 ] Go(p, p') = —S(p — p'). 

We put p' = 0 and note that G 0 (p, 0) = G 0 (p) for the infinite plane. Therefore, the defining 
equation for the free-space Green function is 


Go (p) + fc" G 0 (p) — - -—. (1) 

2np 

The homogeneous equation is a form of Bessel’s equation of order zero, for which the text 
establishes that H^ihp) is an outgoing-wave solutions. Otherwise, integrate (1) over the 
volume V of a cylinder with radius p = e and unit length in the 2 -direction. The integral 
over the delta function gives —1. Because Go(p) does not depend on 2 , the integral over the 
Laplacian term gives 


J d 3 r V 2 Gd 

V 


dS ■ VG o = 


dt 


dGp 

dp 


2iip 


dG 0 

dp 


p=e 


The small-argument behavior of the Hankel function is 


414 



Chapter 20 


Retardation and Radiation 


lim Hn 1 ' (x) = — log x. 
x—>o 7r 

Therefore, using the proposed Green function, 


2 i. 


2irp 


dGo 

dp 


= 2ire x 


p=e 


i 2 i 1 
4 7r e 


= - 1 . 


This proves the assertion because the integral of the remaining term in (1) over a disk of 
radius e is 

k ■ ire 2 ■ -Hi 1 ' 1 (ke) = —kne 2 — log ke, 

4 0 v ’ 2t r 6 

which goes to zero as e —> 0 (by FHospital’s rule). 


20.4 The Method of Descent 


(a) Begin with the three-dimensional equation 


' 8 2 d 2 

dx 2 dy 2 


d 2 

dz 2 


1 d 2 ' 
c 2 dt 2 


G(x, y, z, t) 


-S(x)5{y)5(z)S{t). 


Using this, we see that 


dx 2 


d 2 1 d 2 


dy 2 


c 2 dt 2 
d 2 


dz G(x , y , z, t.) 

= ~J dz^G(x,y,z,t) - J dzS(x)8(y)S(z)S(t) 

- S(x)8(y)6(t) 

= ~S(x)6(y)8(t ). 


dG 

dz 


The last line follows because the ^-derivative of G(r,t) = S(t — r/c)/Ai:r vanishes at 
z = ±oo for any finite time. This proves the assertion because, by definition, 


' d 2 d 2 

dx 2 dy 2 


1 d 2 ' 
c 2 dt 2 


G2(x,y,t) 


—S(x)S(y)S(t). 


(b) G(r, t) is an even function of z. Therefore, using the delta function rule, 

[ dxg(x)S[f(x)\ = ^2 jrr ^\T where f(x k ) = 0 and a < x k < b, 

Ja u 1/ \ x k) | 
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we find 


G(x,y,t) = 


= if* 

2tt Jo 


da; G(:r, y, z, t) 

6{t - sjz 1 + p 2 jc) 


y/z 2 + p 2 


= 


= ©(i - p/c) 


1 


Z=yJ C 2 £ 2 — /9 2 

1 


27r \A 2 ^ P 2 /c 2 ' 


The theta function is required to keep the Green function real. 


Source: G. Barton, Elements of Green’s Functions and Propagation (Clarendon, Oxford, 
1989). 


20.5 Retarded Fields from Non-Retarded Potentials 

(a) The key observation is that jj_(r, t) ^ 0 at every point in space, even if j(r,i) is 
localized and vanishes outside a finite volume of space. On the other hand, jj_(r, t) 
gets contributions from every part of the physical current density, and all of these 
occur at the instantaneous time t. Focus now on the integral for A c (r, t) at a point 
r which lies far outside the physical source current. One contribution to this integral 
comes from r' = r where t ret = t and jj_(s,t) ^ 0. However, the latter depends 
on values of the physical current which are far from the observation point but which 
occur at the instantaneous time. These contributions are not retarded, so A c is not 
retarded. 


(b) Inserting the retardation with a delta function, the magnetic field is 

OO 

'6(t'-t+ |r —r'|/c) 


B(r, t) = j d 3 r' J dt! V x 


j-L(r',t / ) 


-g/dV / tfV'x 


S(t' — t + |r — r'|/c) 


r — r' 






8(t’ - t + |r - r'|/c) 


V' x jj_(r / , t'). 


The last line above follows by partial integration because jj_/|r — r'| goes to zero at 
infinity. However, V xj = V xjj_ + V x j || = V xjj^. Therefore, 
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OO 

B(r,f) = J d 3 r' J dt'S(t'— t + \r — r'\/c) 


V' x j ± (r ',t') 


which is manifestly causal. 

(c) The Amprere-Maxwell equation is 

„ „ . 1 <9E 


This can be integrated to 


t 

E(r, t) = E(r, t 0 ) + c 2 J dt' [V x B(r) - /x 0 j(r)], 

to 


where to < t. This expression involves functions evaluated only at the observation 
point r (for which i ret = t) and sums only over times which are earlier than t. Hence, 
the electric field is properly retarded. 


Source: C.W. Gardiner and P.D. Drummond, Physical Review A 38, 4897 (1988). 


20.6 Radiation from a Magnetized Electron Gas 

The Larmor power emitted by a single electron in a uniform magnetic field is Pl = 
e 2 v\Bo/Oneom 2 c A , where v± is the component of the electron velocity perpendicular to 
Bo- Under the conditions stated, we can treat the electrons independently and simply sum 
the Larmor power from each electron, weighted by the Maxwell distribution 


n(v) = n 0 


m \ 

2tt k B Tj 


3/2 


exp(— mv 2 /2k b T). 


Since v = vj_ + vy, we can use cylindrical coordinates (uj_, (j), nil) to perform the sum: 


dP 

dV 


^ j 2 2 7T OO OO 

”» (^£t) / # / *1 +»i)/2feU 


( m \ 3//2 e 2 i?Q 
0 \2irksT J 6ireom 2 c 4 


27rfcnT 


2fc|T 2 

in 2 


npe 2 Bq k B T 
37reom 2 c 4 m 


Source: Prof. M. Gedalin, Ben-Gurion University (public communication). 
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20.7 Energy Flow from a Point Electric Dipole 

The magnetic and electric fields of a point electric dipole are 


g _ x f Prct Prct 

47t \ r 2 cr 


and 


E = 


1 f 3r(r • p ret ) — p re t , 3r (r • p ret ) - p rct , r(r • p ret ) - p ret 


47re 0 


We are interested in the radial component of the Poynting vector cross product because 

^ = [ dA ■ S = — R 2 f dQ (E x B) • f | . 

at J do J 

Therefore, it is convenient to write 

3r(r • p) — p = 3r x (r x p) + 2p and r(r • p) — p = r x (r x p) 

and use the “BAC-CAB” rule to write 

(rxp)x [3f(r-p)—p] = (rxp)x [3rx (rxp)+2p] = 3(rxp)-(rxp)r+2p(p-r)— 2(p-p)r (1) 
and 


(r x p) x [r(r 'p)-p] = (rxp)x[rx(rx p)] = (r x p) • (r x p) 


( 2 ) 


Four of the terms that appear in the Poynting vector have the structure of (1). The remaining 
two terms have the structure of (2). Therefore, with pxr = sin# and p • r = cos 9, 


dU 

dt 


1 1 
47T£o 47T 


27t / dd sin 3 0 


PP_ P_ PP_ PP_ PP_ 

R 3 cR 2 c 2 R cR 2 c 2 R c 3 R 


2 1 

' d 

r p 2 

PP P 2 } 

\ , Pret' 

3 47T£o 

dt 

{2R 3 

cR 2 c 2 R\ 

'ret u -1 


Source: L. Mandel, Journal of the Optical Society of America 62, 1011 (1972). 


20.8 A Point Charge Blinks On 

(a) By symmetry, the electric field must be spherically symmetric and radial. Therefore, 
from the integral form of Gauss’ law, 


. 1 q(t) „ 

E (r, t) = - - j-r. 

47reo r A 


The magnetic field satisfies 
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V x B — /i 0 j + -y ,, ■ 

The last term is radial and, by symmetry, the current density which makes q(t) change 
must be radial also. However, if the curl of B is to have a radial part, B itself must 
be a function of the angular variables. This cannot be true by symmetry. Therefore, 

B(r, t) = 0. 

(b) With p(r,t) = q(t)S( r), the Coulomb gauge scalar potential is 




The Coulomb gauge vector potential is 


AcMH Hr/ d 


Mo f d 3 r , .HO',* - |r — r'|/c) 


where the transverse current density is defined by 


j... (r. 0 = V x j^Jd 


1 [ d s r , V'xj(r ',t) 


The current density for this problem must satisfy the continuity equation, 




By inspection, we must have 


j( r ) t) = ~ 


4-7T r 2 


The curl of this current density is zero, so A c = 0 and we reproduce the magnetic 
field from part (a), B = V x = 0. Because the vector potential is zero, we also 
reproduce the electric field from part (a): 

E(r ,t) = —Vipc (r, t) = —^r. 

47reo r z 

(c) With p(r,t) = q(t)6( r), the Lorenz gauge scalar potential is 




1 _ r dZr , p{r',t-\Y-r'\/c) = q(t - r/c ) 


With the current density computed in part (b), we use the hint and write the Lorenz 
gauge vector potential: 
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A l(M) = 


Mo I ,3, Ir-r'I/c) 


/ Jo ■ 

— / dr 
47r 


r — r 


= — 7 ^- / / dt'S(t' — t + |r — r'|/c) 


/i/^(0 r ' 1 


47T _ 
Mo 


47 r r ' 3 I r — r' I 


(4tt ) 2 




( 2 ) 


Focus on the space integral in brackets, integrate by parts, and let s = r — r'. This 
gives 


d 3 r'—^5(t' - t + |r - r'|/c) = 


- J d 3 r'\7' S(t' — t + |r — r'j/c) 
J d 3 r ,J ^V'(5(t , — t+ |r — r'|/c) 

—V J d 3 r'-^S(t'— t + \r — r'\/c) 


_v />,*<* 


( 3 ) 


We do the space integral in (3) using 


OO 0 

v- r < 


Ir-sl ^/+ 1 
1 1 e=o > 


Pe(cosO), 


where r<(r>) is the lesser (greater) of r and s. The integral does not depend on the 
angle 9 between r and s, so (by orthogonality of the Legendre polynomials) only the 
£ = 0 term in the sum survives the integration. Therefore, with r = t — t ', 




r - s 


f°° s A 

47rc / ds — S(s — ct) 

Jo 

f s 2 f°° 

47rc J ds — S(s — cr) + 4nc J dssS(s — ct) 


47t[ -0(r — cr)0(r) + c 2 r0(cr — r)]. 


( 4 ) 


Inserting (4) into (3) and (3) into (2) gives 
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dA L (r ,t) 
dt 


47re 0 


OO 

[ dt' —0(r — ct)0(t) + 0(cr — r)] 

J at r 


OO 

—V [ dt'q(t') < -@(r — ct)O(t) H— Q(r — cr)S(r) 
47re 0 7 1?' r 

XD 

CT 'l 

— — S(r — ct ) + S(ct — r) J-. 

r ) 


The last two terms in the brackets cancel and the second term is zero. Otherwise, the 
product of the theta functions requires that t — r/c < t' < t. Therefore, 


dA L (r ,t) 1 


dt 


47Te 0 


dt‘ 


,dq{t')/dt' 


1 


t-r/c 


47TC0 


q(t) _ q(t — r/c) 
r r 


Combining this with the scalar potential in (1) shows that 

1 


E=-V M -2$i = -V? (i -’' /c) 


dt 


47reor 


47re n 


<l(t) _ q(t - r/c ) 
r r 


47reo r 


Source: P.R. Berman, American Journal of Physics 76, 48 (2008). 


20.9 The Birth of Radiation 

(a) The electric field lines pinch off at points where E = 0 and two electric fields cross. 
The necessary conditions are 

if = o if = o. 

dz dp 

We get dR/dz = 0 when z = 0 so it is sufficient to study 

r(p, t ) = R( P , z = o,t) = + tiLuJA. 


In particular, we demand 


0 = ±R(p,t) = 4- i v Ah!A + ALleIA) 
dp ‘ dp ( p c J 


R d p(t — p/c) 
p dt c 2 


This gives the required formula, 

R(p,t) , p(t - p/c) 


= 0. 


(b) With p(t) = p 0 cos u>t the expressions above for R(p,t) and dR/dp are 


Po 


Pou . 


Ro = — cos Q - — sin n 
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and 


R(> 

P 




cos 0 = 0, 


where O = u)t — pu>/c. These two must be solved simultaneously for the unknown 
detachment radius p. Eliminating the sinusoids gives 


(R 2 -l)p 4 -R 2 p 2 + R 2 = 0, 


in terms of the dimensionless lengths Rq = Rqc/poui and p = aic/p. This is a quadratic 
equation in the variable p 2 . We get real solutions only if the discriminant is non¬ 
negative, i.e., Rq — 4RI(Rq — 1) > 0 or 


\Ro\ 


< 


2 Pqv 
V3 c 


When this is true, one of the two roots 


is always positive. 


f 


1 -1 ± ^/Rl ~ 3 

l/R 2 - 1 2 


Source: G. Scharf, From Electrostatics to Optics (Springer, Berlin, 1994). 


20.10 An Electrically Short Antenna 

(a) The angular distribution of interest is 


dP \ PqcIq cos (kd cos 9) — cos kd 12 
dfl / 8w' 2 sin# 


When kd < Cl, we use cosx « 1 — gar to get 

' dP\ _ poclo 


d,il 


32tt 2 


(kd) 4 sin" 9. 


(b) A time-harmonic polarization current obeys 


. dP 

s = ~m = "“ p - 


The associated electric dipole moment is 


p= / d A r P 


U) 


d A r j. 


For our dipole antenna aligned with the 3-axis with current I(z) = R sin (kd — fc|3|), 
we get p = pi and the foregoing simplifies to 


P = ~ [ dzl(z) = 


UJ . 


ck 


—d 


~ 0 d 

J dzsin[k(d+ z)\ + J dz sin[fc(d— z)\ 

_-d 0 


= ^(1-COSfcd). 
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In the long-wavelength limit, p ~ Hod 2 /c. Inserting this into the time-averaged angu¬ 
lar distribution of power radiated by a point electric dipole gives 




(1) 


This the same answer as part (a). 

(c) We have I(z) = Iq sin(kd — k\z\), so 7(0) = 7 0 sin kd ~ I 0 kd when kd -C 1. In that case, 

1 dP\ /uqc7 2 (0) 




32t r 2 


-(kd) 2 sin 2 9. 


( 2 ) 


By assumption, 7 ( 2 ) = 7(0) = const, for a point dipole modeled using two point 
charges. In that case, the formula derived in part (b) gives the dipole moment as 


p = — dzl(z) = i 


27(0)g? 


U! 


U) 


—d 


Substituting this into the point dipole expression for (dP/dQ.) in (1) gives 

' dP\ ck A 47 2 (0)d 2 . 2 n Moc7q 

— > =-sin u = 


dipole 327r2£ 0 W 2 

This agrees with (2) except for a factor of 4. 


87T 2 


-(kd) 2 sin 2 0. 


20.11 The Time-Domain Electric Field of a Dipole Antenna 


The left panel of the figure below redraws from the text the four linear end-fed antennas 
used to model a dipole antenna. The right panel indicates the position of the feed point 
(open circle) and the orientation of each antenna with respect to antenna 1. Specifically, 
the origins of antennas 2 and 4 are shifted up the z-axis by a distance d and the angle (3 = tt 
applies to antenna 4. The angle 7 = 7 r applies to antennas 2 and 3. Plus charge is carried 
by antennas 1 and 2. Negative charge is carried by antennas 3 and 4. Finally, the launch 
time is delayed by d/c for antennas 2 and 4. 



Taking account of the above factors when evaluating the vector potential integral for each 
antenna gives the total electric field as the sum of four terms: 
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E = 


PqC sin0 


Is(t — r/c) Is{t — d/c— (r — dcosO)/c) 


4-7T 1 — cos t 

Ho c sin(0 — 7 r) 
47 t 1 — cos(0 — 7 r) 


Ho c sin(0 — 7 r) 


Is{t — d/c — (r — dcosd)/c ) 


Is(t — d/c— (r — dcos9)/c — d[l — cos (9 — 7r)]/c) 


47t 1 — cos(0 — 7r) [ r 


Is{t — r/c) I s {t — r/c — d[ 1 — cos (9 — 7r)/c] 


Ho c sin 9 
47T 1 — cos 9 


Is(t — d/c— [r — dcos(9 — 7r)]/c) 
r 

Is(t — d/c— [r — dcos(9 — 7r)]/c — d[ 1 — cos0]/c) 
r 


e. 


Now, cos(0 — 7r) = — cos 0, so 


E = £ { 1 — cos 9 [Isit ~ r/c) ~ Is ^ ~ r/c ^ rf[1 ~ cos ^]/ c )] 

- 1 ^ U ( 1 J sQ [I s {t-r/c-d[ 1 - cos0]/c) - Is{t — r/c— 2d/c)] 

+ : ^ U ( 1 J s Q [Is(t - r/c ) — Is(t — r/c- d[l + cos0]/c)] 

- : e [Is(t - r/c - d[l + cos9]/c) - I s {t - r/c - 2d/c)] j 0. 


Combining like terms, 


E = 


Moc 


■ sin < 


Is(t-r/c ) 


47rr 

+ /s(i — r/c — 2d/c) 


1 


1 


1 — cos 9 1 + cos 0 

1 1 


+ Js(t — r/c — d[l — cos 0]/c) 
+ Js(i — r/c — d[l + cos 0]/c) 


1 + cos 0 1 — cos 0 

-1 


1 


1 — cos 0 1 + cos ( 

-1 1 


1 + cos 0 1 — cos ( 


Finally, we recover the expression quoted in the text, 
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E _ Roc f ls{t-r/c) | I s {t- r/c-2d/c) 

27rsin0 \ r r 

Is [t — d/c — (r — d cos 6) / c] 
r 

Is [t - d/c - (r + dcos0)/c] j - 

Source: G.S. Smith, An Introduction to Classical Electromagnetic Radiation (University 
Press, Cambridge, 1997). 


20.12 Radiation Recoil 

(a) A quantity independent of distance from the source is r 2 multiplied by the density of 

electromagnetic linear momentum in the radiation zone: 

t Srad — r r x (eoE ra( j x B ra d). 

But cB ra d = r x E ra d and r • E ra d . Therefore, 

»" 2 grad = — rIE rad | 2 oc ^r. 

c a\l 

In other words, the angular dependence of r 2 g ra d is determined by the angular dis¬ 
tribution of radiated power. Hence, any source which radiates the same amount of 
power in the r direction as in the — r direction cannot experience recoil. This is the 
case for dipole radiation. 

(b) It is sufficient to break the symmetry indicated in part (a). For example, place a perfect 

mirror in the vicinity of a dipole radiator. 


20.13 Non-Radiating Sources 

The Fourier transforms of f(r) and j(r|u>) are 
1 


f( r ) = 


(2t r) 3 


crfcf(k) exp(?'k • r) and j(r|w) = 


(27t) 3 


Substituting these into the given equation shows that 


1 

iui 


u> 


2 .1 


ik x ('Ik. x f)- -f 


= j(k|w). 


Using the BAC-CAB rule, this equation reads 


- 


cu 


f — k(f • k) = iwj (k|w). 


d 3 k j (k|w) exp(ik • r). 


Finally, take the cross product of this equation with k. This gives 


k 2 -- ) k x f = iujk x j(k|w) = iwjj_(k|a;). 
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Therefore, if u> = ck , the transverse component of the Fourier transform of the current den¬ 
sity vanishes. The text showed that this condition guarantees that no radiation is produced. 
Combining the two Maxwell equations, 

_ <9B 1 <9E . iuj 

VxE = -— = iwB and V x B = p 0 j + — — = /x 0 j = -^-E, 

for time-harmonic fields gives 

Poj (r |w) = — ( V x [V x E(r)] - ^E(r) 1 . 

no ( c z J 

Comparing this with the given equation shows that f(r) exp(— iuit) is the electric field pro¬ 
duced by this non-radiating current density. 

Source: A.J. Devaney and E. Wolf, Physical Review D 8, 1044 (1973). 


20.14 Lorentz Reciprocity 

(a) The Maxwell curl equations for a time-harmonic sources are 


V x Ei = icuBi 


and 


V x Bi — /Lt 0 ji — i—q Ei. 


Take the dot product of the rightmost equation with E 2 , subtract from this the same 
expression with 1 and 2 exchanged, and integrate over a volume V. The result is 

[ d 3 r (E 2 • V x Bi - Ei • V x B 2 ) = po [ d 3 r(j 1 • E 2 - j 2 • Ei). 


Now, form the dot product of Faraday’s law above with B 2 , subtract from this the 
same expression with 1 and 2 exchanged, and integrate over the volume V. The result 
is 

[ d 3 r (B 2 • V x Ei - Bi • V x E 2 ) = 0. 


Adding the preceding two equations gives 

J d 3 r V • (Ei xB 2 -E 2 xBi) = /jo J d 3 r (ji • E 2 — j 2 • Ei). 
v v 

An application of the divergence equation produces the desired expression: 


Po J d 3 r (E 2 • ji — Ei • j 2 ) = y dS ■ (Ei xB 2 -E 2 x Bi). 
v S 

(b) Under the stated conditions, dS = r dS and all radiation fields satisfy r x E = cB. This 
relation and a x (b x c) = b(a • c) — c(a • b) imply that the surface integral in part 
(a) vanishes. Therefore, 


J d 3 r E 2 • ji = J d 3 r Ei • j 2 . 

v v 
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(c) The polarization of a point dipole at is Pfc(f) = Pk(t)6(r — r k ). The associated 
current density is 

• dPk n xi i 

Jfc = = -luPk = -itopkO{r - r k ). 

Substituting this into the formula in part (b) gives 

Pi • EaOa) = p 2 • E!(r 2 ). 


Source: L.D. Landau and E.M. Lifshitz, The Electrodynamics of Continuous Media 
(Pergamon, Oxford, 1960). 


20.15 Radiation from a Phased Array 

(a) For a single time-harmonic source, the radiation vector is 

<*o = J t J dVj 0 (r',f —r/c + r-r'/c) = -iu exp[i(kr - cot)} J 


For the case at hand, the total current density is j(r) = 
Therefore, 


N 


dVj 0 (r')exp(-*k-r'). 
i jo(r - R fc )exp(-*4). 


N 


a = —iu> exp[i(fcr — ut)} ^ exp(— z4)j(r' — R fc ) exp (—ik ■ r') 

k= 1 

N f 

= —itu exp [i(kr — ut. )] exp[z(k • R& + 4)] / d 3 r'j 0 (r' - R fc ) exp[— ik • (V 
k = 1 ^ 

" N 

= ^exp[i(k-R fc +4)] 


.k= 1 


a 0 . 


This result implies that the angular distribution of power has the form 

,2 


dP 

dfl 


N 


^exp[z(k • R, + 4)] 


k= i 


dP 

dfl 


o 


(b) For observation points in the x-z plane, k = /c(xsin$ + zcos0) where ui = ck. Let the 
current loop lie in the z = 0 plane. In that case, 


/dVj 0 (r')exp(zk • r') 


I j) <isexp(zk • s) 
lay 


exp (--ika sin 6) — exp (-ika sin 6) 


—2 Ha sin(^fcasin0)y, 


R*)] 
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because k • s = 0 for the two legs parallel to the x-axis and their contributions cancel. 
The two loops are really at z = ±a/2 and £1 = 61 = 0 so the coherence factor is 


| exp(^i/cocos0) + exp(^*fcacos0 )| 2 = 4cos 2 (^fcacos 0). 


Hence, the time-averaged angular distribution of power is 


dP\ 2 A, /n I 2 a 2 to 2 po . 2 /l, . ,,, 

) = 4cos (-kacosO) x ——-— x sin 1-kasmO) 

dfl / v 2 ’ 2ttc 4t r y 2 ’ 


, ,2 n 2 t2 

/JjQ LU CL 1 


,i. 


,i. 


„ sin"(-fcasin 0 ) cos 2 (-ka cos 0). 
2t r 2 c y 2 ’ K 2 ’ 


When ka <C 1, dP/dfl oc sin 2 0 . The long-wavelength radiation is magnetic dipole. 


z z 




(c) The only change here is that <5i = 0 and <5 2 = 7 r so the coherence factor changes to 


| exp(^?'fcacos 0 ) — exp(^*fcacos 0)| 2 = 4sin 2 (^fcacos0). 


This gives 


/dp\ = 2 1 2 1 

\dn/ 2 t r 2 c z ’ v 2 ’ 

When ka <C 1, dP/dtt oc sin 2 20. The long-wavelength radiation is magnetic quadrupole, 
i.e., two magnetic dipoles that (almost) cancel. 

z z 
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20.16 Radiation from a Square Loop 

(a) The factor r' • r = x' sin 0 is the same for the two current legs parallel to the x-axis. But 
the current runs in opposite directions so their contributions to the integral cancel. 
The contribution from the remaining two legs is 


or 


a —a 

d f d f 

a(r,t)=y— / dyl[t — r/c+(a/c)smd] + y — / dyl{t — r/c— (a/c)sm6, 

— a a 

a = y 2 a |/[t — r/c + (a/c) sin#] — I[t — r/c — (a/c) sinf?] j . 


(b) The current is 


I(t) = (/ o t/r)[0(t) - 0(t - r)] + I 0 Q(t - t). 


Therefore, 

i(t) — —[0(f) — 0(f — r)] + —d(t)- —S(t — t) + IgS(t — t) = —[0(f) — Q(t — r)]. 

T T T T 

We thus get two terms for the scalar a(r, 0,t): 

(1) 2a/o/r in the interval r/c — (a/c) sin0 < t < r + r/c — (a/c) sin0 

(2) —2a/o/r in the interval r/c + (a/c) sin# < t < r + r/c + (a/c) sin#. 

But r > 2a/c, so r/c+(a/c) sin# < r/c— (a/c) sin# + r. Hence, the graph is as follows. 


a (/) 



Source: Prof. M.J. Cohen, University of Pennsylvania (private communication). 
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20.17 Linear Antenna Radiation 

(a) Because z = r cos 6 — 0sinO and a || z, 

_ . . Un » . . ~Un sin 6 , . 

Erad (r,t) = — ! -r x r x a(r,i) = 0 — - a(r,t), 

47 rr 47rr 

where 


a(r, t) 


d 

dt 


d 3 r' I( r', t — r/c + r • r'/c) 



d 

dt 


I{z', t 


r/c+ z' cos0/c). 


When I(z,t ) = AS(t), this gives 


E r ad (r; 


^ A/io c sin 0 
4-7T r 

^ A^octan 0 
4n r 



dz'^5(t — r/c + z' cos 0/c) 
dz' -^-j8{t — r/c + z' cosO/c) 


0 


A/^octan 0 
47rr 


[6(i — r/c + /icos 0/c) — S(t — r/c 


hcosO/c)). 


The field is non-zero when r± = zthcosO + ct. From the derivation above, we suspect 
that these arise from point sources located at each end of the antenna. In the y = 0 
plane, this would correspond to circular wave fronts defined by x 2 + (z -F h) 2 = c 2 t 2 . 
To check this, expand the square and use r 2 = x 2 + z 2 and z = r cos 6 to get 


r 2 =F 2 h cos Or + h 2 — c 2 t 2 =0. 

This is solved by r = ±hcosO + \Jc 2 t 2 — h 2 sin 2 0. This gives the desired formula in 
the limit ct h which is appropriate for radiation fields. The time delay between the 
signals is 


At = (t — r/c + h cos 0/c) — (t — r/c — h cos 0/c) = 2/icos 0/c, 

which is sensible on geometrical grounds (see figure below at left). The figure below 
at right shows the antenna, the two circular wave fronts, the signal time delay, and 
the effect of the tan 0 pre-factor on the amplitude of the electric field. 
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(b) When I(z,t) = A6(t — zjc ), we get 


Erad (l*3 t) — 


fiAp o sin 6 


= 0 


[ d 

/ dz'—5(t — z 1 /c — r/c+z 1 cosO/c) 

J~h dt 

r h d 

— / dz'—6(t - z'/c-r/c+z 1 cosO/c) 
47 rr(cos 0 — 1) J_ h dz' 


47rr j_ h 
Ap, 0 c sin 0 rh 


_ Au o csin0 r . , 

= 0 -—- — {8[t — r/c+h{l — cos9)/c\ 


4 -7rr(l — cos 9) 


— 6[t — r/c~ h(l — cos9)/c]} . 


Now the field is non-zero when r± = ±/i( 1 — cos 9) + ct. Again, in the radiation zone, a 
circular wave front is centered at each end of the antenna. But now, r+ — r_ = ct at 
9 = 0 so the radii of the circles differ by 2 h. The amplitude factor is sin 9/(1 — cos 9) so 
the electric field pulses appear as shown below. The time delay is At = 2/i(l — cos 9)/c 
which is 2 h/c larger than the previous case. This is reasonable because the travelling 
wave of current propagates in the +z-direction (up the antenna) so the signal from 
the top end is delayed (see figure below). 



(c) When I(z,t) = Aexp(—iut ), define k = u/c so 

r x a = (j) Ac t&n9 {exp[—iuj(t — r/c+h cos 9/c)\ ~ exp[—iLo(t — r/c—h cos 9/c)}} 

= 02 Acsin(kh cos 9) tan 9 exp[?'(fcr — cot)]. 

dP 

— ~ |r x a| 2 ~ tan 2 9 sin 2 (kh cos 9 ), 
so, with z = kh cos 9, the radiated power is 


7T 



0 


kh 


/ 


• 2 

sm z 
dz — 
z A 


— kh 


kh 



—kh 


dzsin 2 z. 


The second term dominates when kh <Cl and we get 


P 


sin 2 kh 
2 kh 


k 2 h 2 


co 2 t 


2 
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The first term dominates when kh 1 and we get 


P~kh dx^ ~ kh ~ LOT. 


(d) When I(z,t) = Aexp[i(kz — ajt)], 


— c sin 0 

r x a = <pA- -- {exp[— iu(t — r/c+ h(cos9 — l)/c)] 


1 — cos l 


— exp[—iui(t — r/c—h(cos9—l)/c)}} 


— c sin 0 

= <p2iA- -- sin[fch(l — cos0)] exp[i(fcr — uit)). 


1 — cos t 


dP 


sin 2 9 


dn ~ |r X a l ~ (l-cos0) 2 


sin 2 [fc/i(l — cos0)], 


so with z = kh( 1 — cos 9), the radiated power is 
sin 3 9 


2 kh ^ 2/c/i 


P ~J de ~l -«») ~ 2 / dz‘22L± - A j dzs i„ ! z. 
0 0 0 


The second term dominates when tt<Cl and we get 

sin 4 kh 


P 


4kh 


- 1 ~ k z h 


2 u2 , .2 2 


The first term dominates when kh 1 and we get 
2 kh ^ 

P ~ J dx— -- ~ [In a’ — Ci(2a;)]g A ' ft ~ In kh ~ Incur, 

o 

because Ci(cr —> 0) —»In a: and Ci(a: —> oo) —> 0. 


Source: G.S. Smith, An Introduction to Classical Electromagnetic Radiation 

(University Press, Cambridge, 1997). 


20.18 Radiation from a Filamentary Current 

(a) The wire is neutral so there is no scalar potential. The vector potential in the filamen¬ 
tary limit is 


A(p,t) 


. ho 

z — 

47T 



I(t - R/c ) 
R 


— OO 
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Since R 2 = z 2 + p 2 and I(t ) = 0 when t < 0, the only portions of the wire that 
contribute to the field at (p, 0) at time t satisfy z 2 < c 2 t 2 —p 2 . Therefore, A (p > ct) = 0 
and 






dz 




p < ct. 


Performing the integral, we conclude that 


A (p,t) 



In 


y/ C 2 t 2 — p 2 + Ct 

P 


0 (ct — p). 


Apart from a 8{ct — p) “burst” contribution that comes from taking the derivative of 
the theta function in A (p,t), the electromagnetic fields are zero for p > ct, with 


and 


E(p < ct) 


— *= ^ oI ° c 

dt Z ~ 2t r ^ c 2 t 2 _ p 2 


B (p < ct) = 



PqIq ct 1 - 

2tt p y/c 2 t 2 - p 2 CP ' 


(b) The t —> oo limit of these formulae gives zero electric field and the usual magnetostatic 
formula for the magnetic field: 


B (t 


oo) 


PqIq 
2n p 


4 >. 


20.19 Crossed and Oscillating Electric Dipoles 

(a) Choose p(t) = p(x cos wt + y sinwt) so a(t) = p (t R ) = —aj 2 p(x cos cota + y sin ujt R ) 
where tn = t — r jc. The angular distribution of power in the x-y plane is 


— ~ |r x al 2 ~ |(xcos<p + y sinp) x (xcoswtfl + y sinwtij)! 2 ~ sin 2 (u;tij — <p). 
dil 

This is an emission pattern that rotates in the plane as shown below. 
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(b) For an observation point along the ±z-axis, 

B r ad tx =fz x a ex ±(ycos utn — xsin tat a) 

E ra d ex =F z x B ra d ex x cos + y sin wtn. 

This is left circular polarization for emission along +z and right circular polarization 
for emission along —z. 




(c) Now, 

a = — w 2 p[xcos(wt — uj\z\/c) + y cos (u>t — w\z + A/4|/c)], 
so, along the ± 2 -axis in the radiation zone, 

B ra d eX ~F Z> X QI 

ex ± {y cos[w(t — |z|/c)] — xcos[w(f — |z|/c) ± 7t/2]} 

ex ± {y cos[w(f — |z|/c)] xsin[w(t — |z|/c)]} . 

Erad ex =Fz x B ra d- This is left circular polarization for emission along both +z and 
—z. 
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20.20 An Uncharged Rotor 

(a) The time-dependent dipole moment of the rotating rod is 

Re{p(t)} = Re{po(x + *y) exp(— iut)} = po cos wtx. + po sin uty. 

Therefore, the (complex) electric field in the radiation zone is 

, d 2 . .1 k 2 po e l ( kr - ut \„ r „ 

rx-^pii-r] =~^ 7reo --- [r x {r x (x + ty)}]. 


E r ad — ^ X 


PO 
47 T r 


Using 

x = sin 0 cos <j>r + cos 0 cos 4>6 — sin and y = sin 6 sin 4>v + cos 6 sin cj)d + cos </></> 

shows that 

r x{rx(x + iy)} = —e*^(cos 00 + i(f>). 


Therefore, 

7.2 / . pi(kr-ut+<j>} 

E ra d (r, 0,(/),t)= (cos 96 + i(f>) - ---. 

The observer’s azimuthal coordinate <f> occurs in the phase because the dipole is ro¬ 
tating in the (j) direction. Hence, observers at different 4> see the dipole at different 
points in its oscillation cycle. 

(b) On the a:-axis, 0 = 7r/2, 0 = 0, and y = z = 0, so r = x, 0 = — z, and <j> = y. Therefore, 
the real electric field is 


E(r, t) 


k 2 p 0 

47re n 


Re 


( pi{kx—u)t) 

V y -^r- 


k 2 po sin(wt — kx) „ 
47 re 0 x 


This is linear polarization along y, which makes sense because an observer on the 
x-axis sees only a projection of the rotating dipole along the y-axis. On the y-axis, 


0 = tt/2, 
field is 


= 7 r/ 2 , and x = 2 = 0, so r = y, 0 = —z, and cf> = —x. The real electric 


E(r ,t) 


fc Po 
47 re 0 


Re 


e i(ky-ut) 'v 

ix. -> = 

y J 


k 2 p 0 cos (uit — ky) „ 
4ne 0 y 


As in the previous case, this is linear polarization because only the projection of the 
rotation along the x-axis is visible to an observer on the y-axis. On the z-axis, 9 = 0, 
0 = 0, and x = y = 0, so r = z, 0 = x, and = y- The real electric field is 


E(r ,t) 


k 2 Po, 
47 re„ 


Re \ (x + iy)~ 


p i(kz—ujt ) 


k 2 po cos {ait — kz)x + sin (cot — kz)y 
47T£o -2 


This is right circular polarization, as might be expected because the observer sees the 
rotator in full. 
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(c) The time-averaged angular distribution of power is 


dP 

dfl 


2cp 0 


E-E* 


k 4 pl 1 

2 cp 0 ( 47 re 0 ) 2 


(l + cos 2 8) 


Oo ^ 4 Po 
47t 87 re 


(l + cos 2 9) . 


27T 7T 


Then, since / d(j> f dd sin 0(l+cos 2 6) 



167 t/ 3 , the time-averaged total power radiated 


^0 I 67 r _ hq 2u i pl 

47t 87tc 3 47t 3c 


Source. Prof. C. Caves, University of New Mexico (public communication). 


20.21 Pulsar Radiation 

The time-averaged power radiated by a magnetic dipole pulsar is 


dU _ p, 0 m 2 4 
dt An 3c 3 W 

where u> = 2i r/T. If this energy is derived from a decrease in rotational kinetic energy, 


dU 


d (l 


dt dt \2 

if we take I = %-MR 2 . We conclude that 

5 


— = —- -Iu> A = -MR z u\Cj 


6 c 3 

m 2 = MI? 2 T|T| 


57t^ 0 

because \u>\ = 2n\T\/T 2 . The “near field’’ is 


B = 


po 3(m • r)r — m 
4tt r 3 


so at the pulsar surface (r = R) we get a maximum field of B = po m/2TrR 3 . Hence, 

B> = = 5 ^' 10 _ 7 ' yi 5^ (2 ' 8 ' 10IO)(7 ' 5)(8 10_u ) 

= 5.5 • 10 22 T 2 


or B « 2.3 • 10 15 G. 


20.22 Neutron Radiation 

The magnetic moment of a neutron is m = 7 S where 7 is its gyromagnetic ratio and S is its 
spin angular momentum. The precession of the angular momentum is driven by the torque 
N = m x B. Therefore, 
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— = N = mxB = 7 SxB. 

dt 

We have solved this equation in the past. If co = jB and 0 is the angle of precession 
measured from the polar B-axis, 

m z = m cos 0 
m y = to sin 0 cos (cot) 
m x = to sin 0 sin(wt). 

The initial conditions for our problem are satisfied by the choice 0(f = 0) = ir/2. On the 
other hand, the precessing dipole radiates and the (time-averaged) rate at which power is 
lost is 


< p >=/■"<!> 


do 1 
47T 47TC 3 


dCl(\r x a) 2 ) 


where 


|r x a| 2 = — If x (m x r)| 2 = — jm — r(r 
c 2 c 1 


|mj 2 — (r • m) 2 


If we neglect dQ/dt compared to co, m = — mw 2 sin0(isinwt + y coscot). Also, r = 
x sin 0 cos cp+ y sin 0 sin cp +z cos i9. Then, because (sin 2 cot) = (cos 2 cot) = 1/2 and (sin cot cos cot) 
0, we find 


(|f x a| 2 ) 


9 4 

m ^ ■ 2 
—^— sin 0 



Consequently, integrating over the emission angles d and cp, 


( P) 


m 2 co 4 sin 2 0 

07T Cq C 5 


Finally, by conservation of energy, the magnetic potential energy U = — m ■ B is connected 
to the radiated power by dU/dt = —(P)- Therefore, since co = 7 B and m = "fS = 7?i/2, we 
get 

d<d sin0 . 1 tow 4 8m 5 B 3 

- =-with — = -= - T . 

dt T T 6 tt£ 0 c 5 B 37re 0 c 5 S 4 

It remains only to integrate the 0 equation. This is most easily done by writing 

dt dO d( cos0) 

r sin 0 1 — cos 2 0 

so t/r = tanh _1 [cos©] + const. With the initial condition 0(0) = -k/2, we get 

0(f) = cos -1 [tanh(f/r)] 

as suggested. Our solution says that dO/dt ~ 1/r so the assumption made above will be 
valid if cot 1. That is, the precession is very fast compared to the decay of the tilt angle. 


Source: D.R. Stump and G.L. Pollack, European Journal of Physics 19, 591 (1998). 
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20.23 Radiation Interference 

(a) Since the two sources emit in phase, 

dP 

— oc |r x p + r x (m x r)| 2 . 

The cross (interference) term is 

(r x p) • [r x (m x r)] = (f x p) • [m — r(r ■ m)] = (r x p) • m = r • (p x m). 
This is non-zero unless p and m are collinear. 


(b) 


P = J ex J d(j) J dOsinOr • (p x m) a (p x m) J d(cos9)cos9 = 0. 


2 7T 


20.24 Wire Radiation 


(a) Choose a cylindrical surface concentric with the wire. For radiation, the flux of S = 

(l//ro)ExB through the surface area element dS = pdOdz must be constant. Moreover, 
|E| = c|B|. Therefore, both E and B must vary as 1 /^J~p. 

(b) p(r,t) = — p(f) • V<5(r) is the dipole charge density. From the continuity equation, 
j(r,f) = p(f)<5(r) is its current density. Therefore, using superposition, the current 
density of the entire wire is equivalent to the current density obtained when a a point 
electric dipole p(<) = z (I/A) exp(— iut) sits at every point on the z-axis. 

(c) Let the observation point be (p, 0,0). For a point dipole at the point z on the z-axis, 

the variable r — pp + zi so 

B r ad oc f dz 2 exp | i(u>/c) vV + -z 2 } • 

Now assume that z p (even though the limit on the integration goes to infinity) so 
we can ignore z 2 compared to p 1 in the denominator and put \Jp 2 + z 2 ~ p + z 2 /2p 
in the exponential. This gives 


E ra d oc 


P 


OO 

J dze~ z2u,/2icp 


OO 



Therefore, B ra d ~ 1 /y/p as obtained in part (a). The Gaussian integral is dominated 
by values of z where z<p. This justifies the approximation used. 
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20.25 A Charged Rotor 

(a) The electric dipole moment is 


p (t) = j d 3 rrp(r,t -) = 0 

because the charge density is an even function of r. There is no electric dipole radiation. 

(b) The current density is j (r, t) = vp(r, t) where v points (locally) in the direction of the 
particle motion. This gives a magnetic dipole moment 


m (t) = \ J d 3 rr x j(M) = \ J d 3 r r x vp(r,t) = ^t 2 ^£ J d 3 rp(v,t ) = ^uqi 2 z. 

This quantity is time-independent so there is no magnetic dipole radiation. 

(c) The electric quadrupole moment is 


Q = 



X 2 

xy 

xz 

yx 

y 2 

yz 

zx 

zy 

z 2 


where the charge density (in cylindrical coordinates) is 


P(M) 


q5(z) 


S(r — t) 
r 



-wf) + 5{4> — 7r 



We have z = 0 so, because x = r cos (ft and y = rsm<f>, the integration above gives 


Q(f) = qf 


COS 2 \ut 

cos \ut sin ^ut 

0 ' 

1 o 

1 + cos ut 

sin ut 

0 

cos \ut sin \ut 

sin 2 \ut 

0 

= o q£ 

sin ut 

1 — cos ut 

0 

0 

0 “ 

0 

z 

0 

0 

0 


(d) For quadrupole radiation, we need the components of Q • r. It is simplest to begin with 


Q ' C 2X \Qxx% T QxyV\ T 2y [Qyx% T Qyylj\ 


{cc(l + cos ut) + ysin cat} + ^g^ 2 y {zsinwf + y(l — cos ut)}. 


Therefore, 


/ x 1 d 3 . qu 3 £ 2 . „ . . 

ra(r,t) = - -rwQ(f) • r = - (ccsmwt — ycos ut)x — (a; cos ut + ysmut)y\. 

c dt 6 2c 

From this we compute 


r x roc = {xzcosut + yzs\wut)x + {xzsiwut — yzcosut)y 
+ [(y 2 — x 2 ) cos ut — 2xy sin ut\ z, 
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so 

(|r x ra \ 2 ) = ( x 2 + y 2 )z 2 ( cos 2 + sin 2 wt) + (y 2 - x 2 ) 2 (cos 2 u>t) + 4x 2 y 2 {sin 2 cat) 


— 2 xy{y 2 — x 2 ) (sin tot cos cot). 

The time average of the last term is zero so 

(|rxcp) = tpl + ( C ±f t = am , coa , 0+ l ain , 

r 4 2 r 4 2 2 

We conclude that 


dP 

dfl 


Mo 1 ,,x |2 \ Mo q 2 uj 6 C , 4 , 

Ste (|rx “ l) = S a?! 1 *” T 


20.26 Rotating-Triangle Radiation 

Let the distance from the axis of rotation to the charges be R. The electric dipole moment 
is 



The positions of the charges are Xi = Rcos(ut + (pi) and y t = i?sin(wf + (pi) where (pi = 0, 
(p 2 = 27t/ 3, and (p 2 = 4n/3. We therefore have 

3 

Px = q E x t = Rq (cos (cot) + cos (ut + 2 tt/3) + cos (ut — 27t/3)) = 0 

*=i 

and, similarly, p y = 0. Therefore, there is no electric dipole radiation. 


The current density is j(r, t) = vp(r, t) where the velocity v points (locally) in the direction 
of the particle motion with magnitude v = Rco. The magnetic dipole moment is 


2c. 


d 3 r r x j = 


2c 


J d 3 r r x vp(r,f) = —R 2 u>i J d 3 r p(r,t) = 


3ujqR 2 

2c 


The magnetic dipole moment is time-independent. Therefore, there is no magnetic dipole 
radiation. 


The components of the electric quadrupole tensor are 


Qij — 



The symmetry of p with respect to the axaxis dictates that Q xy 
lie in the plane z = 0, Q xz = Q yz = Q zz = 0. Furthermore, 


0. Since the charges all 


Q -k R? Q 

Qxx 2 E*? = —— (cos 2 (u;£) + cos 2 (cot + 2tt/3) + cos 2 (cut — 27r/3)) 

Z i=l 

R? ci 

= —— (cos(2 u>t) + 1 + cos(2 wt + 47t/ 3) + 1 + cos(2 ut — 47r/3) + 1) 

3 R 2 o 3 

= -R 2 q- 1—(cos(2wt) + cos(2wt — 27r/3) + cos(2tu< + 27r/3)) =-i? 2 g (20.1) 
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and, similarly, Q yy = Q xx = | R 2 q. Since Q is time-independent, there is no electric 
quadrupole radiation either. 


20.27 Collision Radiation 

The dipole moment for this situation is given by 


p = giri + q 3 r 2 . 


There will be no dipole radiation if p = 0, i.e., if 

qih + q 2 r 2 = 0. 

On the other hand, conservation of momentum tells us that 

?nir! + m 2 V 2 = constant =>■ ?tt-i r x + 1 JI 2 V 2 = 0. 
Consequently, there will be no dipole radiation if 

gi = q-2 
TOi m2 


20.28 Radiation of Linear Momentum 


(a) If S 


Mo E x B, the law for for conservation of energy for a spherical volume with 


radius r is 


dUt 0 t 

dt 


j dA • S = — 


dfb’ 2 r • S. 


The angular distribution of the rate of radiated energy is defined as 


ajr V 2-0 

—— = lim r r ■ S. 

d\t r—> 00 


If T = e 0 [EE + c 2 BB 
linear momentum is 


|l (E 2 + c 2 B 2 )\, the corresponding law for conservation of 


dP tot 

dt 


dA ■ T 


dClr 2 v ■ T. 


Therefore, it makes sense to define the angular distribution of the rate of radiated 
linear momentum as 


c?Pem 

dtdVl 


= — lim r 2 r • T. 

r—> 00 


(b) Because cB rad = r x E rad and r • E rad = r • B rad = 0, 


(Ir V 

—— = lim ty • (E ra d x B ra d) = lim E ra d • E ra d* 

d\l r—*oo r—>oo c/iQ 
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Similarly, 


c^Pem 
dt, dfl 


- lim r 2 r • e 0 [E rad E rad + c 2 B rad B rad - ^I(E r 2 ad + c 2 R 2 ad )] 
r —>oo Z 

lim r 2 ^[£ 2 ad +c 2 R 2 ad ]r. 

r—> oo Z 


The last equality follows because Itj = Sjj are the components of I so f,; 5 t j = fj means 
that r I = r. Moreover, E rad • E rad = c 2 B rad • B rad , so 


c^Pem 

dtdii 


lim r 2 e 0 [E lad • E rad ]r. 

r—>oo 


(c) Since P = dU^M / dt, we see from part (b) that 


^Pem _ f dU^M 
dtdtt c dtdQ 


This is consistent with the plane wave result that the linear momentum density gEM = 
uem 

-k. 

c 


20.29 Angular Momentum of Electric Dipole Radiation 

(a) By direct computation, 


dL 


<9E 


dt 


— = e 0 / d\ \ r x ( — x B ) + r x ( E x — ) \ + v, x p, + ^r* x F 


<9B 


dt 


N 


N 


where v; = dri/dt and = dpi/dt. The next-to-last term is zero because v, || p, 
and, in what follows, we will write the last term in the form 


N 


j: r, xFj= / d 3 r' r x {pE + j x B} . 


i=l 


Substituting the Maxwell equations 


1 <9E „ „ , 9B „ „ 

3aX = VxB ' WJ “ d = -V x E 


gives 


dL 

dt 


= e 0 J d 3 r {r x [(V x cB) x cB] — r x (c 2 p 0 j x B)} . 


The current terms cancel so, using a vector identity, 
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^ = e 0 [ d 3 rr x j(cB • V)cB - ^V(cB) 2 


+ eo/d»rrx{(E.V)E-^VE 2 j + J d 3 rr x pE. 
v v 

Now use the vector identity r x (a • V)a = a • V(r x a) to write 


e 0 fd 3 rr x (E • V)E + / d 3 r (r x E)p 


= e 0 f d 3 r {E • V(r x E) + (r x E)V • E} 


= e 0 / d 3 r V • {E (r x E)} 


(1) 


e 0 f d S-E(r x E). 

s 


Because V • B = 0, the magnetic term can be written similarly: 


£o 


d 3 r r x (cB • V)cB = cq / dS ■ cB (r x cB). 


( 2 ) 


Finally, because V x r = 0 , 


^ J d 3 r\7(E 2 +c 2 B 2 ) xr 

V 


^ J d 3 r V x {r {E 2 + 
v 


c 2 B 2 )} = \ j dSxr(E 2 +c 2 B 2 ). 
s 

(3) 


Combining (1), (2), and (3) gives the desired result, 

^ = e 0 J dS ■ {cB(r x cB) + E(r x E)} + ^ e 0 j dS x r {E 2 + c 2 B 2 } . (4) 

s s 

This is a continuity equation which relates the time rate of change of angular mo¬ 
mentum in a volume to an “angular momentum current” through the surface of the 
volume. 

(b) For a spherical volume, dS = rf? 2 dO and the last term in (4) always vanishes. But 
in the radiation zone, E ra< j(r,f) and B ra d(r,<) for a time-dependent dipole are both 
transverse to r. This means that the first term in (4) vanishes also. The hard-to- 
believe conclusion is that the radiation fields carry no angular momentum out of the 
volume V. 

(c) The foregoing suggests that we must keep terms other than just the radiation fields in 

the first integral in (4). The structure of the integrand is 

r (field) (field) r 2 d.fl , 

so only terms where (field) (field) ~ 1 jr 3 will survive in the limit where the sphere 
radius goes to infinity. We have seen that the exact E(r, t) and B(r, t) for an oscillating 
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electric dipole contain terms that vary as 1/r (radiation zone), l/r 2 (intermediate 
zone), and l/r 3 (near zone). Hence, the surviving terms will be 


dL 

dt 


— 6q / dS • {cB ra d(r x cBi n t) H- cBi n t(r x cB rac [) 


H - E ra( j (r x Ei n t) + Ei n t (r x E ra d)} . 

But dS • E ra( i = dS • B r a d = 0 as explained above so we need only 

cq dS ■ {cBj nt (r x cB rad ) + Ej n t(r x E rad )} . 


dL 

dt 


On the other hand, 


Bi n t — 


do 

Anr 2 


p (t — r/c) x r, 


so dS • B irl t = 0 as well. This leaves us with 

dL 


dt 


— 6q / dS • Ej n t(r x E ra( j) — €q I (dS • Ej n t)crB ra( j — 6$ I dQ r • E^cr B ra( j. 


s s s 

Inserting the appropriate fields for a point electric dipole gives 

dL _ e 0 1 no 
dt c 47re 0 47T 


J dn {3(r • [p]ret) - r • [p]ret} [p]ret X ? 


= ^2^ / ^ ( '® Iet X ' [P]ret) • 


(d) If we write out r = sin 6 cos d>x + sin 6 sin 0y + cosdz, we find that the only 
contributions to (p x f) (f ■ p) that survive the angular integration are 

x(p y p z cos 2 9 — p z py sin 2 dsin 2 <j>) 

+ y {PzPx sin 2 9 cos 2 4> - p x p z cos 2 9) 

+ z (pxPy sin 2 9 sin 2 <j> — p y p x sin 2 9 cos 2 <j>). 

Every one of the non-zero angular integrals gives a factor of 47r/3. Consequently, 

EE dO r..i r.i 

yrr 7 , [p]ret X [p] ret • 

dt one 


20.30 Dipole Moment of the Slotted Sphere 

The text gives the transverse electric field of the slotted sphere as 


Eg = C y/ At 


-yr Irh^ikr)] ^-P e (cos9), 
r dr L 1 d9 
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where 


At = - 


V 2^+1 sin 6*o Pj (cos 9 0 ) 


c 2£(£ + 1) _d 
dr L 


rh^’{kr) 


J r—R 


In the numerator, we get the radiation field by using the kr 1 limit, 

lim h^\kr) = -*-exp{i[fcr— i(£ + l)7r]}. 
fcr>l ( kr 2 


In the denominator, we use the kR <C 1 long-wavelength limit, 


lim h^}\kr) 

kr<£ 1 1 


.( 21 - 1 )!! 

(kr) l+1 


The result is 


^ 2£+l ( kR) l+1 Q \ d r> r a\ exp(ifcr) 

Eg k,V 2_^ i mi sm °oP e (cos O 0 )—P e (cos 9) - 


4=i 


2 £{£ + 1 ) £{ 2 £ — 1 )!! 


dd 


Since fcP <C 1, only the £ = 1 term survives. Moreover, P^(cos9) = sin#. Therefore, 


exp (ikr) 


Eq « —-(kRYV sin 2 Oq sin# 

4 r 


This may be compared to the general time-harmonic electric dipole field with p = pz: 


E = -d_[f x ( f x P) |2E<!h> = -J£z sinll S22Ele. 


47T60 


47TC0 


Therefore, 


p = 3neoR 2 V sin" 9 0 z. 


Source: J. Van Bladel, Electromagnetic Fields (McGraw-Hill, New York, 1964). 
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Chapter 21: Scattering and Diffraction 

21.1 Scattering from a Bound Electron 

The total scattering cross section is 

„ _ (P) 

SCa “ - \e,cE 2 ’ 

where (P) is the total power radiated by the electron and the electric field of the incident 
circularly polarized wave propagating in the ^-direction is 

E(r,f) = P 0 (cos wx + sinwfy) exp(ikoz). 

The latter sets the electron into small-amplitude motion around z = 0 according to 

mv + fcr = — eE (z = 0, t) = — eE(t). 


The steady-state solution of this differential equation is 


r (t) = 


-E (t). 


maj 2 — k 

For the radiated power, we use the cycle-average of Larmor’s formula: 


1 ? p 2 1 p 2 

<P) = 73T^da| 2 ) = —^wlal 2 . 


47T£o 3c 3 

If u>o = k/m, the acceleration we need is 


47reo 3c 3 


a (t) = r (t) = - 


9 

ore 


maj 2 — k 


m = - 


m (1 — lOq/lo' 2 ) 


2 


Therefore, 


^scatt 


1 e 2 e 2 P 0 2 1 

47T60 3c 3 to 2 (1 _ ul/u 2 ) 2 \ eo cEq 


8tt 2 1 

^ re (l ~u 2 /u 2 f 


Here, r e = e 2 /47reo me 2 is the classical radius of the electron which appears in the Thomson 
scattering cross section. 


21.2 Scattering from a Hydrogen Atom 

According to Example 1.2, the cross section for scattering from an ensemble of electrons 
with number density n(r) is 


da 


dtd 


ensemble 


C^Thom 

dCl 


x Kq)l 2 , 
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where 


n (q) = J d 3 r n(r) exp(—iq ■ r). 

The electron number density associated with the Is orbital of hydrogen is 


n(r) = 


V- 


7ra^ 


: exp(-r/a B ) 


= 3 ^ 3 - exp(- 2 r/a B ). 


nai 


Therefore, 


i (q) = 


27T 

nm3 


J 7T 

drr 2 exp(— 2 r/a B ) J dO sin 8 exp(iqr cos 0 ) 


= — 3 - drr 2 exp(— 2 r/a B ) 


0 

2 sin qr 
qr 


—-Im < f drr exp[—r( 2 /a B — iq)] > . 

a B d \ J 


Integration by parts gives 


n(q) = 

° B " 


q [( 2 /aB-iq) 2 ) [1 + (< 7 a B / 2) 2 ] 2 ' 


The cross section is proportional to the absolute square of this quantity, which is the desired 
result. 


Source: J. Als-Nielsen and D. McMorrow, Elements of Modern X-ray Physics (Wiley, New 
York, 2001). 


21.3 Double Scattering 

This is elastic scattering, so ko = k\ = k?. = k. Three orthogonal triads of unit vectors 
are (ei,e 2 ,ko), (e(, e' 2 , k|), and (e",e 2 ,k 2 ). The out-of-plane vectors satisfy e) = ei = e". 
Consider the first scattering event shown below. 


e 2 



If the incident wave is exp[i(ko ■ r — uit)}, the radiated electric field is 

k 2 aEo 


E = 


47rri 


■ exp[i(kri — tot)] (ki x e 0 ) x ki 
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For left circular polarization, our convention is eo = (ei + ief)/\/2. Therefore, 


[kj x (ei + je 2 )l x ki e» x ki —ex cos$i x ki e) + ie ' 2 cos^i 
— '-i— — 


V2 Vz Vz 

and the electric field after the first scattering event is 


V2 


„ k 2 aE a r ,,e! + ie ’ 0 cos0i 

E = --- exp[i(fcn - tot)) - 1 2 


47T?’i 


V2 


The second scattering event is exactly like the first. Therefore, iteration of the preceding 
calculation with a distance r-z and a scattering angle 62 gives the observed electric field as 


„ k i a 1 En , ., e'f + ie'f cos 9\ cos 62 

E = —-—- exp [i(kn + kr -2 - wt)} — 2 


167T 2 ri 7"2 


V 2 


Source: Prof. C. Baird, University of Massachusetts, Lowell (public communication). 


21.4 Rayleigh Scattering a la Rayleigh 

Let A = |E scatt |/1E inc | be the amplitude ratio. The speed of light has dimensions of 
length/time and none of the other listed quantities has time as a dimension to cancel it 
out. Therefore, A cannot depend on c. Otherwise, we must have A oc 1/r so the flux of 
energy is the same for all distant observers. It also stands to reason that the scattering 
increases as V increases. The simplest guess is A oc V. Therefore, if N is an integer, the 
combination 

A oc — X N 
r 

must be dimensionless. This implies that N = —2. Therefore, the scattered intensity 

I = |M| 2 oc A -4 . 


This is Rayleigh’s law. 

Source: Lord Rayleigh, Philosophical Magazine 41, 107 (1871). 


21.5 Rayleigh Scattering from a Conducting Sphere 

(a) Let Ej n( j be the field produced by the dipole p at the center of the sphere. The boundary 
condition is that the tangential electric field vanishes. In other words, 

0 = r x {Eo + Ei n( j} s = r x < Eo + -- 

l 47re 0 

Therefore, 

p = 47reoa 2 E 0 . 
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(b) Similarly, let Bj n( j be the field produced by the dipole m at the center of the sphere. 
The boundary condition is that the normal component of the magnetic field vanishes 
at the conductor’s surface. In other words, 


0 = r • {B„ + B ind }c = r • < B 


Therefore, 


Mo 

4-7T 


3r(r ■ m) — m 


= r • < B 


2/iom 

47TO 3 


2na 3 

m =-Bo- 

Mo 


(c) The scattering cross section is 

dcTscatt \ _ / k Q 


dfl / yAireoEoc 
where p = 47reoa 3 .Eoeo and 


kxm + kx (kx cp) 


27ra 2 2na 3 E 0 . 

m =-By =-—-(k 0 x e 0 ). 


Mo 


Substituting these into (1) gives 
d&sc&tt 


dfl 


= a (hoa) 


CM o 


k x (k 0 x e 0 ) - -k x (k x e 0 ) 


There is no loss of generality if we choose ko = z and write 

k = cos 9z + sin 6*x 

for the scattered wave vector and 

e 0 = cos </)x + sin </>y 

for the incident wave polarization vector. We find straightforwardly that 
k x (k x eo) = — cos 2 9 cos </>x — sin <f >y + sin 9 cos 9 cos <f>z 


and 


k x (ko x eo) = — cos 9 cos <^x — cos 9 sin <py + sin 9 cos <j>z. 


Using these to evaluate (2) gives 

d(J scatt 


dfl 


= a 2 (fcoa) 4 |cos 9 cos cj)(2 cos 9 — l)x + sin c/>(2 — cos 9 )y 


+ sin0cos</>(l — 2cos0)z|“ . 

Ultimately, we are interested in the average over the direction of polarization: 


(1) 


( 2 ) 


( 3 ) 
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C^scatt 

dCt 


unpol 


— [ dcj> / da ^s 
27r / \ dn 


Therefore, after performing the absolute square in (3), we may replace factors of sin 2 <j) 
and cos 2 (j> by 1/2. The final result is as advertised: 


dax 


dfl 


= a 2 (koa ) 4 


unpol 


-(1 + cos 2 9) — cos t 


(d) We return to (2) and the use the circular polarization unit vectors 

x±iy 


e o = 


V2 ' 


Now, 


and 


k x (k x eo) = 


— cos 2 dx =F iy + sin 9 cos dz 

V2 


k x (k 0 x e 0 ) = 

Using these to evaluate (2) gives 
dcr s ,.„tt \ 1 




= -a 2 (fcoa ) 4 


— cos dx =F i cos 9y + sin 9z 


cos 9 ( ^ cos 9 — cos 9 ) y 


1 


+ sin 9 ( 1 — - cos 9 ) z 


Being careful to use the complex conjugate when evaluating the absolute square gives 


dcr s , 


dfl 


= a 2 (fcoa ) 4 


-(1 + cos 2 9) — cos 9 


da R , 


dfl 


unpol 


Source: D.S. Jones, The Theory of Electromagnetism (Macmillan, New York, 1964). 


21.6 Scattering from a Molecular Rotor 

Let the incident field be E = Eo exp[i(k • r — uit)]. The dipole torque N = p x E sets the 
molecule into rotation and we assume that r = 0 is the position of the center of mass. The 
angular distribution of electric dipole radiation is 


dP 

dfl 


Mo 

167t 2 c 


I? X p ret 


( 1 ) 


To calculate p, we note that the torque equation of motion for the moment is 
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r dft _ 

I ~dt =PX ' 


( 2 ) 


In addition, we are told that 


Using (2) and (3), 


rip 

dt 


= n x p. 


( 3 ) 


p = f2xp + f2xp = ( ^ ^ ) x p + Cl x (Li x p). 


We are advised to drop the term quadratic in 0. Therefore, 

.. p 2 E- (E-p)p 


( 4 ) 


Retardation plays no significant role here. Therefore, if 9 is the angle between r and p, the 
differential cross section is 


G?CT„, 


1 ,dP s 


dn |(S inc )| ' dfl * \cqcE'q 167t 2 c 


(|p| 2 )sin 2 0=4%i?sin 2 0. (5) 


1 W> y,»|2\ -2a_ Mo(|P 


8t r 2 E 2 


Integrating (5) over all observation directions gives a factor of 8tt/3 and it remains only to 
average over all orientations of p to get the total scattering cross section: 


^"scatt — 


14 xi/ dn P (|p| 2 ). 


3ttEq 47r 


( 6 ) 


If © is the angle between E and p, (4) gives 


|p| 2 = 1 [|E| V + |(E • p)| V - 2|(E • p)| V] = ^(1 - cos 2 0). 


P 


The average of cos 2 0 over a sphere is 1/3. Therefore, taking account of a factor of 1/2 from 
the time-averaged (|p|), (6) becomes 


.,2 ZT’2^4 i . .2„4 

_ Mo E 0 p 1 _ p 0 p 
ascatt 3ttEq P 3 9t tP ' 


Source: L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields (Pergamon, Oxford, 
1962). 


21.7 Preservation of Polarization I 

From the data given in Problem 21.5, the electric and magnetic moments induced in the 
sphere are p = aEo and m = 6 Bq where b = —a/2. Therefore, if k is the scattered wave 
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vector, the sum of the electric and magnetic dipole radiation fields produced by the sphere 
has the form 

E rac j ockx(kxp) + kx m/c = kx(kx aE 0 ) + k x 7 B 0 /c. 

On the other hand, ko x Eo = cBo defines the incident wave. Therefore, 

E rad oc k x (ak x yku) x E 0 = E rad ockx (k - ^k 0 ) x E 0 , 
or, because k • k 0 = cos 0, 

E rad OC (k - ^k 0 )k • E 0 - E 0 k-(k-^k 0 ) = (k - ^k 0 )k • E 0 - E 0 (l - ^ cos 9). 

This shows that the scattered electric field vector is parallel to Eo if 

, 1 „ 

k=-k 0 + —E 0 . 

Hence, the deflection angle from the incident direction is 

e = cos -1 (k 0 • k) = cos ' 1 - = -. 

Source: D.S. Jones, The Theory of Electromagnetism (Macmillan, New York, 1964). 


21.8 Scattering and Absorption by an Ohmic Sphere 

(a) From Section 17.6, the dielectric constant of a simply conducting (ohmic) sphere is 

, , .er 

e(w) = e 0 + *-• 
u 

The skin depth is large, so the (static) dipole moment calculation we need is very much 
like the one done in Example 6.3 of Section 6.5.5. Assume a static field E = EqZ. The 
potentials inside and outside the sphere are 

Pin = Ar cos 9 and <p ou t = [— E^r + (B/r 2 )] cos 6. 
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Now, the potential outside an electric dipole aligned with the polar axis is 


V^dipole — 


1 p cos 8 
47reo r 2 


Therefore, the electric moment of the ohmic sphere is 

e(u>) — en o 

P = 47re 0 V , a 3 E 0 . 


e(w) + 2 eo 


(b) From the text, the absorption cross section for an ohmic (j = erE) volume V is 


^abs — 


I (Sine) | 




f d 3 r |E| 2 . 


From part (a), the electric field inside the sphere is 


E = -Az= —— - E 0 . 

e(w) + 2eo 


Substituting this into the foregoing, we get 


^"abs 127TU 


3 cr/eo c 


9 + (cr/eow ) 2 


(c) The radiated electric field due to dipole scattering is 


E r „.H = — 


= — - -Q] x x p = ^ exp[i(t r -^)] 
47 reo r r 


Therefore, using (1), the scattering amplitude is 

k 2 ^ e _ e 

f(r) = i r X (f x p) = -fc 2 0 a 3 r x (f x e 0 ). 
47re 0 Eo e + 2e 0 

The forward direction is f = ky where ko - eg =0. Therefore, 


f(k 0 ) = k 2 6 £(> a 3 e 0 . 

e + zeg 


Moreover, since e = eo + C" for our problem, 

e(u>) - e 0 _ 3e 0 e" 

e(w) + 2 e 0 9eg + e" 2 

Collecting results, the optical theorem asks us to compute 


47r 

—— Im 
k 


\c(\ ^ -*1 47r , 2 3 3e 0 cr/w 3 cr/e 0 C 

r(kn) • e n = -—k a - 0 , 0 = 12tt a -- 7 —-r^. 

’ °J k 9cq + cr 2 /w 2 9 + (cr/e 0 w) 2 


This is indeed cr a b s computed in part (b) above. 
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(d) Our dipole scattering approximation is most correct when ka —> 0. In that case, 
Cabs oc (ka) 2 completely dominates the Rayleigh scattering result that a sca tt oc (ka) 4 . 
The latter plays a role in the optical theorem at higher frequency when it is necessary 
to go beyond the dipole approximation. 


Source: J.D. Jackson, Classical Electrodynamics , 3rd edition (Wiley, New York, 1999). 


21.9 Scattering from a Dielectric Cylinder 

By symmetry, the scattered electric field has a ^-component only. Moreover, none of the 
fields can depend on z. This is the same situation as was studied in the text for the 
conducting cylinder. Therefore, E z is a linear combination of Bessel functions in the radial 
variable and a complex exponential in the angular variable. There are no sources, so the 
Ampere-Maxwell law gives the associated magnetic field components as 


B P 


i dE z 
cop d(j> 


and 


B 


i dE z 
lo dp 


Inside the cylinder, we let k = u 2 ep ,o and write 


OO 

E Zt i n = ^2 c m J m (kp)exp(im<j)) p < a. 

m =—oo 


(i) 


Outside the cylinder, we let u = ckg and write the electric field as the sum of the incident 
wave with amplitude 

OO 

E z , inc = Eq exp(zk 0 • p) = Eq ^2 Jm (hop) exp [im(<j> - </> 0 )] 

m = — oo 


and an outgoing scattered wave with amplitude 

OO 

£ z ,out = E b m H m\k 0 p)exp(im(j>) p > a. 


( 2 ) 


The matching conditions are continuity of the tangential field components E z and at 
p = a. Using all the foregoing, these conditions read 

OO OO 

c rn Jm (ka) exp (im(j>) = Eq E i m J m (koa) exp [im(<j> - <p 0 )] 

m= —oo 

oo 

+ b m H < J\k 0 a)exp(im<j>) 


m =—oo 


771= — OO 


and 


k y 2 Cm J' m (ka) exp(im(f>) = Eoko E i m J'm ( fc oa) exp [im(<j> - ^ 0 )] 

771 = — OO 777= — OO 

OO 

+ k 0 ^2 b m H'J\koa) exp(im^). 
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Each of the Fourier components (in the variable cjf) are linearly independent. Therefore, the 
two conditions above reduce to 

J m {ka)c m - H^\k 0 a)b m = i m J m (k 0 a) exp(-im<j) 0 )E 0 


and 


/v 

— J' m (ka)c m - HX\koa)b m = i m J' m (k 0 a) exp(-ira0 o )£o- 
ko 


These are two linear equations in two unknowns. Hence, we find without difficulty that 
Jm^kd) J m {k^ci) (k/k{))J m (kci^Jui {k^ci) 


brn — 


(k/k 0 )Hm\k 0 a)j; n (ka) - H'n\k 0 a)J m (ka ) 


i m exp(~im(f>o)Eo 


and 


Cm 


H^\k 0 a)J! n (k 0 a) - H l n [ 1 \k 0 a)J m (k 0 a) . . 

- 777 -- 1 exp(-imxp 0 )E 0 

(k/ko)Hm {koa)J' m (ka) - hJ, (k 0 a)J m (ka) 


The numerator in the c m expression is a Wronskian relation with the value —2/Trkoa. Oth¬ 
erwise, substituting these formulas for b m and c m into (2) and (1) completes the solution. 


21.10 Preservation of Polarization II 

Physical optics assumes that the current density on the illuminated surface of a perfectly 
conducting object is K = 2h x Bo, where Bo is the incident magnetic field. The current 
density is assumed to be zero on the non-illuminated portion of the surface. Now, the 
electric field radiated by a time-harmonic plane wave is 


E r ad — 


ik 


47reoC 


-k x 


k x / d 3 r j(r'|w) exp(— ik • r') 


exp [i{kr — cut.)] 


Therefore, in the physical optics approximation, the integrand contains the factor 
k x [k x (n x Bo)] = k x [n(k - Bo) — Bp(n • k)]. 


In the backward direction, k = — ko. Also, all radiation fields are transverse. Therefore, 


k • Bq = —ko • B 0 = 0, 


because the incident plane wave is also transverse. Using these two facts again, we see that 
the integrand contains the factor 

-(k x B 0 )(n • k) = (ko x Bo)(n • k) = -E 0 (n • k). 

This proves the assertion because all contributions to the integral are proportional to Eq . 


Source: E.F. Knott and T.B.A. Senior, Electronics Letters 7, 184 (1971). 
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21.11 Scattering from a Conducting Strip 

(a) The diagram shows that 

k () = ko cos(7r — ^o)x — fc 0 sin(7r — <fo)y = — fco cos (f> ox — fco sin 4>oy. 
Therefore the incident electric field is 

E 0 = zE 0 exp(iko • r) = zEq exp[—?'fc 0 (x cos <f>o + U sin <^>o)] 
and the incident magnetic field is 

cB 0 = k () x E 0 = (— sin (f 0 x + cos (/)oy)E 0 exp[— ik 0 (x cos </>o + y sin (/> 0 )]. 

With Z 0 = \/po/ e Oi the physical optics current density on the top surface of the strip 
is 

K P0 = 2y x B 0 /moL =0 = z—^-sm^ 0 exp(-ikoxcos^ 0 )- 

Zo 

(b) The exact vector potential produced by a time-harmonic surface current density is 

A(r)=« /d5' K(r ' )e , Xp(a p r,|) . 

47 t J |r — r'| 

If we write r = p + zz and similarly for r', substituting the physical optics current 
density from part (a) gives 


A(r)=z— [ dx'^^- sin^o exp(— ikx'cosfo) I dz 
4t t J Z 0 J 

0 —o 


'exp (ik i/|p - p'| 2 + (z - z') 2 ^ 


V '\ p - P '\ 2 + ( z - z ') 2 


From the given integral, a change of variable shows that 

exp (ia^/x 2 + y 2 ) 


inH^^ax) = / dy- 


\Jx 2 + y 2 


Therefore, with x = |p — p'| and y = z — z 1 , we get 


A(r) = z Zt sin [ dx'H^ (k\p — p'|) exp(— ikx' cos 4>o). 
2 ^o J 

o 


(c) The asymptotic behavior of the Hankel function is 


lim Hn 1 \x) = \ — exp[i(x — tt/ A)]. 

X —>oo V TTX 
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When p^> p', 


p — p'\ 2 = p 2 + p 12 — 2 pp' cos <j) « p 2 I 1 — 2— cos 


Therefore, k\p — p'\ « p — x' cos <fi. The x' dependence can be dropped in the square- 
root pre-factor of the Hankel function, so 


lim Hr}\k\p — p'\) = < / ^ exp[ifc(p — x' cos </>)]. 

/9»p' V inkp 

Substituting this into the vector potential expression of part (b) gives 

- W 

i fi 0 E 0 . exp (ikp) 


A ra d (p, </>) — 


2n Zq 


- sin ( 


Vkp 


dx exp [—ikx (cos </> + cos </>o)]- 


With a = cos </> + cos </>o, the integral is 

(i \ sin ( ikwa ) 

re exp -kwa —^-. 

\2 J |kwa 

Finally, E ra( j = — *ccA ra( j and the two-dimensional cross section is 

da |E rad | 2 2. 2 sin 2 [|fcu;(cos 0 + cos ^o)] 


dg> P El |fe Sm 


(cos <J) + COS <^>o) 2 


Source: C.A. Balanis, Advanced Engineering Electromagnetics (Wiley, New York, 1989). 


21.12 Physical Optics Backscattering 

(a) We begin with the expression derived in the text for the differential cross section, 
specialized to the case of a conductor where all the current flows on the surface: 


da Sl 


dtt 


_ f _ ko_ 


V 4tt e 0 Eo c 


kx / dS' K(r , |o;) exp(—ik • r') 


Substituting into this formula the physical optics approximation for the surface current 
density, 


p 0 K = 


2h x B inc 

0 


at illuminated surface points 
at shadowed surface points, 


calls for k x (n x B inc ) = n(k • B; nc ) — B inc (n • k). However, the backscattering wave 
vector k is simply the negative of the incident wave vector. Therefore, k • B; uc = 0, 
where Bi nc = B 0 exp (—ik ■ r) and c|B 0 | = Eq. Hence, 
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ctr = 


*■0 

4n 2 


dS' k • n' exp(— 2ik • r') 


(b) The backscattered wave propagates along the direction k = sin 9 cos </>x + sin 9 sin <f>y + 
cos 9z. Because n' = z, 



a/2 

b/2 

ko 2 n 

CTR = 4P C ° S “ 0 

j ^ 

/ dy exp[— i(2koX sin 9 cos (f> + 2koy sin 9 sin <j >)] 

-a/2 

-b/2 


ko 2 g sin(fcoasin0cos <f>) sin(fc 0 6sin 9 sin <f>) 2 
47t 2 ko sin 9 cos <t> ko sin 9 sin cf> 


The plate area is A = ab and ko = 2ir/\. Therefore 


A 2 

o-R = p- cos 9 


sin(fco« sin 9 cos <f>) sin(fco b sin 9 sin (f>) 

X 


ko a sin 9 cos (j) 


ko b sin 9 sin <f> 


Source: A. Ishimaru, Electromagnetic Wave Propagation, Radiation, and Scattering (Prentice- 
Hall, Upper Saddle River, NJ, 1991). 


21.13 Born Scattering from a Dielectric Cube 


(a) If q = k — k () is the difference between the incoming and outgoing scattering wave 
vectors (uj = ck = cko ), we learned in Example 21.3 that the Born approximation to 
the differential cross section is 


dcr B orn _ (klXe' 


dfl 


47T 


kxEnl 2 


drr' exp(zq • r') 


The integral of interest is 

j d>r’ exp( iq • r') = j da' expfe*') x / dy' ex v{ iq y y') x / ^ expos'). 


v 

Moreover, 


dx' exp (iq x x’) = aexp(—iq x a/2) 


sm(q x a/2) 

q x a/2 


Therefore, 

dcTBom _ fklVXe 


dil 


47T 


Ikx Enl 2 


sin(g x a/2) sin(g y a/2) sin(g z a/2) 


1 2 


q x a/2 q y a/2 q z a/2 
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(b) Let ko = z and Eo = x. When ka S> 1, near-forward scattering dominates and 
|k x E 0 | ~ |ko x E 0 | = 1. The diagram below shows that, in the same limit, the area 
element fc 2 dflk is essentially the area dq x dq y of a circular disk perpendicular to k () : 


diSk = k 2 dfl k ~ dq x dq y . 



Therefore, 


in the ka 1 limit when q z —> 0, the fact that kg = k means that 


lim (TBorn = lim 

ka~f$> 1 ka~^> 1 




6^Born 

(ffik 


lim 

kaf^> 1 


kVXe\ 2 sin 2 (q x a/2) 

4t t ) J dQx (q x a/ 2) 2 



sin 2 (gj, a/2) 
(q y a/2) 2 


The integrals are dominated by contributions when q x , q y ~ 1/a so the limits can be 
extended to ±oo with little loss of accuracy. Therefore, 


lim fTBorn 
kaf$> 1 


fc 2 a 4 Xe 

47T 2 



fc 2 Q 4 Xe 

4 


(c) From the definition of the cross section and the result of part (a), 


E r ad 

1 j da 

fc 2 a 3 Xe 

sin(g x a/2) 

sin(gj / a/2) 

sin(q z a/2) 

E 0 

r V dQ, 

47rr 

Qxd/ 2 

q y a/2 

q z a/2 


The absolute-value term gets no larger than one. Therefore, with r = a, the weak 
scattering criterion is indeed 


1 k a ~— a"Born/& Xe* 


Source: Prof. K. Likharev, SUNY Stony Brook (public communication). 


21.14 Scattering from a Short Conducting Wire 

(a) We need the time-harmonic scattered field, E scatt = — V<p + ito A, in the immediate 
vicinity of the wire. In that case, fc|r — v'\ = kR <C 1, so 


1 f , , exp (ikR) 1 

VW = W <iS '’ (r) — R— “4^ 


I’r'dC 

R 


1 + ikR- kR ) 2 - kR ) 3 
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and 


A(r) = 


Mo 


4tt J 
Therefore, 

z • E, 


y J R 4t t J R 


1 + ikR-^(kR) 2 - l -{kR ) 3 


1 


47re 0 J 

ico/i o 


dS'cr( i*') 


h + \ kl+ \ eR+ 


R • z 


47T 


dS’ K (r') 


jr + ik — \k 2 R — ^k 3 R 2 H- 

R 2 o 


Moreover, from the continuity equation, 

Ho Z 


we deduce that 


<t(z) = 


Tiah^LO 


The perfect-conductor condition requires E scat t at the r = 0 center of the wire. From 
that particular point, R = i/a 2 + (z') 2 , R • z = — z' /R , and the integrand is an even 
function of z' . Therefore, with s = z'/h and Rq = ^ s 2 + ( a/h ) 2 , 


z • E scatt (0) 


Up 

neo aft 2 


dss 2 


1 , ( kh ) 2 , s' 


i?i5 2ft, 3 


(/ ft) 3 


1 

- \( kh ) 2 J ds 


——|- ikh 
iRo 


(l-s 2 ) . 


Performing the various integrals, the perfect conductor condition sets z • E 0 equal to 


Ho 


TreQijjh 2 l ] 2 


- In 


i/l + (a/h) 2 + 1 

\J\ + (a/h) 2 — 1 


\A + (a/h ) 2 


x |l-I(fc/ l ) 2 [l + (a// l ) 2 ]J-^(fc/ l ) 3 ). 


Using a <C /i, we finally find that 


/n = 


—iireoLdh 2 


{[ln(2/i/a) — 1] [1 — |(/ft) 2 ] — *§(/ft) 3 } 


z • E 0 . 


(b) Dropping the indicated terms, the surface charge density on the wire is 

. . il 0 z z 1 , 

= — 7^- = e o- n toi / t - TT Z ' E °' 

7ra/ro; a |ln(2n/a) — 1J 
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The corresponding electric dipole moment is 

h 


p = z J dSa{z) = 2na j dz 

— h 


1 


47T£o h 3 


n (01 / ^ 11 E 0 )z (z - Eq)z. 

a |ln(2n,/a) — 1J 3|ln(2 h/a) — 1J 


For a unit-amplitude electric field, the total cross section for electric dipole scattering 
is 

^ (to , A 2 l„|2 
3 


_ /MO 2 V , , 
Cscatt - 0 ) i p l 


where the factor of 87 t/ 3 comes from integrating over all directions of the outgoing 
wave vector. Inserting p from above gives 


^scatt 


8-7T(/ifc) 4 /i 2 sin 2 9 0 
27[ln(2 h/a) - l] 2 ' 


(c) A perfectly conducting rod does not absorb energy. Therefore, the optical theorem says 
that 

47 r 

Cscatt = ^T Im [ E 0 ' f(k 0 )], 


where 


For our problem, 


Erad = Eof( 9 , (j)) 


exp[?'(fc?’ — uit)\ 


f = — — w 2 k x (k x p), 

47T 

where p = — psin^oz. The forward direction corresponds to a scattering angle of 
6 = 7T — 0o ■ Therefore, 

k x (k x p) = — Eopsinflo sin(7T — 0q) = — E 0 psin 2 0 0 . 

Using the complete value of Iq computed in part (a), the optical theorem reads 
4-7T fioLO 2 4f , 3 . 2 . * f 1 


^scatt — 


or 


k 4-7T 3 


47T 


eo h A sin" 6/)Im 


CTacatt = — (fc/i)/r sin 2 9 { 


{[ln(2/i/ a) — 1][1 — \{kh) 2 ] — i|(fc/i) 3 } J 
(2/9 ){kh) 3 


3 v '"' [ln(2 h/a) - 1] 2 [1 - \(kh) 2 ] 2 + [(2/9)(Wi) 3 ] 2 ' 

Since kh <C 1, this is the same as the result of part (b): 

87T (hk) 4 h 2 sin 2 9 0 


^scatt — 


27[ln(2 h/a) - l] 2 ' 


Source: G.S. Smith, An Introduction to Classical Electromagnetic Radiation (University 
Press, Cambridge, 1997). 
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21.15 Absorption Cross Section for a Microscopic Object 

From the text, the absorption cross section can be written in terms of the time-averaged 
work done by the field on the current density: 


^abs 



1 

l(Sinc)| 



d 3 r j • E*. 


The time-averaged incident flux in the denominator is ^cocEq and we can replace the macro¬ 
scopic field E by Eo when the “target” is a microscopic object. The current density of 
interest is the polarization current density, 



—iu> P. 


Therefore, 


t^abs — t -,0 R^ 

C0 C -E'0 


—UO 


d 3 r P 


■EX. 


The external macroscopic field amplitude Eo is constant over the volume of a microscopic 
object and the volume integral of the polarization P is the electric dipole moment p of the 
object. Therefore, 


<^abs — 



Re [ip • Eq] . 


In terms of the polarizability a of the object, the dipole moment is 


p = aeoE 0 . 


Substituting into the foregoing gives the desired result, 

o-abs = Re [ia|E 0 | 2 ] = ^Ima. 


21.16 Absorption Sum Rule for a Lorentz Oscillator 

Because |(Si nc )| = \cqcEI, the absorption cross section is 

<7 ‘- = pbi / " va • E> = ^ Re ./" >rj • E ‘‘ (1) 

V V 


The current density is 


j = —ev = —er = iewr, 


( 2 ) 


where r is the displacement of the electron. This is small, so we let r = 0 in E = Eo exp[i(k • 
r — u>t)\ and write the equation of motion of the electron in the presence of the field as 


r + yr + Wgr 


e 

m 


Eq exp(— iuit). 


( 3 ) 
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Substituting the guess r (f) = r(w) exp(— iojt) into (3) gives 


eE 0 1 

m lo 1 — ajg + ito'y 


(4) 


Substituting (4) into (2) and the latter into (1) gives the cross section as 

2 2 2 
. . e ilo e 7 cu 

^absV^J o 2 i • 7 2 2 \2 i 2 2"* 

eo me cu z — cJq uu^ eo me [ur —coq) + or 7 

The damping is small, so the resonance is narrow and we can set ur = u >fj in the numerator, 
and to 2 — Jq = 2loo(lu — wq) and 7 2 w 2 = 7 2 Wq in the denominator. Therefore, with y = uj—ujo, 


dw<T a bsM 


e 2 7^o f d V 
e 0 mc J ( 2uj 0 y ) 2 +Wq 7 2 


e 2 7^o f dy 

e 0 mc J (2w 0 y ) 2 + Wq7 2 ' 


The integral is 7t/2wq7 so 


OO 

J d(J 0-absM 
0 


2eo me 


27r 2 r e c, 


as advertised. 

Source: W.K.H. Panofsky and M. Phillips, Classical Electricity and Magnetism, 2nd edition 
(Addison-Wesley, Reading, MA, 1962). 


21.17 The Optical Theorem in Two Dimensions 

(a) Let us write H m for H,a 1 in this problem. The differential cross section for E parallel 
to the cylinder axis is 


7 1 

d(f 


2 

irk 


E 


Jm {ha) 
H m ( ka ) 


expfimcp) 


which we write out in the form 


dv || 2 ^ Jm{ka)J m r(ka) ... i\±w 

fu=~i : E E Irx n.„M 2 exp[t(m-m) 0 )]. 


7r k ^ ' |17 m (fca)| 2 

The 0 integration generates a factor of 27 rS mm >. Therefore, because 17 m = J m + 7 W m , 


*11 



4 \ - 7 (&«) 

k mE + ^ ' 
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The differential cross section for E perpendicular to the cylinder axis is 

|2 


da± 2 
d(f> irk 


J' m ( ka ) .. . 

E 7r~7hn \ ex P(* TO< W 


m =—oo 


(M 

The calculation proceeds exactly as the previous case. Therefore, 

= 4 ~ j£ {ka) 

X k mCCfoo Jm(h a ) + Nf%(ka) ' 

(b) From the text, the radiation electric field for this polarization is 

E r ad = -E 0 e 0 "52 i m ^), a \ exp (im<j))H m ( kp ). 
Into this we substitute the asymptotic form of the Hankel function, 


H m (kp) —> W —— exp (ikp) exp(— irmr/2) exp(—z7r/4). 
V 7T kp 

Then, because i m exp(— irmr/2) = 1 and exp(—z7r/4) = y/l/z, 


E ra d ->■ -E 0 e 0 J exp(ikp) exp(zm</>). 


TT'ikp H m (ka) 

Comparing this to the formula in the statement of the problem shows that 


{(k,o) = iJ~ J2 


J m (ka) 


7r ' J m ( ka) + iN m ( ka) 

m——o o ' ' 


e 0 . 


Therefore, 


t en Jm(k a ) 

m ( ’ ^ J 2 iM+7V 2 (fca) < 


Comparing this to the scattering cross section computed in part (a) (there is no ab¬ 
sorption) confirms the proposed statement of the optical theorem in two dimensions. 


Source: S.K. Adhikari, American Journal of Physics 54, 362 (1986). 


21.18 The Optical Theorem for Pedestrians 

When 9 <C 1, we may assume that x,y <C z and approximate r = \Jx 1 + y 2 + z 1 by 


I-, , X +V : P 
r = z\ 1 H-o— « ^ 


2z ’ 
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where p 2 = x 2 + y 2 . Therefore, 


ip( r) w exp (ikz) H— exp(ikz) exp 
z 


.kp' 

l Hz 


21 


m+o -o . 


We can drop the last term in the asymptotic limit and conclude that 


|V>| « 1 + -Re { /(O) exp 


.21 


. kp 


Integrating this quantity over a flat disk of radius R in a z R plane gives 

R 


j dS = irR 2 + —Re < /(0) J dppex p 


,2 1 


.kp 

’'~2z 


Changing variables to u = p 2 and using a convergence factor to perform the exponential 
integral when R 2 z/k gives the advertised result, 


J dS = 7T R 2 — -^Tm/(0). 


The area 7rl? 2 is the cross section of the beam in the absence of the scatterer. Therefore, 
any energy removed from the beam is the result of either scattering or absorption. In other 
words, 

47r 

^tot = ^scatt 4” 0"abs = 1^/(0) • 

k 

Source: H.C. van de Hulst, Light Scattering by Small Particles (Wiley, New York, 1957). 


21.19 Total Cross Section Sum Rule 

The real part on the left-hand side suggests that we exploit the Kramers-Kronig relation, 


oo 



—oo 


For our problem, we use u> = ck = cko and write this in the form 

A OO 

Re [f(fc,kp) • eg] _ 1 f dkf Im[f(fc',k 0 ) • eg] 

k 2 n J k — k' k’ 2 


The limit k —> 0 is 


A OO ^ 

Re[f(fc,kp) - eg] = 1 I" dk' Imff^ko) -eg] 

k^o k 2 7 t J k’ k' 2 

— OO 
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The imaginary part of any causal response function is an odd function of its argument. 
Therefore, Im[f • e^]/k' 2 —> 0 as k' —> 0 and the integrand above (which is simultaneously 
established to be an even function of k') is not singular at k! = 0. Therefore, we can remove 
the principal value and write 


lim Re [f (fc, kp) ■ eg] 
k 2 


OO A 

2 r dk' Im[f (fc ; , kp) • eg] 

7 t J k 1 k' 2 

o 


Therefore, using the optical theorem, a to t = (47r/fc)Im [f(k n ) • ej], 


o 


Changing to wavelength variable A = 2n/k, we have dk/k 2 = — d\/2ir. The advertised 
result follows: 

nOO 


1 r°° 

lim Re [f(A, k 0 ) • ej] = —/ d\' a to t{X'). 

A— >oo 7TA J q 


Source: H.M. Nussenzveig, Causality and Dispersion Relations (Academic, New York, 1972). 


21.20 The Index of Refraction 

(a) The geometry and R 2 = p 2 + z 2 tell us that pdp = RdR and cos 9 = z/R. Therefore, 


2 7T OO 


E ra d =SNE 0 6t J d(j> J dRexp(ikR) f ^cos 1 -,<p 


0 z 

Changing variables to r] = R/z transforms the integral to 


Z7T 

Erad — SNE 0 5t J dc/>J(z,<t>), 


where 


OO 

J(z,</>) = z J dp exp(ikzr]) f ^cos -1 ■ 


Integrating by parts gives 


J (z,(j>) = — exp (ikzrf) f ( cos 
ik ' 


1 


1 

ik 


(1) 


OO 

/ dr/exp(ikzr])—- f ( cos -1 -, (j) I . (2) 

dp \ 7] J 
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The ratio of the integral in (2) to the original integral (1) goes like l/kz, which vanishes 
as kz —> oo. Therefore, (1) is equal to the fully integrated term in (2). For the latter, 
we use the convergence factor lim^o exp(z/3i?) to eliminate the contribution at oo. 
The result is 

J = exp iikz)— f(cos -1 l,<f) = exp(ikz)—dzf(0,<f)). 
k v ' k 

The scattering amplitude does not depend on <p when 9 = 0. Therefore, 


-^rad (z) 


27 Ti 

IT 


SNE 0 St exp(zfcz) f(0) 


kz 1. 


(b) Using the results of part (a), the total field in the far zone is 

2r:5N5t 


E (z) = Eq exp (ikz) 


e 0 + i- 


f(0) 


This is just a plane wave in the inhomogeneous medium, with a ^-independent change 
in its phase, amplitude, and polarization due to the density inhomogeneity. Therefore, 
a perfectly acceptable solution of the Maxwell equations at z = St is 


by • E(<5t) = Eq exp(ikSt) 


,2ir8N5t^ 

l + i - - -e 0 


f(0) 


E(, exp[?'(fc + Sk)6t], 


where 


2t nUV 

ok = —-—e n 


f(0). 


Multiply both sides by k and integrate the right side from 0 to N and the left side 
from k 0 to k. The result is 


- 2 (k 2 - kl) = 2nNe* 0 ■ f(0) . 


Because k = nko, we get the desired result, 

AirN 


n z = 1+ —2-e^ -f(0). 


Source: R. Serber, Serber Says: About Nuclear Physics (Singapore, World Scientific, 1987). 


21.21 Radiation Pressure from Scattering 


The general expression for the electromagnetic force on the contents of a spherical volume 
V is 


F = d 3 i 


i as „ 
+v 
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The Poynting vector term disappears after averaging over one period. Therefore, if S is the 
surface of a sphere of radius r, 


(F) = r 2 dtt f • (T) = 


e 0 r- 


Re / dil r ■ 


EE* + c 2 BB* - -I (|E| 2 + c 2 |B| 2 ) 


(1) 


In the radiation zone, E = E inc + E rad and B = B iuc + B rad , where (dropping the time 
dependence) 


F r ad 


= E 0 


exp(ar) f(k), 


( 2 ) 


and we know from (21.59) that 


lim Eo exp('ikn • r) = 2ni 

r—> oo 


exp(— ik^r) 
k 0 r 


5(r + k 0 ) 


exp(i/co?’) 

k 0 r 


5(r 



E 0 e 0 . 


( 3 ) 


Of course, k • f = 0 and k n • e 0 = 0. Also, cB rad = k x E ra( j and cB illc = k () x E inc . 

Substituting (2) and (3) into (1) and using the fact that the delta functions make r = ±k () , 

we see that the transverse nature of the fields implies that only the term with the unit 
dyadic I is not zero. Indeed, because f • I = f, 

(F) = - Je 0 r 2 Re J dSl f (|E inc | 2 + |E rad | 2 + E inc • E r * ad + E* nc • E rad ) 

= ~^ £ o 7 ’"R e J dQr (|B inc | 2 + |B rad |“ + B inc • B* ad + B* nc • B rad ) . 


The integrals with the factors | Ej llc | 2 and |Bj nc | 2 are zero because these field magnitudes are 
constants. Otherwise substituting the fields into the preceding equation and using |E| = c|B| 
gives 

( F > = 2ne ^ E(] k 0 Im [f(k„)-eg] - ^5- J dflr |f| 2 . 

The intensity of the incident beam is /i nc = ^cocEq. Therefore, using the optical theorem 
and the definition of the differential scattering cross section, we get the advertised formula, 


(F) 



CTtotko 



dcTscatt 

dQ 


Source: M.I. Mishchenko, L.D. Travis, and A.A. Lacis, Scattering, Absorption, and Emission 
of Light by Small Particles (University Press, Cambridge, 2002). 

21.22 A Backscatter Theorem 

(a) For monochromatic fields, the Maxwell equations in matter are 

dB 

V x E = —— = icopH 
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and 


Hence, 


V x H = 


<9D 

Ot 


—iojeEi. 


V x (V x E) = zwV x (pH.) 


zwH x V/i- zw/zV x H = (V x E) x 


V/i 

T 


tope E. 


Similarly, 


V x (V x H) = —zwV x (eE) = —zuzE x Ve + zweV x E = (V x H) x-1- uipe H. 

e 

These equations are the same if e(r) = p( r). In fact, only the weaker condition 
(y p)/p = (Ve)/e is necessary. 

(b) The body produces the scattered wave 

E scatt Or, y , z) = E s ™ u (*, V, *)* + E^ (x, y, z)y + E s ™ u (x, y, z) z. 

The scattering body and the vacuum are both invariant to space rotations around the 
2 -axis by 90°. Moreover, E scatt and H scatt satisfy the same generalized wave equation. 
Therefore, the latter can be obtained from the former by a 90° rotation around the 
2 -axis, which takes x —> y and y —> —x. The unit vectors rotate in the same way. 
Hence, as suggested, 

H scatt Or, y , z) = -E s ™ u 0 y , -a, z)i + E s f M (y, -x, z )y + Ef att (y, -x, z) z. 

(c) The backward direction is x = y = 0. For this special case, the foregoing can be written 

H scatt (0, 0,z) = zx E scatt (0,0, z) + zEf att (0,0, z). 

The last term is limited to the near field because it is not transverse. Therefore, the 
time-averaged, far-held Poynting vector is 

(S) = ^Re(E x H*) = i|E scatt | 2 z. 

But this carries energy toward +z rather than toward —z, which is required for 
backscattering. Hence, we must have E scatt (0, 0, z) = 0 in the backward direction. 
This proves the theorem. 

Source: V.H. Weston, IEEE Transactions on Antennas and Propagation 11, 578 (1963). 


21.23 The Angular Spectrum of Plane Waves in Two Dimensions 

(a) The proposed form for Ete (x,z,u>) is general for a held polarized in the y-direction 
because it is a superposition of plane wave solutions for all possible values of the wave 
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vector k = k x ic + k z z. The sum is on k x only because k z is fixed by w = cfco = 
C\Jk 2 x + k 2 : 


k, = 


\Jk o - k% k x < k 0 , 

iy/kl - kl k x > k 0 . 


The positive imaginary sign is chosen so the real exponential wave remains bounded as 
it propagates in the half-space z > 0. Notice that these exponentially decaying waves 
are required to obtain a complete solution. 


Using the initial data, 


/ °° dk • 

A TE (k x )exp(ik x x), 


so the Fourier inversion theorem gives the scalar function A TE{k x ) as 

/ OO 

dxEy(x) exp(-ik x x). 

-OO 

<9B 

Faraday’s law is V x E = — so 


OO 

„ f dk x 

Bte =-V x E T e = / x— 

to J Zttc 

— OO 


k x „ k z n 

i~ z ~ 17 x 
ko k 0 


A T E{k x ) exp(?k -r). 


From this we read off 


r TE{k x ) = 


i 


k x „ k z „ 

ko Z ~k o X 


ATE(k x ). 


(b) The proposed form for Btm is appropriate as in part (a). The Ampere-Maxwell law is 
V x B = —[iix/c 2 ) E. Therefore, 


ic 


Eta/ (x, z, lu) = —V x B T m = / xy— 


ix 


f dk x 

^ kx ~ 

) 2n 

X ~ k~z Z _ 


A T M{k x ) exp(ik • r). 


From this we read off 


r TNi{k x ) — 


„ k x ^ 

X 


AtM^x). 


Now use the initial data: 


f dk . 

x • F, T m(x,z = 0,t = 0) = E x (x) = / A T M(k x )exp(ik x x). 


Hence, 


A T M{k x )= / dxE x (x)exp(-ik x x). 
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(c) The time-averaged Poynting vector is 

< S > = -— Re {(Etb + E tm) x (B te + B T m)*} • 
But the cross terms do not point in the z-direction. Therefore, 

OO 

P z = f dx < z • S > 


OO OO OO 

1 r . r dk x f dk' x f fk* A N , k 0 


2 Mo c J dX J 2^ J ^ Re iU ATE (^) A -^) + ^ A ™( fe ) A ™^) 


—oo —OO —OO 


x exp[i(fc x — k' x )x\ exp[z(fc- — k z *)z\ 


Then ^-integration gives 2it5(k x — k' x ). Therefore, 

P z =—^—Re [ dk x (^|A T e| 2 + 1 A T e | 2 \ expi(k z - k*)z. 

2^o c J-oo 1*0 k* J 

Split the integral into two parts. The portion where k x > ko is pure imaginary and 
so does not contribute. This is physically correct because the exponentially damped 
evanescent waves do not carry energy down the ^-axis. Otherwise, k z is real so 


P z = 


1 


2 t Tp 0 c J_ 


££{£iw + £iw}. 


as required. 


Source: G.S. Smith, An Introduction to Classical Electromagnetic Radiation (University 
Press, Cambridge, 1997). 


21.24 Weyl’s Identity 

(a) Let 


G 0 (r) = 


(2-7t) 3 


d 3 k Go(k) exp(zk • r). 


Substituting this into (V 2 + fco)Go(r) = — <5(r) and using 

S 0) = J d 3 k exp(ik • r) 

shows that Go(k) = (fc 2 — *o) _1 - Substituting this back into the original Fourier 
integral gives 

Gn M = ex P( ?k • r ) 

GoW (27 t) 3 J k k 2 -kl ' 
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(b) Let kx = k x Si + k y y and rj_ = ix + yy. Then, 


Go(r) 


(2tt) : 


OO 

j d 2 k± exp(ikx • r. ) J 


dk~ 


exp (ik z z) 


The poles of the integrand occur at k z = ±K = ±— k\. If ko has a small positive 
imaginary part, +K is in the first quadrant and —K is in the third quadrant. The 
factor exp (ik z z) converges for z > 0 if we close the contour in the upper half-plane. 
It converges for z < 0 if we close the contour in the lower half-plane. Therefore, the 
residue theorem picks up the first (third)-quadrant pole only when z > 0 (z < 0). The 
result in both cases is 

1 f 27n 

G°( r ) = J rf2fcj - ex P(* k J- ' r -0 x ^exp(iA>|). 

With k z defined as in the statement of the problem, we recover the Weyl identity 
because K = k z guarantees convergence of the integral. 


21.25 Radiation from an Open Waveguide 

With respect to an origin at the center of the aperture, the electric field of a TEio mode in 
the plane of the aperture is 


E (x,y,z = 0) = 


E 0 cos(nx/a)y 
0 

The Fraunhofer limit of the Smythe integral is 


\x\ < a/2, \y\ < a/2, 

\x\ > a/2, \y\ > a/2. 


E rad (rx,z > 0) = iko r x J d 2 r' ± [z x E(r'j_)] exp(-ifc 0 r • r^). 


z'=0 


For our problem, this reduces to 
exp(ifc 0 r) 


a/2 6/2 

E(r) = iko "^' u ‘ ' [r x (z x y)] J dx' J dy' Eo cos(nx'/a) exp(—i/c 0 f • r'). 

-a/2 - 6/2 


Using 


and 


x = sin 9 cos <f>r + cos 9 cos <j>0 — sin <p(f> 

y = sin 9 sin <f>r + cos 9 sin (f>6 + cos (f)(f>, 
we find without difficulty that 

r x (z x y) = —(sin (j>6 + cos 9 cos 
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and 

r • r' = a/x + y'y = x' sin 6 cos <j> + y' sin 6 sin f. 
The double integral we must do is 

a/2 6/2 


i - l X X iy - 


dx' cosfitx'/a) exp(—ik 0 x' sin 6 cos tj))dx' J dy' exp(-ifc o y , sin6>sin0). 


-a/2 -6/2 

These are straightforward (if tedious) exponential integrals and we find 


and 


I, = 


/„ = 7---- sin[fcn(&/2) sindsin < 

kg sin 9 sin <f> 


cos[fc 0 («/2) sin 9 cost/)] cos[fc 0 (a/2) sin 8 cos <j>] 2tt cos[fco(a/2) sin 0 cos 


fco sin $ cos </> + 7r/a fco sin 9 cos </> — 7r/a a (fco sin 9 cos (j>) 2 — (7r/a) 2 ' 

Therefore, using the notation sine a; = sina:/x, the radiated electric field is 

. exp(ifc 0 r) . . - „ , - E 0 koabcos\ko(a/2) cos dcos d>lsinc[A;o(&/2) sin^sincAl 

E r =i -(sin (fd+cos 9 cos tp<j>) ---—- —=■—^7 -. 

r (koa sm 9 cos cp) 1 — t: 1 


Source: Prof. G.S. Smith, Georgia Institute of Technology (private communication). 


21.26 Diffraction from a Slit 

The Huygens representation of the exact field diffracted by an aperture in a plane is 


E(rj_, z > 0) = —2 


d 2 r' ± [n x E] x VGo(r,rj_). 


Our two-dimensional geometry is 


k 0 












Therefore, using the Kirchoff approximation and the two-dimensional Green function from 
part (a), 
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a/2 

E( ft ^) = -^(xxE 0 )x J dy'\7H^\k^/x 2 + {y-y'f). 

-a/2 

Let s = ^x 2 + (y — y') 2 ■ The asymptotic behavior of the Hankel function is 


lim H^\ks) 

k s —> oo 



exp[*(fcs 


tt/4)]. 


In the same limit, 


Vff < i » = 


ikH i 0 1) (ks)p^ikH ( 0 1 \ks) 


ik 



exp[i(/cs 


7r/ 4 )]. 


Moreover, 

s = {x 2 +y 2 - 2 yy' + y' 2 ) 1/2 « p{ 1 - 2yy'/p 2 ) 1/2 « p - yy'/p « p - y' sxn. ft 
Therefore, 


E(p,0) 


1 

2 


k x (x x E 0 ) 



exp[/(fcp 


a/2 


7r/4)] / dy' exp[—ifey 7 sin ( 

-a/2 


or 


E(p,</>) = --k x (x x E 0 ) a / —exp[/(fcp- tt/4)] 


sin(|fea sin (/>) 
\ /casing 


21.27 Diffraction of a Beam by a Large Aperture 

(a) The calculation proceeds exactly as in the text except that Eq —» Eo exp(— p 2 /w 2 ) in 
the integrand of (21.101). Using (21.102) and (21.103) to evaluate the ft integral in 
(21.101) gives 


E = — ikoE(j CX ^^^ or ^ (sin f>6 + cos (f cos 6 ft) J dp'p' exp(— p' 2 /w 2 ) Jftkop' sin 8). 

o 

Because w < a, we can safely extend the upper limit of the integral to infinity. This 
gives a tabulated integral [see 6.631 and 9.215 of I.S. Gradshteyn and I.M. R.yzhik, 
Tables of Integrals, Series, and Products (1980)], namely, 


OO 

J dp'p' exp(—p /2 /w 2 )Jo(kop' sin 9) = ^w 2 exp(— k^w 2 sin 2 9/ 4). 


Because sin# = p/r, the diffracted electric field still has a Gaussian profile: 

E = — ikow 2 E 0 CX ^^° r ^ exp(—k^w 2 p 2 /4r 2 ) (sin (j) 6 + cos </> cos 0ft). 
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(b) Start this time with (21.98): 


Erad(rj_,2 > 0) = iko X J d 2 r' ± [z x E(r'j_)] exp(-i/c 0 r • rj_). 

z '=0 

The vector part of r x [z x E inc ] 2= o = — E 0 exp(— p' 2 /w 2 ) sin <j)0 + cos <^cos 6<fi) is the 
same as in (21.100). But for this geometry we use Cartesian variables and write 

, , xx' + yy’ 

r • i" = -. 

r 


Therefore, because p z = x z + y z , 


E = —ikoEo ex P(^° r ) ( s j n qq _|_ cos <p cos 6<j>) 
2irr 


x J dx' exp(— ikoxx'/r) exp(— x' 2 /w' 2 ) 

-a/2 
a/2 

x J dy' exp(-ik 0 yy'/r)exp(-y' 2 /w 2 ). 


- a/2 


The two integrals have the same structure and, when «; « a, we may extend the 
limits of integration to ±oo without concern. In that case, completing the square in 
the argument gives a Gaussian integral: 


OO OO 

J dx exp(— ax 2 + bx) = exp(b 2 /4a) J duexp(—au 2 ) = y^exp(6 2 /4a). 


Using a = 1/w 2 and first b = —ik^x/r and then b = — ikoy/r, the result is exactly the 
same as found in part (a), 


E = — ikow 2 E (j 


exp(ifcoT') 
2 r 


exp(—fco , u: 2 p 2 /4r 2 )(sin 4>Q + cos </>cos 6(j>). 


Source: S. Ramo, J.R. Whinnery, and T. Van Duzer, Fields and Waves in Communication 
Electronics (Wiley, New York, 1994). 


21.28 Effective Aperture Dipoles I 

For reference, we record the radiated electric fields for dipole sources with exp(— icot) time 
dependence: 


Emi = — 


yo to 2 exp (ikf) 
4-7T c r 


(r x m) 


and E E , = -f„*?2(iM 1 f x( f x p )] . (1) 

47r r 
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The far-field limit of Smythe’s formula derived in the text is 

Erad(r) = ik 0 eXP ^ r ^ r x J d 2 r' ± z x E(r'j_) exp[-zfc 0 r • r'J. 

z' — 0 

The integrand involves only the tangential component of the electric field, E||, so there is 
no loss of generality if we replace the foregoing with 

Erad(r) = iko X J x E ll ( r j_) exp[-i/c 0 r • r'J. 

z '=0 


Expanding the exponential to two terms gives 


exp(ifcr). 


, 2 exp(ifcr) 


E ra d —o—/ d ^ r l^xE||(r / J _) + fcg rx / cTr^ z x Ey (r'jjr-r'x, (2) 


2tt r 


2nr 


z '=o 


z '=o 


The first term in (2) has the form of Emi in (1) if m is 

2 


m = 


lbjpi o 


d z rj_ z x Eii. 


aperture 


The direction of m is consistent with Figure 21.23. 

To make further progress, we recall a vector identity we have used in previous multipole 
expansions to separate the magnetic dipole from the electric quadrupole: 


j(r 7 -f) = -rx ^(r'xj) + ^ 


(r' • r)j + (r • j)r' 


Here, replace j with z x Ey and use 

r± X (Z X Ey) = z(r'_L • Ey) - Ey (rj_ • z) = z(r'_L • Ey) 


to get 


(z x Ey)(r • r)_) = -f x ^[z(r'_L • Ey)] + ^ {r'j_[r • (z x Ey)] +r[rf ■ (z x Ey)]} . (3) 

The left side of (3) is the integrand of the second term in (2). The second term on the 
right-hand side of (3) contributes to an effective quadrupole moment. Substituting the first 
term on the right-hand side of (3) into the second term of (2) has the form of Eei in (1) if 



aperture 


The direction of p is consistent with Figure 21.21. 


Source: H. Bethe, Physical Review 66, 163 (1944). 
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21.29 Effective Aperture Dipoles II 



E„ = 



E S = -cB^ 

a d 

cB S = Ef 

a d 


Complementary aperture 

According to Babinet’s principle, the fields diffracted by the aperture, Ef and Bf, are 
related to the fields scattered by the disk, Ef and Bf , by 


Ef = -cBf 


and Bf = -Ef. 


The disk-scattered fields are dipolar. Therefore, from the electric moment for the disk, 

_ c tin u 2 , exp i(kr — cot) 

Ef = -c^— k x p d Z 

47r c r 

and 


B ; = -lg[kx(kx w )] ° 1 " l ‘ T -“‘ ) . 
c 47T r 

Comparing these to the fields produced by a magnetic dipole shows that the effective aper¬ 
ture magnetic dipole moment is 

m a = cp d = -^a 3 ce 0 n x (n x E 0 ) = r^-a 3 n x (n x B a ). 

6 o 


Similarly, from the magnetic moment of the disk, 


S ft f . u -^exp i(kr — cot) 


Ef =-cg[fx(mdXk)] 


and 


B 


i 

c Air c 


(k x m d ) 


exp*(fcr — tot) 
r 


Comparing these to the fields produced by an electric dipole shows that the effective electric 
dipole moment is 


Pa 


1 

= —raid 

c 


g 

! (n • B 0 )n = -e 0 a 3 (n • E a )n. 
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Source: G.S. Smith, An Introduction to Classical Electromagnetic Radiation (University 
Press, Cambridge, 1997). 


21.30 Kirchhoff’s Approximation for Complementary Scatterers 

(a) We start with the form (21.94) of Smythe’s formula, 

E(r ± ,3 > 0) = -2j d 2 r' ± [z x E(r' ± )] x VG 0 (r,r' ± ). 

z'=0 

With R = r — r', (21.96) gives the exact gradient of the free-space Green function as 


VG 0 = (ik 0 R 

K 

For our problem , R = r = zz, — p'p is a vector with magnitude r = \Jp' 2 + z 2 which 
points from the screen to the observation point on the z-axis. Therefore, 


27T 00 

E(0,0, z) = 2 ik J d(j>' J dp' p'r x [z x E (//, <f>', 0)] ^1 + — ^ ^ —-. 

0 0 

The incident electric field is E inc = E 0 exp(ikz)y. For a conducting disk of radius a, 
the Kirchoff approximation for the tangential component of E(p, q i, 0) is (i) zero for 
p < a and (ii) Eq for p > a. Therefore, 


E(0,0, z) = - 


ikEy 

2ir 


2n 00 


M I dp’f’ 4/1 + zy) [ 1 + p exp(l ' ir) 


0 a 


or 


00 

E(0, 0, z) = -ikzE 0 J dp'p ' ^1 + 


hr 


i ^ exp(ifcr) ^ 


Now change integration variables from p' to r so p'dp' = rdr, let rg = y/a 2 + z 2 , and 
integrate the second integral by parts. Using a convergence factor to make the upper 
limit of the integrated term vanish, we find 


E(0, 0 , 2 ) = —ikzEg I / dr 


exp (ikr) 


—i exp (ikr) 
kr 


— dr 


exp (ikr) \ 


J 


(1) 


or 


Edisk(0, 0, z) = Eg 



exp(jfcr 0 )y. 
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(b) The calculation for the circular aperture is exactly the same except that the Kirchoff 
approximation puts the tangential component of E (p, </>, 0) equal to (i) zero for p > a 
and (ii) Eo for p < a. This changes the lower limit of integration in (1) to z and the 
upper limit of integration to rg . Therefore, 


Eaperture (0? 0, — Eg 


exp (ikz) 


— exp(?'fc?’o) 
?’o 


y- 


(c) The formula immediately above is indeed 


Eaperture (0; 0? — E^igk (0, 0, E) E, 


However, Babinet’s principle is not at work here, because that principle relates the 
electric field of one problem to the magnetic field of the complementary problem. 


Source: G.S. Smith, European Journal of Physics 27, L21 (2006). 
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Chapter 22: Special Relativity 

22.1 Low-Velocity Limit 

For a boost along z, the intervals Az and At transform according to 

A z' = y(Az — vAt) At' = 7 ^A t ——A z'j . 

When »<Cc, the factor 7 = (1 — v 2 /c 2 )^ 1 / 2 ~ 1 and 

Az' « Az — vAt At' = ^A t —• 

The left equation is the Galilean limit. The right equation is not, because, no matter how 
small we make v/c, it is always possible to choose Az large enough so the second term is 
not small compared to the first. Indeed, we must have Az cAt, which means that the 
events are very space-like. 


Source: R. Baierlein, American Journal of Physics 74, 193 (2006). 


22.2 Linearity of the Lorentz Transformation 

Let X4 = ct and iq = c. Rectilinear motion in frame S means that x t = xm + Vi{t — to) 
where i = 1,2,3,4. Therefore, under the proposed transformation, 


_ A%j\xj 0 T Vjif ^ 0 )] T 

Cj [xjo + vj(t — to)] + d 


(1) 


and 


A4j [XjO + Vj (t — to)] + l>4 
Cj [xjo + Vj (t — to)]+d 


( 2 ) 


Our task is to check whether these formulae imply that x[ = x' i0 + v'^t' — t' 0 ), which is the 
equation for rectilinear motion in S'. This is straightforward because inverting (2) shows 
that 

_ AijXjQ + 64 - ct'(cjX j0 + d) 

" " ct'CjVj - A 4j Vj ' 1 


Subsi ii 111 :ng (3) into (1) gives 


A, 


XjO 


A4jXj 0 + 64 — ct'(cjXj 0 + d) 


ct'CjVj — A. 


4 j v j 


Xj 0 


A4jXjO + &4 — Ct'(CjXj0 + d) 


ct'CjVj — A 


4 j Vj 


i = 1,2,3. 


( 4 ) 


Rationalizing the numerator of (4) produces a quotient of two linear functions of t'. Ra¬ 
tionalizing the denominator of (4) produces a similar quotient. The two quotients have the 
same denominator (by construction) so the latter cancels out. The numerator of the numer¬ 
ator quotient is a linear function of t'. We will have accomplished our task if the numerator 
of the denominator quotient is independent of t'. Carrying out the rationalization of the 
denominator of (4) produces a quotient whose numerator is a linear function of t 
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Cj {xjo(ct'cjVj — AijVj) + Vj[A 4 jXjo + 64 — ct'icjXjo + d)]} + d(ct'cjVj — A^Vj). 

However, the coefficients of t' sum to zero in this expression, as required. Finally, the original 
transformation maps ( x,y,z,t ) to infinity if CjXj + d = 0. Physically, any transformation 
between two inertial frames must map finite points to finite points and infinity to infinity. 
Therefore, we must have Cj =0. 


Source: V. Fock, The Theory of Spacetime and Gravitation (Pergamon, London, 1959), 
Section 8 and Appendix A. 


22.3 Velocity Addition 


(a) The text writes the Lorentz transformation for the four-vector (r, ict) where r = ry +rj_. 
By linearity, these apply equally well to the differential elements dt and dr. Here, we 
need only 

dry = 7 (dr'y + (3 cdt') 
d.r± = dr' ± 

cdt = q( cdt’ + (3 ■ drj|). 

Consequently, 

uy _ 1 dry _ 7(*y + Pcdt 1 ) u± _ 1 dr ± _ drf 

c c dt j(cdt' + (3 ■ drj|) c c dt ^{cdt’ + f3 ■ drj|) 


This gives the advertised relativistic law of velocity addition: 


u 1 


1 + 


V • u 


and 


U _L 

70) 

1 

C 

_ 1 

1 

d 

0 

- 

H 

_1 


(b) If the direction of v defines a polar axis, uy = u cos 6 and u± = usind and similarly 
for the primed variables. Therefore, 


u cos 9 


v! cos O' + v 
1 + u'vcosO'/c 2 


and 


. u' sin O’ 

U Sm = 7(1 + u'v cos d'/c 2 )' 


Using 7 = 1/^/1 — v 2 /c 2 , we divide one of these equations by the other, and also 
square and add the equations to get 

[u' 2 + v 2 + 2u'ucos O' — (u'u sin d'/c) 2 ] 

1 + u'v cos O'/c 2 


tan 0 = 


' sin O' 


7 ( u' cos O' + v) 
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(c) Evaluating the previous formula in the limit when v — » c gives 

\/ u' 2 + c 2 + 2u'ccos 9’ — u' 2 sin 2 8' W[1 + (u' /c) cos O'] 2 

u =- = c —- 

1 + (it'/c) cos O' 1 + ( u' /c ) cos O' 

This confirms that c is the limiting speed for any particle. 


22.4 Invariance of the Scalar Product 

The transformation law for a four-vector is 

A' ± = A x 

Ay = 7 (A|| + i/3A 4 ) 
A 4 = q(A 4 - i(3 ■ Ay). 


By direct substitution, 


a' ■ b' + 0464 


aj_ • b_L + aj| • bj| — a 4 b 4 

a_L • bj_ + 7 (ay + i/3ai) ■ 7 (by + i(3bn) + 7(07 - i/3 • ay ) 7 ( 6 4 - i/3 • by) 

a_L • b_L + 7 2 [ay • by - /3 2 a 4 b 4 + i& 4 ay • (3 + m 4 by • (3] 

+ 7 2 [a 4 b 4 — (3 2 ay - by — io 4 by • (3 — * 6 4 ay • 0\ 

a_L •b i +7 2 (l-/3 2 )a 4 6 4 + 7 2 ( 1 -/3 2 )ay - by 


= a • b + 0464. 


22.5 The Quotient Theorem for a Four-Vector 

Assume that A^B^ = A’ B', . Substituting A', (from the Lorentz transformation rule for 
four-vectors) into the right member of this equation gives 

A^B^ = A[B[ + A^B^ + A' 3 B 3 + A 4 B 4 


— A\B[ + A 2 B 2 + 7(^3 + i(3A 4 )B 3 + 7 (A 4 — i(3A 3 )B 4 . 

Rearranging terms on the right side of this equation produces 

A^B^ = A 3 B 4 + A 2 B 2 + A 3 j(B 3 — i(3B 4 ) + a 4 j(B 4 + i/3B 3 ). 
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The coefficients of A M must be the same on both sides if the preceding equation is to be 
true for an arbitrary choice of A. In other words, 

B 1 =B[ B- 2 =B' 2 B 3 = 7 (I?' - i(3B' 4 ) B i =' 1 {B , i +ipB , 3 ). 

This is the inverse of the Lorentz transformation rule for four-vectors, which proves that 
the ordered set (f?i, B 2 , B 3 , B±) is indeed a four-vector B. 


22.6 Transformation Law for Ej_ 

By direct computation, 


El = 


-vi- 


dA' ± 

dt 1 


= -Vj_7(v? - v • A) - 7 ( — + v • V ) A ± 


= 7 


-Vj _ip - 


dA 


dt 


+ V_l(v • A) — (v • V)Ajt 


= 7 [Ej_ + Vi(v • A) — (v • V)Aj_]. 

Because v is constant, we observe that 

Vj_(v ■ A) = V_l(v • Ay) = v x (Vj_ x Ay) + (v • VjJAy = v x (Vj_ x Ay). 
On the other hand, 


Vy(v • AjJ = v x (V|| x A_l) + (v • V||)Aj_. 


(1) 


But the left-hand side of the preceding equation is zero because v ■ Ai = 0. Therefore, 

-(v • V||)A_l = v x (V|| x A_l). 

Combining these side calculations, we conclude that 

Vj_(v • A) — (v ■ A||) = v x [Vj_ x Ay + V|| x Aj_] = v x (V x A)j_ = v x Bj_ = (v x B)j_. 
Inserting this result into (1) completes the proof. 


22.7 Transformation of Force 

(a) From Gauss’ law, the electric field inside the electron column is 

r < a. 

Therefore the force on a electron at r < a is 


E=^f 

2eo 


F = -egE(r) = -y^r. 

Z€n 
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(b) In the laboratory frame of the observer, 

E_l = 7(E' - v x B')l Ey = Ey, 

B_l = 7 (B / + (v/c 2 ) x E')_l By = By. 

There is no magnetic field in the rest frame of the electrons and the rest-frame electric 
field [computed in part (a)] is entirely transverse. Therefore, the force of interest is 

eE' 

F = — eE = —e[E + v x B] = —eyE^ — ev x 7[(v/c 2 ) x E(J =-—. 


22.8 A Charged, Current-Carrying Wire 

(a) The transformation laws for charge density and current density are 

j|| =7(j|| + A) P = 70'Tv-j'/c 2 ). 

For this geometry, / and A are related to j and p by the same invariant transverse 
area. Therefore, we can immediately write 

I = 7 ( 1 ' + A'v) A = 7 ^A' -I—^ . 


(b) To eliminate the magnetic field, we need 1=0. This happens if v = —I'/A'. In that 
case, 


A = 7 



A' 

\Jl — u 2 /c 2 



A'y/l — i> 2 /c 2 



To eliminate the electric field, we need A = 0. This happens if v = — (A'c 2 //')I. In 
that case, 

' = A) = (*-?)= 

Only one of these is possible because either /' < cA' or I' > cA'. This means that only 
one of the two velocities computed above is less than c. Equivalently, if / is real, A is 
imaginary and vice versa. 


Source: E.M. Purcell, Electricity and Magnetism (McGraw-Hill, New York, 1985). 
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22.9 Poynting in the Wrong Direction? 

(a) Let K' be the rest frame of the charge distribution so E' ^ 0 and B' = 0. Then, 


By = Bj, =0 cBj_ = 7 (cB' + (3 x E')x = 7 / 3 x x E^ 

E||=E' E x = 7 (E'-/3 x cB')± = 7E±- 

In the lab frame, 

«em = |e 0 {|E| 2 + c 2 |B| 2 } = ie 0 {|El | | 2 +7 2 |El| 2 + 7 2 /3 2 |xxEl| 2 } 


This quantity does not depend on t\ so 8uem /dt' = 0. Therefore, using the transfor¬ 
mation law for the time derivative and the fact that So = memv, 


<9wem 

0= ^ = 1 ' 


S +»g-|»EM=7 


9«em 9(wem) 
dt dx 


= 7 


du 


EM 


dt 


■ V • Sn 


(b) Let S = E x B/^o- Poynting’s theorem says that, at all points outside the moving 
charge distribution (where j ^ 0 ), 


V • S + 


8uem 

dt 


= 0 . 


Given the final result in part (b), it must be the case that V• S = V • So- Now, B| = 0, 
so S = (E|| x Bi + Ex x Bx) //Jo cannot be entirely in the x-direction. On the other 
hand, Sq || x, so we must conclude that S ^ Sq. 


Source: W. Gough, European Journal of Physics 3, 83 (1982). 


22.10 Boost the Electromagnetic Field 

(a) Observer A evaluates the two electromagnetic held invariants and finds the values 
E • B = a 2 /c and E 2 — c 2 B 2 = a 2 — c 2 (a 2 /c 2 +4a 2 /c 2 ) = —4o 2 . 

Observer B evaluates the same invariants and finds 
E'-B ' = E' x a/c + B' y a and E' 2 - c 2 B' 2 = E' 2 + a 2 - c 2 {2a 2 /c 2 + B' 2 ) 

= E ' 2 — (? B' 2 — a 2 . 

Setting these invariants equal in the two frames gives 

K + cB y = a 
E' 2 — c 2 B' 2 = -3a 2 . 

Solving these equations, we find E' x = —a and B' y = 2 a/c. Therefore, 

E' = (— a,a,0) and B' = (a/c, 2a/c, a/c). 
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(b) The fields transform according to 


and 


Therefore, 




E' ± = 7 (E +/3 x cB) ± 
cB/_ = 7 (cB — (3 x E)j_. 


E" = -ax + 7[E^ + vx x (B' y y + B' z z)\ 

= -ax + 7[E , _ l + vB' y z - vB' z y] 

= — ax + 7 (a — va/c)y + 2 r )va/ci 

= —ax + 7 a(l — /3)y + 2'ya(3i. 

Similarly, 

B" = a/cx + 7[B^_ - (ti/c 2 )x x (E'y + E'z)] 
= a/cx + 7[B^_ - ( v/c 2 )E’ y i + {v/c 2 )E’ z y] 
= a/cx + 27a/cy + 7(a/c — na/c 2 )z 
= a/cx + 2 ya/cy + ya(l —/ 3 )/cz. 


Source: Prof. J. Mickelsson, KTH, Stockholm (public communication). 


22.11 Covariance of the Maxwell Equations 

The transformation law for the derivatives and for the charge and current density are 

d { d /3 <9 \ d d d / 9 9 \ 

9rj| ^ \9ry c dt) dr' ± dr± dt' ^ \ 9ry + dt J 

and 

j|| =7(j|| -pv) j , j_=j-L p' = 7 (p- v-j/c 2 ). 

The transformation laws for the fields are 

Bj, = B || cB( l = 7(cB-/3xE)_ l 

Ey = Ey Ej_ = 7 (E + (3 x cB)x- 
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No-Monopole Law: 

Because V • B = 0 and < 9 B /dt + V xE = 0 , 


V' ■ B' = • Bn + V', • B' 


= 7 (V|| + c 2 v< 9 t ) • B|| + V_l • 7(B_l - c 2 v x E x ) 


r 9 b 

= 7V • B + 7c _z v • - X + V_l x Ej 

at 


= 7V • B + 7c v • ——I- V x E 
at 


= 0 . 


Faraday’s Law: Parallel component first: 


+ V x E' 


-d/ + V - XE - 


= l(9t + v • V)B|| + Vj_ x 7 [Ej_ + (v x B)j_] 

<9B 1 

= 7 + Vj_ x E x + 7 [(v • V)B|| +Vix(vx B)j_] 

<9B " r 

= 7 17 + VxE +7 (v • V)B|| + {V x (v x B)}|! 

I at J || 

= 7 [( v • V)B,| + v(V • B) — (v • V)B„] 

= 0, 

because V • B = 0 and 9B/<9 1 + V x E = 0. Now the transverse component: 


— + V' x E' = 7 (< 9 t + v • V) 7 (B ± - c —2 v x E x ) + Vf, xE^ + V^x E' 

= ^1h? x ^ + (vV)Bi - (vV) ? xEi 

+ 7(Vy + c~ 2 vd t ) x 7 [Ej_ + (v x B) x ] + V x x Ey 

= 72 d W + J x ( vx +(v ' v ii) b ^ + v ii x ( vx B )^ 

+ Vy X E_l - (v • Vy)^- X E_l +Vj_xE||. (1 
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However, (vxB)| =0 and V • B = 0. Therefore, we add zero to get 

V|| x (v x B)j_ = V|| x (v x B)j_ + Vj_ x (v x B)y = [V x (v x B)]j_ = —(v • V)Bj_. 
This shows that the third and fourth terms cancel in the brackets in (1). Also, 


v x v x 


i> 2 V|i x Ej_ = (v • V)v x Ej_. 


Therefore, 

®+V'xE']^ = 7 2 (1^ 2 ) [f + VixEx] +Vi xE|=[® + Vxe]^0. 


Gauss’ Law: We note first that 

V_l • (v x B)j_ = V• (v x B)j_ + V|| • (v x B)|| = V • (v x B) = —v • (V x B). 
Therefore, because V • E = p/e o and V x B — c _2 (9E/<9f = p 0 j, 

V'-E'-p'/eo = V' x • E' x + V' • E' - p'/e 0 

= V _l • 7(E + v x B)j_ + 7(Vy + c~ 2 vd t ) ■ E|| - 7 (p - c _2 v • j)/e 0 

1 < 9 E 

= 7(V • E - p/e 0 ) - 7 V • VxB- t - - p 0 j 

c z ot, 

= 0 . 


Ampere-Maxwell Law: We begin with the parallel component and add zero as above 
to get the identity 

Vj_ x (v x EjJ = Vj_ x (v x E)j_ = Vj_ x (v x E) x = [V x (v x E)]y = v(V-E) - (v-V)Ey. 


Therefore, because V x B — /ioj — (l/c 2 )<9E/dt = 0 and V ■ E = p/e 0 , 


V'xB'-wd'--— = VI x Bl-pojj,-;^ 


= Vj_ x 7(B ± - c 2 v x E x ) - po 7 (j|| - v p) 

- J(^+v-V)En 

1 < 9 E" 

= 7 V x B — po j - 2 -7[Vixr(vxEi) 

C Ut || 

- p 0 vp+ c _2 (v • V)Ejj] 

= 7VC _2 (V • E — p/e 0 ) 

= 0 . 
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Finally, using the previous identities, the transverse component is 
1 <9E' 

V' x B' - poj' — ^ = x Bj| + Vj| x — /xojj_ 

-(7 2 /c 2 )(ft+v-V)(E + vxB)x 


= Vj_ x By + 7 2 (Vj| + c 2 vS t ) x (B — c 2 v x E)x 
7 2 

- Poj± - -4 + v • V)(E + v x B)j_ 

c l 

= Vj_ x By + 7 2 (1 — 0 1 ) V||XB x - ? -^ -juoIl 

r„ „ .i 9 ei 

= VxB-^j-^-j^ 

= 0 . 


22.12 Transformations of E and B 

(a) 

E' B' = E'|| • B'||+E'x-B'x = E|| • B||+7(E ± +v x Bx)-7(Bx - c" 2 v x E ± ) 
= Ey • B || + 7 2 {Ex • Bx - c —2 (v x Bx) ■ (v x Ex)} 

= Ey • B|| + 7 2 Ex-Bx(1 - v 2 /c 2 ) = Ey • B,, + E ± • B ± =E • B. 

(b) Let E = Ey, B = B z, and v = ux so 

E'x = 7 (Ex + v x Bx) = 7 {E — vB) y 

B'x = 7 (Bx - c" 2 v x Ex) = 7 {B - c~ 2 vE)z. 

To eliminate E, we let v = Ve = E/B. To eliminate B, we let v = Vb = c 2 B/E. Since 
E ^ cB, one of these must be less than c because VeVb = c 2 and Ve + vb > 2c. 

(c) We must have v = ux because the parallel components of the field are invariant. Then, 

E'x = 7 [E 0 y + v x Bx] = jE 0 [(1 — v sin 0/c) y + (v/c) cos 9z\ 

B'x = 7 [Bx — c _2 v x Ex] = 7 (E 0 /c)[cos 9y + (sin# — v/c) cosdz] 


1 — {v/c) sin# 


{v/c) cos 9 


/(I — v sin 9/c) 2 + {v/c) 2 cos 2 9 y/{l — v sin 9/c) 2 + {v/c) 2 cos 2 9 
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B' L cos 6 

B( L y^cos 2 0 + (sin 0 — vq/c) 2 ^ 

Now, the denominators above are the same, 

\f(l — vsin0/c) 2 + (v/c) 2 cos 2 9 = 


sin 9 — vo/c 

\Jcos 2 9 + (sin 9 — Vo/c) 2 

\J\ + ( v/c ) 2 — 2(ii/csin0) 
a/cos 2 9 + (sin# — v/c) 2 . 


Therefore, to make E' ± || B' ± we need either 


(i) 1 — (v/c) sin 9 = cos 9 and (v/c ) cos 9 = sin 9 — v/c 

or 

(ii) 1 — (u/csin 9 = — cos 9 and (v/c) cos 9 = (v/c) cos 9 — sin 9. 

From (i), we get the parallel case: 

v sin 9 1 — cos 9 9 , / tt „ 7r \ 

- = -= -= tan - d (-< 0 < - ) . 

c 1 + cos 9 sin 9 2 V 2 2 / 

From (ii), we get the anti-parallel case: 


v sin 9 1 + cos 9 9 ( 7r „ 37r\ 

- =-=-= cot - - < 9 < — ) . 

c 1 — cos 9 sin 9 2 \ 2 2 


For the parallel case: 


E(l = 7 -Eo (1 — (v/c) sin0)y + ^Eo(v/c) cos 0z = 7E0 cos0y + 7E0 cos 9 tan(0/2)z 

cBj_ = E' x , 

with 


E’ ± = 7E0 cos 0 a/ 1 + tan 2 (0/2) = 7E0 cos 0 sec ^ = Eo ^ os ^ sec (^/ 2 ) _ EoVcos 9 . 

v 2 y^l - tan 2 (0/2) 


For the anti-parallel case: 


E(l = —"yE 0 cos 0y + 7E0 cos 0cot(0/2)z 
cB(,_ = 7E0 cos 0y — 7E0 cos 0cot(0/2)z, 

with 

E' ± = 7E0 cos 0 a/1 + cot 2 (0/2) = E 0 c ' os ^ csc (^/ 2 )_ = EoV— cos 0. 
V Vl-cot 2 (0/2) 
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22.13 Covariant Charge and Current Density 

The delta function relation we are asked to prove follows from the transformation 


r ll = 7( r y + v ot) r ± =r' ± t = 7 (f' + v 0 • r'/c 2 ), 


which permits us to regard R = r — r k (t) as a function of r' and t'. We will need two facts. 
First, r = r k (t) is the same event in space-time as r' = r'/ ; (t r ). Second, the volume element 
d 3 R is related to the volume element d 3 r’ by 


d 3 R 

|J(R,r')|’ 


where the Jacobian determinant is 



dR x / dx' 

dR x /dy' 

dR x /dz' 

|J(R,r')| = 

dRy /dx 1 

dRy/dy' 

dRy/dz' 


dR z /dx' 

dR z /dy' 

dR z / dz' 


Using this information, we choose an arbitrary function F( r') and evaluate the delta 
function integral 


I = 


J d 3 r'F(r')S[r-r k (t)} = J d 3 r’ F(r')6(R) = J ^ F(r')6(R) 


F(r') 


|J(R,r')U r= 




n r ') 


|J(R,rO|J r , =r , (t , ; 


/M F(rW - rU0] - 


Comparing the first integral to the last shows that 


<5[r - r k (t)] = 


|J(R,r') 


To evaluate the Jacobian, we use the transformation law above to write 

R = r — r k(t) = ry + r_L - r k (t) = 7(rj| + v 0 t') + r^_ - r k (t = yt' + yv 0 • r'y/c 2 ). 
Carrying out the derivatives (choosing one axis as the boost direction) shows that 

|J| = 7(1 — Vfc -v 0 /c 2 ). 


Therefore, we get the advertised result, 


<5[r ~r k (t)] 


Sjr’-W)} 

7(1 - v k ■ v 0 /c 2 ) ‘ 
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The transformation laws for the charge/current density are 

}'\\ =7(j|| -pv) j'_L=j_L p' = 7(p-v-j/c 2 ). 

To prove the covariance of the charge density formula, we substitute p and j from the 
statement of the problem, and use the invariance of charge (q k = q' k ) and the just-proved 
delta function identity. The result is 

P{ r', t') = 7 (P(r, t) - v 0 • j(r, t)/c 2 ) 

= J2q'k s [ r ' — rk/ (*0]- 

k 

Turning to the current density, we make essential use of the transformation law for velocities. 
First, for the component of j parallel to the boost, 


= 7 [j|| ( r ) t) — v 0 p(r, t)] 

= 7 ^2qk(.v k '\\ -\r 0 )S[r-r k (t)} 

k 

v *,|| — v 0 , , 


= 7 *52 qk 


7(1 - v k ■ v 0 /c 2 ) 


Stf - r k \t') 


= J2 q 'k V 'k,\\ 6 i r ' ~ r k'(0]- 


Then, for the component of j perpendicular to the boost, 
jj_(r ',0 = jj.(r ,t) 


= ^gkVk,±S[r -r k (t,)} 


k 


Vfc.u 


7(1 - v k • v 0 /c 2 ) 




= ~ r k'(0]- 


Source: B. Podolsky and K.S. Kunz, Fundamentals of Electrodynamics (Marcel Dekker, New 
York, 1969). 


22.14 A Relativistic Particle in a Constant Electric Field 


The equation of motion is 


dp 

dt 


= gE. 
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Therefore, if po = 'ymuQ is the initial momentum, 

P(t) = p 0 y + qEtz. 

The initial (total) energy of the particle is So = \Jc 2 pl + m?c£. Therefore, the instantaneous 
velocity of the particle is 


n = c 2 p = c 2 p = p 0 y + qEtz 
S y / c 2 p^+m 2 c? \J S^ + c 2 q 2 E 2 t 2 

The particle speed u —> c as t —> oo and one time integration of u(t) gives 

r(t) = sinh -1 Jsf+~cP^E^. 

We have chosen the origin of coordinates so the integration constants are zero. Eliminating 
t and using the properties of sinh a: and coshy shows that the particle trajectory is 

£o , (qEy 

z — —— cosh - 

qE \ cp 0 

The non-relativistic limit is a < c or cqEt <C So- We recover the expected parabolic 
trajectory in this limit because cosh a; « 1 + -(-a; 2 when x <C 1. 

Source: R.D. Sard, Relativistic Mechanics (W.A. Benjamin, New York, 1970). 


22.15 A Charged Particle in Uniform Motion Revisited 


(a) In the rest frame, the electromagnetic potentials are 
fore, since the Lorentz transformation is 

r'j_ = rx and r'|| = 

the potentials in the laboratory frame are 




q 

47re 0 r' 


7 (r y - vt), 


and A' = 0. There- 


= 7(^ / + v ■ A') = 7<^' = 


7 q 

47T£o r' 


jq _ 1 _ 

47reo [r\ +7 2 (ry — vt) 2 } 1 ! 2 


7 (A'[) : 



7 V q 
c 2 47reo r' 


7 q v/c 2 

47reo [r^_ + 7 2 (ry — vt) 2 } 1 ! 2 


Ax = Aj_ = 0. 
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(b) 


E 


—Vip — 


dA 

dt 


-Vj .If - Vy<£ 


dA \\ 

dt 


7 q r ± + 7 2 Q|j -vt) ~/3 2 7 2 ( r ll - v *) 

47reo [?j_ + 7 2 (rj| — vt ) 2 ] 3 / 2 

7 q r_L + r|| - vt _ 'yq r — vt 

Attcq [r 2 ± + 7 2 (ry — vi ) 2 ] 3 / 2 47re 0 [tj_ + y 2 (ry — uf ) 2 ] 3 / 2 


B = V x A = (Vj_ + Vy) x (Aj_ + Ay) = Vj_ x Ay 


po 7 gv x rj. 

47r [r^_ + 7 2 (ry — vt)' 2 } 3 / 2 


(c) Ey —> 0 trivially when ry = vt for any v. When ry vt, Ey —> 0 anyway when v —> c, 
i.e., when y 2 —> oo. Similarly, E_l —» 0 when v —> c if ry y^ vt. However, Ej_ —> oo 
when v —>■ c if ry = vt . On the other hand, 



_ 7ff r -L f dy 

27re 0 J [r\ + y 2 y 2 ] 3 / 2 
0 


ygr± y 
2 t re 0 + y 2 y 2 


gr± 

27re 0 ?l ‘ 


Therefore, 


lim E = ~^q5(r\\ - ct). 

V^c 27T60 rj_ 


Since B = — x for any v, it must be the case that 
c z 


lim B = ^- V X 2 r± qS(r\\ - ct). 
v^c 27 t r]_ " 

(d) The fields computed in part (c) satisfy |E| = c|B|. In addition, E, B, and v form a 
right-handed, orthogonal triad. Radiation fields have the same characteristics (with r 
playing the role of v). The only difference is that radiation fields decay as 1/r whereas 
the relativistic particle fields decay as l/rj_. 


Source: J.D. Jackson, Classical Electrodynamics, 3rd edition (Wiley, New York, 1999). 


22.16 The Four-Potential 

(a) If K' is the rest frame, we know that 
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E^_ = 7(E_l + v 0 x B) Ey = Ey 

= 7(B_l — c _2 v 0 x B) By = By* 


Given this, and the fact that V is a four-vector, we see that 

By = Vj_ x A^_ = V j_ x A'j_ = By = Vj_ x Aj_. 
This allows us to conclude that Aj_ = Aj_. On the other hand, 


Em 






v' ~ 7 



+ v 0 • 



Am 


Therefore, it must be the case that Ay = 7(Ay + c 2 Vo <p') and <p = 7 (ip 1 + vo • A'). 
This proves that (A ,itp/c) is a four-vector. The same conclusion can be reached by 
using the perpendicular components Ej_ and B^. 


(b) In the particle’s rest frame, we have 


<p' = 


_q _ 1 _ 

4tt £ 0 (x'2 +j/'2 +z' 2 ) 1/2 


A' = 0. 


Lorentz transforming to the lab frame gives 


ip = 7 ( V 5 / + v 0 • A') = 7 ip' = 


79 


47 T£o ( 7 2 (a; — v$t) 2 + y 2 + z 1 ) 1 ^ 2 


Now put p = pq to get 

(x - v 0 t) 2 


g 

47r e 0 ipo 


+ 


f 79 \ f 79 V 

\47T£o</?o / V 47re 0^o/ 


= 1. 


This is an ellipsoid centered at {v$t, 0, 0) with major axes 7<7/47reo</?o and minor axis 
7/47reoVT)- For the indicated values, 7 varies from 1.05 to 2.3. The equipotentials are 
plotted below. 
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22.17 A Moving Current Loop 

(a) In the rest frame, <p' = 0 and 


Therefore, 


A'(r') 


Mo m' x r' 
47 t r' 3 


A' x = 


Mo 


x r I + m , x r I 


47T 


and 


a; 


Mo m l x r l 

47r r' 3 


On the other hand, 


Ax = Aj_ 

Ay = 7 (Aj| + v 0 ip'/c?) = 7 A' 


<p = 7 ((p' + vq • A') = 7 V 0 ■ A'. 


Hence, 


so 


Ax = 


A,, = 


Mo nix x 7 (ry - v 0 i) + 7 nijj x r± 

47r {7 2 ( r n - v o*) 2 + r i} ,i/2 


7Mo _ m x x r x _ = TMo 

4n { 7 2 (r||-v 0 <)2+ri} 3/2 ” 4 ^ 


7 Mo (m x R)x 


A'jr f 'i 3/2 

{ 7 2 R^ + Ri} 

( m x R)|| 

r >. 3/2 ’ 

| 7 2 R| +Rl| 


Similarly, 


A = 


7Mo m x R 

^{XR|+Ri} 3/ 


(fi = v 0 • All = 


7 Mo vo • (m x R) 

2 \ 


47r 


{XRf 


R 


3/2 ‘ 


(b) In the non-relativistic limit, 7 —> 1, so 


Mo m x R 
47t R 3 

Mo v 0 • (m x R) 1 (v 0 x m) • R/c 2 

^ 47T R 3 47T£o R 3 

These are the vector and scalar potentials for a system moving at a velocity vq with 
a magnetic dipole moment m and an electric dipole moment p = (vq x m) /c 2 . 
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Source: J.D. Jackson, Classical Electrodynamics, 3rd edition (Wiley, New York, 1999). 


22.18 Transformation of Dipole Moments 

Let inertial frame K' move with velocity v with respect to the laboratory frame K. The 
text gives the transformation laws for the polarization and magnetization as 

P||=P|| Pi^fP' + ^M'), 

My = M'n Mi = 7 (M' - v x . 

Let K' be the rest frame of the body. Then, because the volume element suffers length 
contraction, 


Similarly, 



- yv x P') 

- V X P'^l 



Source: V.V. Batygin and I.N. Toptygin, Problems in Electrodynamics (Academic, London, 
1978). 


22.19 TE and TM Modes of a Waveguide 

A TE mode has zero longitudinal electric field, a TM mode has zero longitudinal magnetic 
field, and a Lorentz transformation leaves E|| and B|| invariant. Therefore, a Lorentz boost 
of a TE mode does not generate a longitudinal electric field and a Lorentz boost of a TM 
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mode does not generate a longitudinal magnetic field. The TE/TM classification is a Lorentz 
invariant concept. 

Source: M. Aalund and G. Johannsen, Journal of Applied Physics 42, 2669 (1971). 


22.20 Stellar Aberration 

The geometry is 



K' 



a)', k' 


The transformation law for the four-vector k is 

kx = k' x 

k || = 7(ky +PK) 

ki = 7(^4 +(3 ■ ky). 


Therefore, 


fey = 7(/c[| + vu>' /c 2 ) and 


k , = k', . 


It is most convenient to compute the inverse. Using u' = ck ', 


„ fcii iK + 'fvck' / c 2 lv k' 

i = -hs—=^ + 


= 7 


COS0' 

sin 9' 



Therefore, 


. sin 9' 

'■' = SoS' 


22.21 Reflection from a Rotating Mirror 

The frequency w and wave vector k of a monochromatic plane wave form a four-vector. 
Therefore, if the inertial frame S' moves with velocity v with respect to the (lab) frame S, 

u)' = 7(0; — v ■ k) 

ky =7(k|| -vw/c 2 ) 

kx = kx- 

Our strategy is to (i) transform to the mirror frame; (ii) apply Snell’s law of reflection; (iii) 
transform back to the lab frame. However, v lies in the plane of the mirror so kx is the 
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normal component of the incident wave vector. Thus, the law of reflection changes the sign 
of kj_. But the latter is otherwise unaltered by the above Lorentz transformation so step 
(3) merely reverses the effect of step (1). We conclude that v/0 has absolutely no effect 
on either the frequency or the wave vector of the reflected ray. 


Source: P. Hickson, R Bhatia, and A. Iovino, Astronomy and Astrophysics 303, L37 (1995). 


22.22 Reflection from a Moving Mirror Revisited 

Let the reflected wave be E = xEexp[— i(kz + ait)]. The electric field is entirely tangential 
to the mirror surface. The key observation is that the usual matching condition that the 
total electric field amplitude vanish at the mirror surface must be replaced by the moving 
interface matching condition from (2.50), 

n 2 x [Ei - E 2 ] = (n 2 • v)[Bi - B 2 ], 


Medium 1 is the vacuum space z < 0 where cBq = z x E 0 and cB = —z x E. Medium 2 is 
the mirror, so n 2 = —z and E 2 = B 2 = 0. Substituting this information into the matching 
condition with z = vt gives all terms proportional to the factor z x x. What remains is 


— {Eq exp[?'(fcou — wo)t] + E exp[— i(kv + u>)f]} 

V 

= — {Eq exp[i(^o^ — w§)t] — E exp[—i(kv + cj)t]} . 
c 

This expression must be true at all times. Therefore, because ujq = cko and cj = cfc, 

UJ 

- V ~ LJo = - V — UJ 

c c 


or 


uj = 


1-/3 
1 + P 


UJQ. 


(1) 


The amplitudes must be equal on both sides of (1) also. Therefore, 


— Eq — E — — (3Eq + /3E 


or 


E ~ 


These are the results derived in the text using special relativity. 


22.23 Transformation of Phase and Group Velocity 

(a) The notation is simplified if we treat vectors transverse to the boost velocity v as 
scalars. Thus, we write 


Sco = u • (5k = u\\6k\\ + u±5k± 


(1) 
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instead of 

Suj = u • (5k = «||5fc|| + u_l • <5kj_. 
Our task, then, is to compute 


U II = 


Suj' 

w, 


and 


Suj' 

Sk\ 


K 


The transformation law for the (w,ck) four-vector is 

uj' = 7 (ca — vku) 
k \\ = 7 ( fc || - vu/c 2 ) 
k'_ L = k _ L . 

This shows that 

Suj' = 7((5w — vSk^) = 7<5fc||(u|| — v) 

Sk\\ = 7((5fcii — vSlu/c 2 ) = 'ydkn (1 — fity/c 2 ). 

Dividing one of these by the other gives 


u 


II 


Suj' 

M ' 

ii k 


U || — V 

1 — 1 >W||/c 2 


( 2 ) 


Turning to the perpendicular components, we use (1) to write 

Suj' | 7 (Suj — vc>/c||) 7[(tiy — v) 5 k\\ + u±Sk±\ 


u _l = 


Sk\ 


Sk± 


Sk± 


(3) 


This shows that we need to express 5k\\ in term of Sk±. We do this using the fact that 
fcy is held constant during the differentiation in (3). Therefore, 


so 

Hence, 


0 = Sk' {] = 7(i5/c|| — vSuj/c 2 ), 

Sk \\ = = W [“ll^ll + U±Sk ± ] . 


sn. ( V/C 2 )u± 

= 1 -v m /* Skl - 


(4) 


Substituting (4) into (3) and rationalizing the result gives 


U _L = 


U _L 


7(1 - 


2 )' 


(5) 


The transformation laws (2) and (5) are the same as the transformation laws for a 
particle velocity. 
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(b) When u> = ck, the group velocity and phase velocity are the same. Hence the latter 
transforms exactly like the former. 

Source: G. Barton, Introduction to the Relativity Principle (Wiley, New York, 1999). 


22.24 The Invariance of Uem /u> Revisited 

The left panel of the figure below shows the physical situation in the lab frame K. In a 
time At, the volume of wave field which enters the detector is cAtA because the velocity 
difference u wave — r'detector = c. Therefore, the total energy absorbed is Uem = UemcAU 4, 
where the energy density is «em = eo -U 2 . 



cAt - 



The right panel of the figure shows the physical situation in a frame K' which moves in 
the direction of the wave with speed v. Using the electric field transformation, E' ± = 
7(E + /3 x cB)j_, the electric field and energy density in this frame are 


E' = 7 (E - j3E) = 7(1 - 0)E 


and 

«EM = e o E' 2 = e 0 7 2 (l -P) 2 E 2 = 7 2 (1 - P) 2 u EM . 

The volume of wave field which enters the detector in K is (c + v)AtA because u wave — 
^detector = c— (— v). Compared to the rest frame, the transverse dimensions are invariant 
(A = A'). The detector is moving in K' , so the time interval is dilated (At' = 7At). 
Therefore, the energy absorbed by the detector in I\' is 

u em = «em (c + v)At'A' = 7 2 (1 - P) 2 u em c( 1 + p)-fAtA = 7(1 - P)U EM - 

Combining this with the frequency transformation formula, 

u >' = 7 (ui — v • k) = 7(1 — ( 3 ) u >, 

produces the advertised result: 

Uem _ Uem 

U ) ui ' 


Source: G. Margaritondo, European Journal of Physics 16, 169 (1995). 


501 













Chapter 22 


Special Relativity 


22.25 Conservation of Energy-Momentum 

The covariant equation of motion in question is is 

d Pr _ tt F 

Multiply the equation of motion by pp and sum over the repeated index to get 


d Pr TT TT 

Pr~^T = 1PiiUvF^. 


But p v = mU v , so 


Pr~^r = (Q/'m)p li p v F ltv . 


The right side of this equation vanishes because = —F^ is anti-symmetric. This proves 
the result because p-p = PfiPfi and 


0 =Pv 


dPfi 

dr 


1 d 


2 dr 


PtiPn- 


This shows that p^p^ is a constant, independent of the proper time r. 


22.26 Gauge Freedom and Lorentz Invariance 

(a) If A is a gauge function, A' = A produces the same electric and magnetic field 

as A^. To prove this, we recall that F^ u = d 4 A v — d^A^ is the field tensor and check 
that 


F'^ = d^Av + <9„A) - + d^A) = + <9 M <9„A - d^d^A = F^. 

(b) The Lorenz gauge constraint is d^A^ = 0 . Imposing this constraint on A' also means 
that 

dftA'^ = df l (Af l + dft A) = d^ A^ + d^A = d^d^A = 0 . 

In other words, A must satisfy the wave equation. Now, the space part of the change- 
of-gauge expression is 

A' = A + VA = A + zkA, 
and its dot product with the wave vector is 

k A' = k A + ik 2 A. 

Therefore, if a Lorentz boost causes ke^O (so k ■ A ^ 0 ), we can restore k • A' = 0 
simply by choosing the gauge function as 

zk ■ A 


This choice of gauge function satisfies the Lorenz gauge constraint because, being 
proportional to A, it is a plane wave. 


Source: R.P. Feynman, Quantum Electrodynamics (W.A. Benjamin, New York, 1962). 
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22.27 Covariant Properties of a Plane Wave 

The four-vector fc,, = (k, iw/c) and 


0 

B z 

By 

—iE x /c 

-B z 

0 

B x 

— iEy/c 

By 

—B x 

0 

—iE z /c 

iE x /c 

iE y /c 

iE z /c 

0 

0 

—E z /c 

Ey/C 

iB x 

E z /c 

0 

—E x /c - iBy 

o 

- 

1 

E x /c 

0 

—iB z 

i.B x 

iBy 

iB z 

0 


By direct calculation, G IZU F^ V = —4E • B/c. This is zero in one frame, and therefore zero 
in every frame. Similarly, 

kyF^ = (B x k)j - ( u>/c 2 )Ei and k^F^ 4 = -(i/c) k • E. 

Because u> = c|k|, all of these are zero also. Therefore, G yv Fy„ = 0 and k^F^ = 0 in every 
inertial frame. 

It remains only to prove that k • B = 0 in every frame. To do this, square the leftmost 
equation above to get 

E • E = (cB x k) • (cB x k) = c 2 B 2 - c 2 (B • k) 2 . 

Therefore, the assertion will be proved if E 2 = c 2 B 2 is a Lorentz invariant statement. This 
is true because the text shows that F ;i „ F lll/ = 2(B 2 — E 2 /c 2 ) is a Lorentz scalar and this 
combination vanishes in one frame. 

Source: Y.-K. Lim, Problems and Solutions on Electromagnetism (World Scientific, River 
Edge, NJ, 1993). 


22.28 A Stress-Energy Invariant 

The stress-energy tensor for the electromagnetic field is 


— T 

-*■ XX 

—T 

± xy 

—T 

J-XZ 

icg x 

—T 

± xy 

—T 

± yy 

—T 

-Lyz 

icg y 

—T 

zx 

—T 

± yz 

—T 

zz 

icg z 

icg x 

icg y 

icg z 
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where 

0jj = —Tij = — eo [.EiEj + <?BiB } — ^5ij{E“ + c 2 iU)] = —eo^EiEj + c 2 BiBj) + <5jjUEM• 
Therefore, 

QiivS/j,v — Tij Tij — 2c"g 2 + 4 m 

— [eo (EiEj T c BiBj ^em)] [eo (EiEj T c BiBj 

— 2c 2 £q |E x B|" + 4 m 

= e 0 E' 2 E 2 + egc 2 (E • B) 2 - e 0 E 2 u E M + eV(E • B) 2 + e 2 0 c 4 B 2 B 2 

— e 0 c 2 B 2 u EM - e 0 £ 2 w EM - e 0 c 2 B 2 u EM + <%4«em - 2 e 2 0 c 2 E 2 B 2 

— 2e;jc"(E • B)" + 4 m 

= e 2 (£ 4 + c 4 B 4 ) - 2e 0 u EM (E 2 + c 2 B 2 ) + u 2 EM + 5 u u | M - 2 e 2 c 2 E 2 B 2 
= e 2 {E 4 + c 4 B 4 ) - 4m| m + m 2 m + 3 U | m - 2 e 2 0 c 2 E 2 B 2 

= e 2 0 {E 4 + c 4 B 4 ) - 2 e 2 0 c 2 E 2 B 2 

= e o(E 2 — c 2 B 2 ) 2 . 

This invariant is zero for, say, a transverse electromagnetic wave where |E| = c|B|. 

22.29 Diagonalize the Stress-Energy Tensor 

(a) To simplify writing, we temporarily let eo = Ho = c = 1 and restore these variables at 
the end. Under the stated conditions, the elements of the symmetric matrix 0^„ are 

011 = -022 = - l -{E 2 -E 2 + B 2 -B 2 ) 

033 = -044 = \(E 2 + B 2 )= 1 -{E 2 +E 2 + B 2 + B 2 ) 

©12 = — (E1E2 + B1B2) 

013 = 023 = 014 = 024 = 0 

©34 = —i(E2B\ — EiBz). 
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To find the eigenvalues A of 0^, we solve the determinant equation 

@11 — A @12 0 0 

@12 @22 — A 0 0 _ 

0 0 @33 — A @34 

0 0 @4 3 @44 - A 

The determinant is block diagonal, so it is sufficient to require 

(©11 — Ai)(©22 — Ai) — ©i2 = 0 = (@ii — Ai)(@n + Ai) + @i2 

and 

(©33 — A2)(©44 — A2) — ©34 = 0 = (@33 — A2)(©33 + A2) + @34- 

Therefore, 

Af = e 2 n + 0 2 12 = i [(E 2 - E 2 + Bl - Blf + 4(^1 E 1 + B 2 B 2 ) 2 ] 

and 

Ai = ©is + e§4 = \ [(E 2 + B 2 ) 2 - 4(E\B 2 - E 2 Bi) 2 ] . 

However, direct calculation confirms that A 2 = A 2 = A 2 , where 

A 2 = | [(E 2 - B 2 ) 2 + 4(£iBi + E 2 B 2 ) 2 ] . 

We now recall the two Lorentz invariants associated with the stress tensor and its 
dual: 

F„ V F^=2(B 2 -E 2 /c 2 ) and = -4E • B/c = -4(£iBi + E 2 B 2 )/c. 

Hence, putting back the dimensional factors so A has the correct dimensions, 

A = ±^- y J(F ltv F llv y + (F liV G ltv y. 

On the other hand, 

(. FF) 2 + (FG) 2 = 4(H 4 + E 4 -2E 2 B 2 ) + 16E 2 B 2 cos 2 6 

= 4(B 2 + E 4 ) — 8E 2 B 2 + 8E 2 B 2 (1 + cos 29) 

= 4[f3 4 + E 4 + 2E 2 B 2 cos (20)]. 

Therefore, putting in the dimensional factors again, 

A = ±^e 0 VE 4 + c 4 B 4 + 2E 2 B 2 c 2 cos(26»). 
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(b) Because cos (29) < 1, an immediate inequality is 


|A| < 2 e °^ c ^ ) — u em- 


Therefore, either uem = 0 (if the fields vanish) or hem is bounded from below by A. 
This is true in every inertial frame because A is a Lorentz scalar. 


Source: J.L. Synge, Relativity: The Special Theory (North-Holland, Amsterdam, 1956). 


22.30 Stress-Energy Tensor for Matter 

(a) Using the relativistic identity c 2 pfc = £ k {drk/dt), the given stress-energy tensor takes 
the manifestly symmetric form 


©l 7 M) = c 2 ]t 


2 Pk,aPk,P 


S[S - Tfc(f)]. 


(b) Following the hint, we compute the space divergence: 


09%* (M) 

dsi 


k 

k K ’ 1 

= -^2Pk, a ^.d[s-r k (t)] 


= ~ — r fc(*)]> — ^[ s — r fc(*)]“ 


^Qmat; dp k ,a ^-| 

'em + E^r i[s “ r ‘(‘ )1 ' 


Therefore, moving the derivative with respect to S 4 = ict to the left-hand side, 

00“!* (M) dpk, a x r 


Now, the equation of motion of a particle with charge q & in an electromagnetic field 


dpk,a T j 7-, dVk : v 7-, 

1 — Qk Uk,u■£*av — Qa au • 

dr dr 
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Therefore, 


dpk,a drk^v 

~^r- qk ^r Fav - 


Substituting this into the four-divergence just above gives 


dr. 


= ^2 Qk —^S[s - r k (t)\F a ^ =j v F av . 


The last equality is true because the four-current density is (see Example 22.2) 


J(s ,t) = J2q k ^S[s-r k (t)}. 


dt. 


Source: S. Weinberg, Gravitation and Cosmology (Wiley, New York, 1972). 
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Chapter 23 : Fields from Moving Charges 

23.1 Smith-Purcell and Undulator Radiation 

(a) The electric field of the passing electron induces electrons at the surface of each metal 
strip to accelerate and hence radiate. The bursts of radiation from successive strips 
are identical except they are separated by the time interval L/v. Therefore, to get 
constructive interference, we need the path difference between waves received from 
successive periods to be an integer multiple of the wavelength: 

A = (d + cL/v ) — (d + L cos 9) = L(c/v — cos 9) = nX. 



L 


(b) Each magnet induces a force which causes the passing electron to accelerate (in the 
transverse direction) and hence radiate. The bursts of radiation produced as the 
charge passes by successive magnets are identical except they are separated by the 
time interval L/v. The argument for the wavelengths emitted is then the same as part 
(a). 


Source: S.J. Smith and E.M. Purcell, Physical Review 92, 1069 (1953). 


23.2 Gauss’ Law for a Moving Charge 

Let the charge move up the z-axis with speed v = /3c. Then, if 9 is the usual polar angle, 

E(r1 = (i-l 2 ) 

47 reor 2 (1 - /3 2 sin 2 9) 3 ! 2 

Choosing as a Gaussian surface S a sphere centered at q, the azimuthal part of the electric 
flux integral can be done immediately: 





S 


g(l ~/3 2 ) j w sin 9 
2 eo J (1 — /3 2 sin 2 9) 3 / 2 


g(l~l 2 ) sin 9 

2 e 0 J (1 - /3 2 + /3 2 cos 2 9 ) 3 / 2 ' 
o 


Changing variables to x = /3 cos 9 gives the desired result, 


&E 


P 

q{ 1 — /3 2 ) 1 f dx 

2e 0 Pj (1 - P 2 + x 2 ) 3 / 2 

-0 


q{ 1 — P 2 ) 1 X 

2e 0 P (1 — P 2 )\Jx+ 1 — /3 2 


q_ 
eo ’ 
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23.3 The Retarded Time 

Let the observation point be P in the diagram below and suppose there are two solutions, 
[ti ] and [t 2 \. The diagram shows the corresponding vectors R([ti]) = r — r 0 ([ti]) and 
R (N) =r = r 0 ([t 2 ]). 


1 



By assumption, [ti] = t — R{[ti\)/c and [t 2 ] = t — R(\t. 2 ])/c. Therefore, 

c|M-N| = | J R([t 1 ])-i?([i2])|. 

On the other hand, it is a consequence of the triangle inequality that 


|i?(N)-i?([t 1 ])|<|R(N)-R([t 1 ])|. 


Therefore, 


c\[t 2 \ ~ [ti]| < IRQfc]) - R([*i])| < S, 


(1) 


where S is the distance traveled by the particle between the two points labeled 1 and 2 
in the diagram. But (1) is impossible to satisfy if the particle speed is strictly less that c. 
Therefore, the original assumption that [t] = t — f?([t]) has two solutions cannot be correct. 


23.4 The Direction of the Velocity Field 

The velocity field is 


E = 


47re n 


n — (3 

7 2 <7 3 f? 2 


The direction of this field is the same as the direction of the vector 


[R-/3i?] ret = r-roO re t) - /3|r - r 0 (£ re t)|- 

Let the observer sit at the origin (r = 0). Then, because the retarded time is defined by the 
relation 

tret rQ (tret) /c t — 0, 

the velocity electric field, 

E OC Tq (t re t) - V ^ 1Ct V 0 (t Ie t) = -r 0 (t re t) ~ v(t re t)(t - tret) 
c 

= [ro (tret) + v(t re t)(t - t re t)] = ~*A ■ 

The diagram below shows that this proves the assertion. 
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Source: W.K.H. Panofsky and M. Phillips, Classical Electricity and Magnetism, 2nd edition 
(Addison-Wesley, Reading, MA, 1962). 


23.5 Inverting the Retarded Field 

(a) We drop the subscript “ret” for convenience. The equation given implies that 

cn x B = n x (n x E) = n(n • E) — E. 


Therefore, 


cE- (n x B) = (n-E) 2 — E 2 . 


On the other hand, cB • (E x n) = —cB 2 . Therefore, (n • E) 2 = E 2 — c 2 B 2 . This gives 
n ■ E = ±\/E 2 — c 2 B 2 . To get the sign, we recall the Lienard-Wiechert electric field, 


E = 


(n~/3)(l - P 2 ) n x [(n - f3) x a] 

47 re 0 [ R 2 (l - n • /3) 3 c 2 R(l-/3-h) 3 

By direction computation, 

h F- q l -P 

4tt e 0 R 2 (1 — n • (3) 2 ' 

This shows that the dot product has same sign as the charge itself. Hence, 


n rct -E= yWE 2 -c 2 B 2 . 

\q\ 


(b) Using the formula given in part (a), 

cE x B = E x (n x E) = hE 2 — E(E • n). 

Therefore, 


E x B + E(g/|g|)v / E 2 - c 2 B 2 
E' 2 


(1) 
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(c) The Heaviside-Feynman electric field is 


E = 


47Te 0 


R 2 


Riet d 

c dt 


R 2 


1 d 2 n ret 
c 2 dt 2 


or 


Therefore, 


E = 


47re 0 


n R d 1 1 (in 1 d 2 iC 

R 2 c dt R 2 cR dt c 2 dt 2 


cB = n x E = 


47re 0 


n dn 1 d 2 n 
cR dt c 2 dt 2 


The dot product of this with B is 

q 


cB 2 = 

47re 0 

so we can solve for R to get 

R = 


—B • (n x h) + -^-B • (n x ri) 
cR c 2 


q B • (n x n) 


47reoc 2 B 2 — (g/c)B • (n • n) 

Restoring the “ret” subscript to R and n, we conclude from (1) and (2) that 


Rie’ — -Rret^ret — 


gn ret B • (n x n) ret 
47re 0 c 2 R 2 - (g/c)B • (n • n) ret 


( 2 ) 


(d) The retarded time and present time are connected by 

t = bet + Riet/c. (3) 

But (2) gives R le t in terms of present-time quantities. Therefore, (3) is an explicit 
formula for f ret in terms of present-time quantities. 


Source: V.Ya. Epp and T.G. Mitrofanova, Physics Letters A 330, 7 (2004). 


23.6 The Covariant Lienard-Wiechert Field 


(a) Begin with the hint and recall from (23.17) that 


R v = (a; - x 0 , y - yo, z - z 0 ,ic(t - f ret )) and 


R a R a = 0, (1) 


where ro = (xo , yo, Zo ) is the position of the charge q at the retarded time f ret . By 
direct computation, 


d 

drn 


( R(j R 0 ) 


2 Ra 


ORg 
dr mil 


= 2 Rg — (r a - r 0 ,g) = 2R a ( 6 a 


dr 0t g dr \ 
dr dr^ ) 


= 2 Rg 
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The foregoing is zero from the right side of (1). Therefore, as advertised, 


dr 


Rfj, = RaU a ^ 


dr 

dr a 


Ru 


RaU a 


( 2 ) 


The Lienard-Wiechert potential is 


A v = — 


q U v 


47re 0 cR a U a 

This formula, and the hint result (2), establish that 
dA v d A, 


F — 

L ft v — 


dr„ 


dr v 


dA„ dr dA^ dr 
dr dr„ dr dr v 


q 

\ d 1 

( U » ) 

1 Rp ® | 

( U » ) 

R„ 

47T60 C 

dr 1 

\RoUj 

1 RxUx dr 1 

\RoUj 

1 RxUx\ 


(3) 


Consider the first term in the square brackets in (3). Because d T R\ = —U\ and 
U a U c , = — c 2 , this is 


Uv 


Ru 


d 


dr \R a U a J R\U\ 


1 


(RaU a ) 2 

i 


^RxUx-Uv^iRxUx) 


dUv 


Ru 


Ra U a 
dU x 


TT \ 2 | 0 RxUx + Uv(UxU x )-UvRx . 

(■ R a UoY [ or dr 


Ru 

Ra U a 


Ru 


dUv C 2 U V R' p 


_ R P U V R dUx 

(RM 2 dr (R a U a f (R a U a f A dr ' 


The second term in square brackets in (3) is the same as the foregoing with p and v 
exchanged. Therefore, we conclude that 


F = - 


1 


47T60C [(RaUa) 2 dr 
1 


dUv du „ 

JA'II. ^ -U^l/ r\ 

or 


{RoU a f 


{RfiUy — RyUy c + Rx 


dU x 

dr 


(4) 


(b) Each term in (4) is a second-rank tensor. Therefore, the sum of the terms which do 

not depend on dU v /dr are the covariant velocity field. The sum of the terms which 
do depend on this four-acceleration are the covariant acceleration field. 

(c) The component of the electric field are Ek = —icF^. If (Mm) is a cyclic permutation, 

the components of the magnetic field are B m = F^. Now, from (22.57) the four- 
acceleration A = dU/dr has space and time components 


A = 


a u(u-a)/c 2 

1 — u 2 /c 2 (1 — u 2 /c 2 ) 2 


and 


Aa 


i] • a)/c 

(1 — u 2 /c 2 ) 2 ' 


In the rest frame of q, this reduces to A = (a, 0). Similarly, U = (0, ic) and R = (R, iR) 
so R ■ U = —cR and R ■ A = a • R. Therefore, because A = t4 = 0, we find 
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E k — icFik 


q a k 

47T60 c 2 R 


q 

47re 0 



(c 2 + a • R). 


Therefore, as expected when (3 = 0, 


E = 


q 


R 


47re 0 r 3 47reyi? 


[R x (R x a) 


Similarly, 


Therefore, 


Rm — RkC 


q R k ae - Reak 
47re 0 c c 2 R 2 


B _ PoqaxK 
47t cR 


Source: W. Pauli, Theory of Relativity (Dover, New York, 1958). 


23.7 N Charges Moving in a Circle I 

For a single charged particle, the Lienard-Wiechert electric field is 

(n — j3) n x {(n-/3) x /?} 

7 2 (1 — n • /3) 3 R 2 + c(l — n • (3fR 

- ret 

where R(i) = R(t)h = r — r 0 (f), (3 = ro {t)/c, and y 2 = 1/(1 — /3 2 ). On the symmetry axis, 
the position vector of the k th particle is 


E(r ,t) = 


47re n 


R k(t) = —acos(wf + (fk)-k — asin(u;t + + z z, 

where v = aui and <p k = 2rrk/N. From the definitions above, R k = \Jaf + z 2 — R is the 
same for all the particles and 

CL Z 

ii k = [cos(w< + 0 fc )x + sin (ut + 4> k )y} + — z 

K K 

(3 k = -R*/c = /3[-sin(wf+ (^)x + cos(wf+ 0 fc )y] 

0 k = —u>(3 [cos(wf + </>fc)x + sin(wi + <fk)y]- 


We have n fc • (3 k = 0 so n k x |(n fc - (3) x 0} = (n fc - (3){n k ■ j3) - (3 and h k ■ 0 k = c/3 2 /R. 
Since y -2 + (3 2 =1, this reduces the electric field to 


E (z,t) = 


N 


47re 0 


k =1 L 




0k 

cR 


N 

= —Y 

J ret AlTe °h 


(w - (3 k ) 
R? 


0k 

cR 


(1) 
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The x- and y-coinponents of this electric field vanish because, when N > 1, 


cos (ut + 4>k) = sin(wt + f>k) = 0 . 


The proof that both sums in (2) vanish is straightforward: 


N N i i 2 tt 

E e i(iot+(j)k) _ e i(ut+2n/N) \ ' e i(k-l)2n/N _ g i(wi + 27r/Af) 1 e _ q 

/ -- " ^ _ gj2ir/2V 


The only term in (1) which survives is the ^-component of . Hence, the electric field on 
the symmetry axis is 


iV 

E (z,t) = \4s 

47T€n L -Tt' 5 j ret 


47T€o L i? 3 J ret 47Teo-R 3 

k—1 


(N> 1). 


23.8 Energy Loss from Gyro-Radiation 

The relativistic Larmor formula is 


47reo 3c 


7 6 [/3 2 - 09 x /3) 2 ' 

J I 


Using the Lorentz force, the relativistic equation of motion for the charge is 

~T, (7/3) = —fl x B = 7/3 + 7 / 3 . 
at m 

Taking the dot product of (3 with the rightmost equation in (1) gives 


7 /r + 7/3 • /3 = —f3 • (/3 x B) = 0. 

TO 

On the other hand, because 7 = (1 — (3 ■ /3) -1 / 2 , the time derivative is 

7 = 7 3 /3 • /3. 

Comparing (3) to (2) shows that 7 = 0 and we conclude from (1) that 


(3= —[3 x B. 

TO 7 

This is the information we need to evaluate the Larmor formula because 


(? = (—) (/3xB)-(/3xB) = 
\TO7/ 


)=(—^ [/3 2 H 2 - (/3 • B) 2 ! = (3 2 ° 2 

\ 777-7 / V m 7 / 
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and 


/3 x /3 = —f3 x (/3 x B) = \(3((3 ■ B) - /3 2 Bl = —^-/? 2 B. 

m'y TO 7 TO 7 


q 


1 a 2 1 


Using these, the power radiated is 


P = 


Fk 6q 3c ' 



(1-/3 2 ) 


1 2<7 4 /3 2 7 2 J5 2 

47reo 3m 2 c 


23.9 The Path of Minimum Radiation 

Larmor’s formula for non-relativistic power radiated is 

dt/ 2 g 2 a(t) 2 

dt 3 47 reo c 3 

(a) Since the particle begins at rest, its displacement under constant acceleration a is s(t) = 
|at 2 . Therefore, because the particle must return to rest by uniform deceleration —a, 



Therefore, a = 4 d/T 2 , and the total amount of energy radiated is 


TT _ } u dU } u 2 q 2 16 d 2 8 q 2 <f 2 

J ] C ' f 3 Ur^c 3 ~T*~ ~ 3 TTf^c 3 T 3 ’ 

o o 


(b) The problem is to minimize the functional 


T 

I[x(t)\ = J dtx 2 (t), 

o 

subject to the constraints that x(Q) = x(T) = 0 and x(0) = 0 with x(T) = d. In 
classical mechanics, we get Lagrange’s equation when we minimize a functional like 
(1) when the integrand is L[x, x). When the integrand is G(x , x, x), a straightforward 
generalization gives 

OG _ d^dG _ (f_dG_ 
dx dt dx dt 2 dx 

For our problem, G = x 1 , so (2) gives 



Consequently, the equation of motion can contain terms no higher than cubic in time: 


x(t) = A + Bt. + Ct 2 + Dt 3 . 
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We get A = B = 0 from the boundary conditions x(0) = i(0) = 0. Imposing x(T) = 0 
and x(T) = d leads to 


. . 3d o 2 do 

x{t) = Y2 e~-^. 


The corresponding acceleration function is 


6 d 12 d _ 6 d f 2 1 

a V') — rp 2 2 13 ^ — T 2 \ T 


Source: Prof. K.T. McDonald, http://cosmology.princeton.edu/~mcdonald/examples/ 


23.10 Radiation Energy Loss from Coulomb Repulsion 

The problem is one-dimensional (in the radial coordinate) and the non-relativistic equation 
of motion is 

dV Ze 1 
mv = —— = — 
dr r z 

From Larmor’s formula, the power radiated is 

„ 1 2e 2 .0 1 2 e 6 Z' 2 

47T£o 3c 3 47reo 3c 3 m 2 r 4 


Hence, the total energy radiated is 


A E= / dtP = 


1 2e 6 Z 2 r°° dt 
47 re 0 3c 3 m 2 J r 4 ’ 


In classical mechanics, we do integrals of this kind using v = dr/dt and knowledge of the 
velocity function v(r). The latter we get from conservation of energy: 

1 2 1 / ^e 2 

-mv 0 = -mu(r) +— • 

Therefore, 

, x f, 1 1 2Ze2 

v(r) = v o-i/l- where s= - 9 - 

V r mv 0 

and the particle travels from r = +00 to r = s and then back to r = + 00 . Accordingly, 


A E = 


1 4e 6 Z 2 f dr 1 4e 6 Z 2 f dr 

47 reo 3c 3 m 2 J vr 4 4 - 7 reo 3c 3 m 2 UQ J r A y/l — s/r 


1 4e®2 ' 2 j" dx 

47 re 0 3 c 3 m 2 v 0 s 3 J x A y/l - 1/x 


1 
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The integral is 


dx 


dy 


J Vv(y + 1 Y /2 


(x = y + l) 


= 2 


dz 


(l + z 2 ) 7 / 2 


(:y = * 2 ) 


do 


cosh 6 6 


(z = sinh 6) 


1 2 

- tanh 5 6 -tanh 3 9 + tanh 9 

5 3 


16 

15' 


Therefore, because s 3 = m 3 c 6 /8Z 3 e 6 , 


A E= ^ 


45Z7reoC 3 


Source: J.D. Jackson, Classical Electrodynamics (Wiley, New York, 1962). 


23.11 Frequency of Dipole Radiation 

Since p(r,t ) = qS[ r — r 0 (f)], the dipole moment of the moving charge is 

p(t) = J d 3 rrp(r,t) = <jr.R[xcos(u;it) cos(w 2 t)]x + qRsm(u> 2 t)y. 

But cos(wif) cos(w 2 ^) = \ cos[(u>i + u> 2 )t] + \ cos[(wi — ui 2 )f]. Therefore, the dipole moment 
is the sum of three time-harmonic dipoles, each of which emits at its natural frequency. 
Hence, the moving particle emits dipole radiation at frequencies vj\ + u> 2 , |oq — W 2 I, and u> 2 - 


23.12 Larmor’s Formula with Fields Displayed 

The covariant form of the Larmor’s formula derived in the text is 

p = 1 2 q 2 dpp, dp M 

47reo 3 m 2 c 3 dr dr 

To express this in terms of the fields, we use the covariant form of Newton’s law for a particle 
with charge q moving in an arbitrary electromagnetic field. This was given in Example 22.5 
as 

d Pr _ jj F 

— -qir^F^. 
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Therefore, the desired expression is 

P=T—M^U v F IJV U v F lia U ir . ( 1 ) 

47reo 3 m z c 6 

The evaluation of (1) in an arbitrary inertial frame reduces to matrix multiplication. Thus, 


F U 

fl<J o 


Therefore, 


and 


0 

B z 

By 

—iE x /c 

-B z 

0 

B x 

— iEy/c 

By 

-B x 

0 

-iE z /c 

iE x /c 

iEy/c 

iE z fc 

0 


U v F tlv U v F tia U a = 7 2 {|E + v 


-1 

£ 

_1 


(v x B + E) x 

T v v 

= 7 

(v x B + E),, 

iv z 


(v x B + E) Z 

ijc 


i/3 ■ E 


x B| 2 — |/3 • E| 2 }, 


P = 


1 2g 2 7 2 

47T£o 3?ti 2 c 3 


{|E + v x B| 2 


1/3 ' E| 2 }. 


Source: L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields (Pergamon, Oxford, 
1962). 


23.13 Emission Rates by Lorentz Transformation 

In the (momentary) rest frame of the electron, the particle acceleration is a' = eE'/m and 
Larmor’s formula gives the exact rate at which the particle radiates energy: 

p, _dir__ 1 2eV 2 _ 1 2e 2 e 2 E' 2 

df 47 T£o 3c 3 47 reo 3c 3 m 2 


Therefore, the total energy lost to radiation is 


A U' = P’t! = 


1 2 e 4 E ,2 t' 

47reo 3 m 2 c 3 


There is no preferred direction in the rest frame, so A P' = 0. Transforming to the laboratory 
frame, 

AU = 7 (AC/ / + vAP') = 7 A U' = 7 --. 

47 reo 3 m z c 6 

The electric field is parallel to the boost, so E = E'. The electron transit time through the 
capacitor is t = d/v and t = 7 1' by time dilation. Therefore, 


A U = 


1 

7- 

47re 0 


2e i E ,2 t' 
3m 2 c 3 


1 2e 4 E 2 d 
47reo 3 m 2 c 3 v 


518 



Chapter 23 


Fields from Moving Charges 


The associated total momentum radiated is 


A P = 7 (A P' + vAU'/c 2 ) = 


vAU _ 1 2 e i E 2 d 

c 2 47 reo 3m 2 c 5 


Source: Prof. L. Levitov, MIT (public communication). 


23.14 Emission Rates by Explicit Integration 

(a) Since the Poynting vector is S = (l//z 0 c)r |E ra< j| 2 , and the Lienard-Wiechert radiation 
field is 


Erad (r, t) — 


47re 0 


n x j(n - (3) x /3 j 

c(l — n • (3)‘ i R 


the rate of energy emission as measured by the particle itself is 


dC/i 


EM 


q 


dt 167r 2 c 3 eo 

Writing out the numerator gives 


dfl 


{n x [(n — /3) x a]} 2 
(1 — n • /3) 5 


(1) 


dUi 


EM 


q‘ 


dt 


167r 2 c 3 eo 


J {q 2 Q 2 + 2g(/3 • a)(n • a) — (1 — /3 2 )(n • a) 2 } 


167 ^c 3 e 0 {a 2 1 + 2{f3 • a) a* J* - (1 - (3 2 )a i a j K tJ }, 


with /, Ji , Kij defined as above. Now we evaluate 


I = 


dfl 0 f 1 dx 7 T f 1 1 'I 47 T 

(l-n-/3 ) 3 = y_! (l-/3x ) 3 "MW (i+^Fi = (1-/3 2 ) 2 


and 


Ji 


Similarly, 


/^(l - n k Pk ) 4 

1 (9 47t 

3 9 A (l-M ) 2 


i d r dn _ i di 
3 <9/3; J (1 — ntPk) 3 3 dpi 

167 iPi 

3(1 — /3 2 ) 3 ' 








(1 - n fc /3 fc ) 5 


i a 
4S& 


rii dC, 1 dJi 

(1 -n k PkY 4 9/% 


1 9 167r/3j 47 t 87 rPiPj 

4 9/% 3(1 — PkPk) 3 = T (1-/3 2 ) 3 + (1-/3 2 ) 4 ' 
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Substituting all of this into (1) gives the desired result: 


dUvM 2 7 4 q 2 


dt 3 c 3 47 T£o 

(b) We need to compute 

dPsMj r 


(a-/3) 2 

1 — /3 2 


2 7® q 2 


3 C 3 47TC0 


a 2 — |a x (3\ 2 . 


dt 


= - d[A-gT]j = - / dAghiTij 

Ja J a 

= —eo J dAghi + c 2 B^Bj — —5ij(E 2 + c 2 B~) j- . 

But n • E ra( j — 0 — n • B rac i and E rac i • E rac j — c^B rac [ • B rac i. Therefore, 
e 0 [ GL4<?n,|E ra( i| 2 


dPi_ 

dt 


where 


Ai = 


Bn = 


J ijk 


r 


167T 2 C 4 £o 

.2 


r 


167T 2 C 4 £o 


J “T™* b 2 ® 2 + • a )( A • a ) - (! - /? 2 )(n • a ) 2 ] 


a~ Ai + 2(/3 • aJoj-By (1 ft ^)rija^Lij^ , 






1 OM 


47r/3j 


(1 — n • /3 ) 3 2 <9/3; (1-/3 2 ) 2 


n •f'j 


1 <9 A; 47T & 


167T /3;/3j 


(1 — n • /3 ) 4 3 d/3j 3 (1 - /3 2 ) 2 3 (1 - /3 2 ) 3 


( 2 ) 


' 1 An Sijfa + Sikfij + 5 jk /3i 8 t 

^va-nr iaA^- (ITaT- + (T7S¥ 


and 


M = 


dfl 


47T 


(1 - n • /3 ) 2 1 — /? 2 

Substituting all of this into the momentum-loss formula (2) gives 


cLPem 2 7 4 g 2 


dt 


3 C 4 47T£o 


( a -/ 3) 2 

1-/3 2 


/? = 


/3 c?C/em 
c dt 


Source: R. Napolitano and S. Ragusa, American Journal of Physics 67, 997 (1999). 


23.15 The Radiated Power Spectrum of a Linear Oscillator 

The power spectrum formula (23.91) from the text is 


dP m 

dn 


9 2 4 

ti^g m m q 
32tt 4 c 


27T / tdo 

J drv(r) exp{— imu>o[r ■ tq(t)/c 
o 


2 


T ]} 
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By symmetry, we can take the observation point in the x-z plane so r = (sin 9, 0, cos 6). 
The velocity function is v = — au>o sinwofz. Therefore, with /3o = acoo/c, we find without 
difficulty that 


dP m ftifm wo 2 2 • 2 q 

-a w 0 sin 0 


dfl 


32?r 4 c 


2tt j ojq 


j dr sin u>qt expjirawo (r — /3q cos 6 cos t) } 


Changing variables to <f> = uqt and x = m/3o cos 0, 


dP m _ /t 0 g 2 . 2 




32tt 4 ( 


a sin 6 


2 ?r 


d(j> sin </>exp{im((/> — a: cos 0)} 


(1) 


Now, using the Bessel function information in the statement of the problem, 


27T 


dtp sin (j) exp{irn(<^> — ircos^)} 

2 tt 

= — I d<f> [exp(*</>) — exp(—fi^)] exp{irn(<^ — xcos^>)} 

2 1 J 

i 

27T 27T 

J d(j) exp{i[(m+ !)(/) —xcos ft}} — j d<j> exp{ j[(m — 1)$ — xcos 0]} 


1 

2 f 


— jm [*^m + l (®) "b Jm — l( a: )] 

a; 

Inserting this result into (1) gives the power spectrum as 

dP m n 0 cq 2 m 2 u>% 2 


dQ 


87r 2 


■ tan 2 dJ'fn (m/?o cos 0). 


The non-relativistic limit is flo <C 1 or x <C 1 so J m (x) ss x m /2 n n\. This shows that emission 
at wq (m = 1) dominates. 


Source: G.A. Schott, Electromagnetic Radiation (University Press, Cambridge, 1912). 


23.16 The Radiation Spectrum of Beta Decay 

(a) One of our expressions for the angular spectrum of radiated energy is 


dl(u>) 

dCl 


Mo g 2 ^ 2 
167t 3 c 


OO 

x J dtw{t) exp[— i(k • r 0 (f) — tot)] 
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For the present problem, the integral is non-zero between t = 0 and t = oo using the 
velocity function v(t) = v and the trajectory function ro(t) = vt. Therefore, because 
k = (w/c) r, 


dl(ui) 

dCl 


2 2 

167t 3 c 


|r x v| 2 


J dt exp[— *w(r • (3 — l)t] 
o 


The integral does not converge at its upper limit. To make sense of the integral, we 
insert a convergence factor exp(— et) and let e —> 0 at the end. Writing 6 for the angle 
between r and /3, we find that the distribution does not depend on frequency: 


dl(uj) PoQ 2 c P 2 sin 2 8 

dCl I67r 3 (1—/Jcos 0) 2 


(b) The integral we need to do is 


r f sin 2 9 

I = dfl- - — = 2n 

J (1 —/3cos0) 2 


dx 


— / dx - 


J {l- (3x) 2 J (1 - /3x) 2 

-i -i 


47T 

w 



1 + (3 



Therefore, 


/H 


tfo<fc 
Air 2 



1 ±l\ 

l-p) 



(c) Our spectrum does not depend on frequency because we assumed that the electron was 
created with velocity v. In reality, the electron created by beta decay is accelerated 
up to this velocity in some very short time interval At. In that case, general Fourier 
considerations tell us that the spectrum function will be negligibly small when to 
1/At. 


Source: J.D. Jackson, Classical Electrodynamics (Wiley, New York, 1962). 


23.17 Energy Loss and Electric Field Spectrum 

For non-relativistic and small-amplitude excursions of the bound electron it is sufficient to 
write the one-dimensional equation of motion, 

r + Tr + w ( 2 r = —— E(t), 
m 

where E(t) = E(r = 0,t). The frequency-domain solution of this equation is 


f(w) = 


e/m 


LO 2 — LOn + 


iu> r 


EM, 


and the corresponding transform of the velocity is 
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v(w) = — *wr(w). 

Using Parseval’s theorem, the energy transferred to the bound electron is 


AE = — e / dt. E(f) • v(f) = — — / duE*(w) -v(w). 


Substituting from above, 


AE = 


27rm 


du> |E(w)|~ 


w 2 — ajn + iujT 


— OO 

oo 


27 Tin 


du> |E(w)| 


2 iu>(pj 2 — u>q — ioT) 

”(w 2 -w 2 ) 2 + w 2 r 2 


- I du> |E(w) 

7717T ' 


w 2 r 


(w 2 -wg ) 2 + w 2 r 2 ' 


To study the T —» 0 limit, we note that 


w 2 r 


r ™0 (w 2 -w 0 2 ) 2 + w 2 T 2 2 


= o [<K W - w o) + <5(w + wo) 


Therefore, 


AE=—|E(w 0 )| 2 . 


Source: W.K.H. Panofsky and M. Phillips, Classical Electricity and Magnetism, 2nd edition 
(Addison-Wesley, Reading, MA, 1962). 


23.18 Angular Distribution of Radiated Frequency Harmonics 

We follow the discussion in the text which Fourier analyzes the time-periodic electric field 
as 


OO 

E (f) = ^2 E m (r)exp (~imu 0 t) 

m = — oo 

and defines dP m /dfl from 


2tt / OJq 

E m ( r ) = ^ J dt E(f) exp(imw 0 t), (1) 
o 




dP m 

dVL 


o 
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where 

dP 9 I i o 

dn= eoCr |Eradl • 

Substituting (1) into (3) and performing the integral in (2) gives 


(3) 


2ir / to 

/ rl ~P \ r 

\dtt) = e ° cr2 ^ dt E m (r)E;(r)exp[-i(TO-n)w 0 t]. 

' ' „ m. — — no n — — no 


The time integral is (2rr / aj)8 mn and E(r,t) = E*(r,t) implies that E m (r) 
Therefore, 


dP 

dCl 


OO 

= e 0 cr 2 Y |E m (r)| 2 

m =—oo 


2e 0 cr 2 Y |E m (r)| 2 . 

m — 1 


-E^(r). 

(4) 


We omit m = 0 because w = 0 is not germane to radiation. To evaluate E,„ (r in (1), we 
use the Lienard-Wiechert radiation field, 


Erad — 


47re 0 


n x j(n — (3) x /3j 


cg 3 R 


where g le t = [1 — n • /3] re t • Following the text, we change the integration variable from t, to 
tret = t, use t = t + R(t)/ c, and use the long-distance approximation R ss r — r • ro(r). The 
result is 


|E m (r)| 2 = 


w 0 q 


1 


27r / a;o 


27t 47reo cr 


dr 


n x [(n — (3) x /3] 


exp{imw 0 [r - r • r 0 (r)/c]} 


Using 


n x 


(n 


x /3 


(1 — /3 ■ n) 2 


d [n x (n x 0) 
dr 1 — n • j3 


to integrate by parts (the integrated part vanishes exactly) gives 


|E m (r)| 2 = 


27r/a;o 


luq q —imujo 


2ir 47re 0 cr 


dr n x (n — (3) expjimwo [t — r • r 0 (r)/c]} 


( 5 ) 


In our approximation n ss r. Therefore, substituting (5) into (4) shows that 


dP m _ Mo q 2 rri 2 ul 

dQ 327 t 4 c 


27T / OJ 0 


xrx J drv(r) exp{—imwo[f • r 0 (r)/c — r]} 
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But |f x (r x s)| 2 = |f x s| 2 for any vector s. Therefore, as required, 


dP m __ Atog"m 2 g;g 

dfi 327r 4 c 


27T / U>0 


rx J dr v(r) exp{—*TOWo[r • ro(r)/c — r]} 


Source: G.A. Schott, Electromagnetic Radiation (University Press, Cambridge, 1912). 


23.19 N Charges Moving in a Circle II 


(a) The generalization of the text expression (23.91) for the power spectrum due to N 
identical charges with trajectories r j(t) and velocities v ; - (t) is 


dP m 

dfl 


9 9 4 

Hog m m q 
32t r 4 c 



drr x Vj (r) exp {—imuo [r • r j (r) / c 


2 


r ]} 


(1) 


Because all the charges move at the same speed, the key observation is that 


r. j(t) = ri 



and 


Vj(t) = V! 



Substituting these into (1) and changing the integration variable to t' = t+(9j — 9i)/loo 
gives 


dP m 

dfl 


9 9 4 

fi 0 q z m z ujQ 

32t r 4 c 


N 2ir/wo + (Oj-0i)/wo 

J dr 1 r x vi(r') 

i = l (Oj-9^/wo 


2 


x exp{imw 0 [r' + (9j - 9i)/u> 0 +r • ri(r')/c]} 


The integrand is periodic, so the limits of integration can be shifted back to the interval 
[0, 27r/o;o]. Hence, 


dP m 

dfl 


N 


9 9 4 

32tt 4 c 


N 

E 

3 =1 


27T / U)Q 

exp[i?n(di — 9j)\ J dr'r x v i (r / ) 
o 


2 


x exp{^mwo[ T, + r • ri (r')/c]} 
Because | exp(imdi)| 2 = 1, we get the advertised formula, 


dP m 

dfl 


N 

exp {—im9j) 
j=4 


2 


dP m 

dil 
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(b) The case of equally spaced charges means that Oj = 2nj/N. In that case, we get a 
geometric series: 


N 


'Y\ exp (—imOj) 
i =i 


N 


'Y, exp(— im2-Kj/N) 
3=1 

N 

Y [exp(—i2nm/N)] 


3=1 


N— 1 


exp(—i2nm/N) ^ [exp(— i2nm/N)} J 

3=0 


exp(— i2-Km/N) 


1 — exp(—*27 tto 


1 — e3cp(—i2nm/N) 


exp(— i2irm/N) exp(— iirm) 


sin 7 rm 
sin 2 (7 xm/N) 


Sin 7TTO 


sinlnm/N) 


This “array” factor is zero because m is an integer and the numerator is zero unless 
the denominator is zero also. The latter happens when m is an integer multiple of N. 
This proves the assertion. 

(c) When the Oj are random, 


N 


'Y\ exp {—imOj) 
3=1 


N N 


= exp [—im(6j — 0*.)] = N + Y^ exp[—im(0j — 0f 

j=lk=i j^k 


Hence, the radiation intensity is always of order N. 


Source: G.A. Schott, Electromagnetic Radiation (University Press, Cambridge, 1912). 


23.20 Covariant Radiation of Energy-Momentum 

The four-acceleration is A v = dU v /dr and a formula derived in the text is 

dU r:ld _ 12q 2 

dt ~ 4^eo 3c 3 " 

Another result from the text is 

dPrad V dl.J r - u \ 

dt c 2 dt 


(1) 

( 2 ) 
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With the definition of P given in the problem statement, dimensional analysis suggests that 
a fully covariant statement of the rate of change of energy-momentum is 


dP^ 

dr 


1 2 q 2 

47 T 60 3 c 5 


A V A V U u . 


(3) 


To check this, we use dr = dt/j and U 4 = i'yc to write out the time component as (3) as 

dF\ _ _J_ 2<7 ('i'yc') 

7 dt 4neo3A V 17 

But P 4 = (i/c)C/rad and, using (1), the foregoing becomes an identity: 


i dUy a{ j i dU Yad 

c dt c dt 


Similarly, the space components of P^ are P ra d and U = 7 (v,ic). Therefore, the space 
components of (3) are 


dP 


rad 1 2 q 1 . 

— = 4 ^ 3 ? AA ? hv) - 


This gives 


dPrad ^ dlJ v:u \ 

dt c 2 dt 


which is exactly ( 2 ). 


23.21 Lorentz Transformation of dP/dQ 

Consider the energy dU' ad emitted into a solid angle dfl' = d(c:os 0')d<p’ in the instantaneous 
rest frame K' of the particle. Our interest is the transformation law for 

dP' _ d 2 t/; ad 
diV dt'diV 

If the charge moves with velocity v = vz, the radiated energy transforms like 

dU Iad = 7«ad + v • p rad) = 7(dt/ r 'ad + vdP Ld COS O') . 

However, dU lad = cP ra d for plane wave radiation. Therefore, 

dPrad = 7(1 + P cos 8')dU' ad . (1) 

The transformation law for the solid angle follows from to = ck and the fact (k ,iu>/c) is a 
four-vector. Therefore, 

fcy = kcosO = 7 (fc'cosd' + vu>/c) = y(cosd' + (3)k' 


and 

u) = 7 ( 0 / + vk' cos O') = 7(1 + jd cos 0')u'. 
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Combining these gives one form of the law of aberration: 


cos 9 = 


cos 9' + (3 
1 + (3 cos 9 '' 


Then, because 1 — /3 2 = I/ 7 2 , 

d(cos9') P(cos9' + /3)d(cos9 r ) d(cos9') 

l + /3cos0' (l + /3cos0 ') 2 7 2 (1 +/3cos0') 2 ' 


( 2 ) 


(3) 


Now, d(f) = d(j>' because the azimuthal direction involves directions transverse to the boost. 
Therefore, using (1) and (3), 


dU la d 

did 


7 3 (1 + 


f3cos9') 3d ^f. 

dir 


Finally, time dilation says that dt = ^dt 1 . This gives the advertised result: 


dP 

did 


7 2 (1 + /3cos 9'f 


dP' 

did' 


To derive the alternative formula give in the problem statement, we need the reverse of the 
transformation ( 2 ), namely, 


cos 9' 


cos 0-/3 
1 — /3 cos 9 ’ 


( 2 ) 


Using this, we find 

1 + /3 cos 9 = 1 _ f3cosg = 7 2 ^_p cosd y 
This produces the desired formula because 


7 2 (1 + /? cos 9') s 


1 

7 4 (1 + (3 cos 9 ) 3 ’ 


Source: L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields (Pergamon, Oxford, 
1962). 

23.22 Cyclotron Motion with Radiation Reaction 

The equation of motion including radiation reaction is 

tov = gvxB + rarov. (1) 

The motion is circular (not helical) so v = 17 .x + v y y and (1) becomes 

v x -t 0 v x = qVyB/m 
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v y - T 0 v y = - qv x B/m.. 

We may assume v = Vo exp(— icot) if the motion remains nearly circular. The cyclotron 
frequency is to c = qB / to , so the equations of motion take the form 

—iw( 1 + iujTo)v x = u) c v y 
—iaj(l + iujTo)vy = — to c v x • 

Eliminating v y produces an equation with v x on both sides. Canceling this gives 

w 2 (l + icVTo) 2 = v? c => iT(jUI 2 + LV — LO c = 0. 

Because we must get lo = u> c as tq —> 0, the solution of this quadratic equation is 


to = — 1 — [-1 + a/1 + diuj c T 0 ] . 
2 itq 


Weak damping means w c ro <C 1. This justifies the expansion 

a/1 + 4 iui c T[) = 1 + \{Aito c T[)) - |(4iw c ro) 2 H-. 

Hence, the velocity damps according to 

v(f) = v 0 exp(-*w c f) exp(-w 2 rot), 
and the damping time constant is 1 /w 2 7 o. 


23.23 Radiation Pressure Due to Radiation Reaction 

Let the electron site at r = 0. The equation of motion, 

dv 

m— = — eEo exp(— 


implies that the electron acquires a velocity 

zs 

v =-Eo exp(— iwt). 

mto 

If we include the effect of radiation reaction, the equation of motion is 

dv 

m— = — eE 0 exp (—iuit) + rnrov. 
at 

We guess a solution for (2) of the form 

ZG 

v =-E 0 exp (—icut) + Sv, 

muj 


(1) 

( 2 ) 

(3) 
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and substitute this back into (2). Because radiation reaction is small, we neglect the con¬ 
tribution from dv to conclude that 

iecoTg , . 

ov = -Eo exp(— nvt). 

m 


Hence, 

er 0 

Sv = -Eo exp l—iuit), 

TO 

and the cycle-averaged Lorentz force on the electron is 

2 

(F) = —e^Re [(v* x B 0 ] = -e^Re [(<5v* x B 0 ] = 

Note that there is no self Lorentz force on the electron without radiation reaction because 
the pre-factor of exp(— iu>t) in (1) is pure imaginary. The Thomson cross section is <tt = 
(87t/ 3)r 2 = 67t(cto) 2 . Therefore, 


(F) = |e 0 cr T E5k. 

This force is sensibly interpreted as a pressure because it pushes the electron in the direction 
of wave propagation. 

Source: G. Stupakov, Lecture Notes on Classical Mechanics and Electromagnetism in Ac¬ 
celerator Physics , US Particle Accelerator School, Albuquerque, NM, June 2009. 


23.24 Angular Momentum Decay by Radiation Reaction 

If a = v 2 /r is the centripetal acceleration of the orbiting particle, and To = fi^q 2 /6nmc, the 
Larmor rate at which the atom loses energy by radiation is 

dE 1 2q 2 a 2 pgq 2 f v2 \ 2 mr^v 4 . . 

dt 47 reo 3c 3 67 rc \ r ) r 2 

The rate of change of the angular momentum is 

(IL d . . . 

— = — (r x ?7iv) = v x to v + r x tov = r x tov. (2) 

dt dt 

To compute this quantity, we appeal to the equation of motion of the orbiting charge in¬ 
cluding the effect of radiation reaction: 


TOV - TOTqV = Fcoul 


Zq 2 „ 
4ireor 2 


Taking the cross product of this expression with r gives 


TOr x v — totot x v = 0. 


( 3 ) 


530 



Chapter 23 


Fields from Moving Charges 


Comparing this with (1) shows that 


dL 

—— = TOTor X V = HIT 

dt 


— (r x v) — v x v 
dt 


(4) 


Now, use the hint and employ (3) to eliminate mv on the far right side of (4) in favor of 
Fcoui. This gives 

dL d . 

di = r dt (v * Fc - l) - r » v x Fc ""‘- 

In other words, 

dL z _ Zq 2 vr 
dt 47reo r 2 

Combining (5) with (1) gives 


dL z dL z /dt Zq 2 vTQ r 2 Zq 2 r 

dE dE/dt 47 reor 2 rnrov 4 4ireomv 3 v’ 

where the last equality follows from the centripetal force equation, 

mv 2 Zq 2 
r 47 reo r 2 

Now, the virial theorem tells us that the total energy is 

F Zq 2 

8tt e 0 r' 


( 6 ) 


(7) 


( 8 ) 


and, using (7), the angular momentum is 


L z = mvr = 


Zq 2 
dneov 


(9) 


Combining ( 8 ) and (9) gives 

L z _ 2 r 

\E\~ v • 

Comparing this to ( 6 ) produces the advertised result, 

dL z 1 L z 
~dE ~ 2\E[ 


Source: E.J. Konopinski, Electromagnetic Fields and Relativistic Particles (McGraw-Hill, 
New York, 1981). 
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23.25 Covariant Landau-Lifshitz Equation 

The equation of motion for a point charge in an electromagnetic field without radiation 
damping is 

inUn eU a F^ a . ( 1 ) 

The corresponding Lorentz-Abraham-Dirac equation is 

mU ^ = eU a F m + mToU r M + T ^-U lt U v U v . (2) 

The first iterate of this equation uses the original equation of motion to compute 

% = -UpFrf + -UpFrf (3) 

m m 

and substitutes this back into (2). A moment’s reflection shows that the covariant version 
of the convective derivative is 

= U a d a . 

dr 

Substituting this and (1) into (3) gives 

2 

% = ^ u a Fp a F„p + ^ Up U a d a F^ . (4) 

m z m 

Substituting (4) into (2) gives 


mU a = eU a Fu a + ititq 


—2 U a Fp a F^i 3 H- UpU a d a F^p 

m z to 


+ r ^U„U v 
c z 


— U a Fp a F v p H- UpU a d a F v p 

m to 


(5) 


The last term in (5) is zero because F v p = —Fp v implies that U v UpF v p = 0. Otherwise, we 
use the asymmetry of F I1V twice to conclude that 


TO Up — eUaF^a 


-p^-UaFapF^p + eroUpUadaF^p - Fp a U a ) 2 U jJj . 


Source: L. Landau and E.M. Lifshitz, The Classical Theory of Fields (Pergamon, Oxford, 
1962). 
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Chapter 24: Lagrangian and Hamiltonian Methods 

24.1 Working Backward 

(a) Use the first Helmholtz relation three times to get 

_d_m_ __ _o_ of^ _ d_cm _ d_cm __ d_m 

dfk dr-j dfk dri dr i dfk <9f, dij dfj dft dfj dfk 
This implies that d 2 F t / dfj dfk = 0. Integrating the latter equation once gives 


dF] 

dr-, 


— tijkQk (U t) , 


where Qt (r, t) is an arbitrary function of the particle coordinates and time. The Levi- 
Civita symbol is necessary to guarantee anti-symmetry with respect i <-> j interchange, 
which is a property of the first Helmholtz relation. Integrating again gives 

Fi Pi (r, f) T e.ijkrjQk (r, f), 

where P, (r, t) is another arbitrary function of the particle coordinates and time. 

(b) Write the second Helmholtz relation out for one case: 


dF x dF y _ 1 d fdF x 


dF„ 


dy dx 2 dt \ dy dx 


This is 


dP x d dPy d .. .. Id 

+f< rxQ )--lJPS< rxci )" = 


dy dy 
or 


Jy 2 dt [dy 


d . d 

jv (yQz xQz) 


/V7 , .dQ z ,dQ y . dQ x 

- (V x P) 2 + y— - z—^ - z- 


. dQ z _ dQ z 
dy dy dx ' X dx dt 

Using the convective derivative, dQ z /dt = dQ z /dt + (v • V)Q~, 


/r7 , . 9Q Z . dQ z . dQ z . 


+ (f • v) 


Qz- 


Rearranging terms, we finally get 


(vxPf^) + £ (V • Q) = 0, 

and similarly for the other two components. This must be true for arbitrary values of 
r, so we get the two homogeneous equations 

VxP + ^ = 0 and V • Q = 0. 
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(c) To check the Helmholtz relations, write F in the form 

Hi = CijkTjUJk T ‘2‘€ijkVj(jjk e.ijkOJjekim'r'iuJm 

— tijk^jOJk F 2,€ijj~VjUJk T (dildjm Urn df j ) iOj Vj 

— ^ijkTjdjk T 2eijkfj&>k OJjViCOj LOj Vj U)i . 


The foregoing implies that 


OFj / Oi'i — 2 eijizLOk- 


This expression satisfies the Helmholtz relation. Otherwise, dFj/drj = tijkCk —UjUJi. 
Therefore, 


dF\ 

dr :i 


dF) 

dn 


— ti jkCk tiikCk — . 


Similarly, 


m 

drj 


dF± 

dfi 


4c ijkOJk. 


This shows that the second Helmholtz relation is satisfied. We can read off the “fields” 
from the equation of motion, namely, 


P = r x w + w x (r x u>) and Q = 2u>. 


The frequency lo does not depend on position. Therefore, V • Q = 0. Using the 
expression above, 

Pi = EijkTjUJk + LOjTiUJj - IVj VjUJi. 


Therefore, 


(V x P) p 


Epq i 9q Pi 

EpqiejkiCkdqVj W CpqidqVi idj c pq[OqVj 

(dpjSqk dpk dqj ) UJkSqj F W €pqi 5jq IVj Ui/ 6pq, Sqj 

<jjp — 3 uj p = —2iop = —dQp/dt. 


This proves the claim because the last line is the p th component of —dQ/dt. 


24.2 An Effective Nuclear Force 

(a) With the given Hamiltonian, one of Hamilton’s equations gives the velocity as 


dH 

dp 


m 


2 pf(r). 


Solving this for the canonical momentum gives 
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P = 


1 + 2 m/(r) 


(1) 


By definition, the Lagrangian is 


r tt mV 2 P 2 / \ 2 r/ \ 

L = pv — H = i - z-s(r) -p /(r). 


1 + 2 m/(r) 2 to 


( 2 ) 


The Lagrangian L = L(r,v) is not a function of p, so we use (1) to eliminate p from 
(2) in favor of v = f. The result is 


1 *2 

— TO V 

L ( r > t , 2 o - di 1 ")- 


2 mf(r) 


(b) The Lagrange equation is 


For our problem, this reads 


dp dL 
dt dr 


d / mr \ d / \mr 2 \ 

dt \ 1 + 2 to / ) dr \ 1 + 2 mf ) ^ 


(3) 


Using A(r) = vA![r) for any function A(r) of the radial distance, 


1 

dt \ 1 + 2to/ y 1 + 2mf ' dr 1 + 2 to/ 


In addition, 

mr .. ( 2m f \ 

1 + 2 mf \ 1 + 2 mf ) 

Therefore, (3) can be rearranged into the Newton’s-law form 
2to 2 / .. m d f 1 


mr 


1 + 2 mf 2 dr \ 1 + 2mf 


r - g'(r) = F(r,r,r). 


Source: E. Boridy and J.M. Pearson, Physical Review Letters 27, 203 (1971). 


24.3 Relativistic Lagrangian 

The Lagrangian is 

L = —me 2 + er ■ A(r, t ) — &p(r , t). 

Therefore, the conjugate momentum is 
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dL mv 

p = = , — + eA. 

dr ^1 - v 2 / 6 2 


The Lagrange equation is 


dp d ( mv \ dL _. „ 

— = — , = + eA = —— = ev • VA — eVo?. 

dt dt l y/1 - v 2 /c 2 / dr 


Using the convective derivative, 


the foregoing becomes 


dA 8A . „ 

1F= 9F + (v ' v)a ' 


d ( mv \ / _ dA\ , _ 4 , _. 4 . 

5? Li-, Vc d =e ( a') +e(v - VA - (v ~ 7)A) 


Since B = V x A, an elementary vector identity gives 


mv 


dt y 1 — v 2 /c 
This is the correct relativistic equation of motion. 


= e (E + v x (V x A)) = e (E + v x B) 


24.4 A Relativistic Particle Coupled to a Scalar Field 

The first term must be the action of a point particle in isolation. The Lagrangian of the 
latter is L p = —me 2 /"/. Therefore, in terms of the proper time differential dr = dt/j, 


j — = — me 2 J dr = —me j d{cr). 


We conclude that ds = edr and we can write the total Lagrangian as a function of time: 


, me qc , . .. 


Lagrange’s equation is 


d_ dL _ dL 
dt dv dr ’ 


and 


Therefore, 


3 1 - f y - -/■* - , V/<J - r.» 

5v 7 dv v - v 2 /c? 
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dL v 

— = 7 mv + 7 g-ip, 

civ c 


and the equation of motion is 


d 

dt 


(7 mv) 



gc 

7 


Vip. 


The last term on the right is electric field-like. The first term on the right has an entirely 
different character. 


24.5 The Clausius and Darwin Lagrangians 

(a) The Lagrangian which describes the non-relativistic motion of the a th particle is 

L a = \m a v 2 a + q a v a • A (r a ) - q a ip(r a ). (1) 

We substitute into (1) the static forms for the scalar and vector potentials created by 
the remaining particles, 


to get 




A (r, t) 


N 

E 


<7/3 


47r£ o f^ a \r-T 0 (t) 


MO 9/3 v /3 W 


N 

H'O ^ v 

47r l r - r /3 W I ’ 


L n 


\ m a v l 


Mo 

47T 


N 

E q « q 0 


Vq ■ V/3 

l r a — r /3| 


1 

47T60 


AT 


E 


qgqp 

K — r /3 r 


The last two terms are symmetrical in a and (3 and thus account for the interaction 
between particle a and particle (3 in total. For this reason, these terms must be 
multiplied by 1/2 to avoid double-counting when we sum over a to form the total 
Clausius Lagrangian, 


N 


N N 


^=;e 


m a v a - 


y^ y^ gaff/3 C _ v q • v /3 \ 


871-eo yy yy r aP 

Q! = l p^a ^ 


We can see by inspection that the static scalar and vector potentials above satisfy the 
Lorenz gauge condition 

V ' A+ ?^ = °- 

(b) From Section 15.3.2, the transverse current density is 


jl(r,t)=j(r,t)+vE [ d V 
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The hint suggests we should pull the gradient outside the integral. To do this, we use 
the identity 


V'-j(r') 


= V' • 


j(r') 


+ j(r')-V, 


and note that the integral of the total divergence vanishes for a localized current 
distribution. Therefore, 




j(r,f)+VV ; 


1 

47T 


d 3 i 


l r — r '| ' 


Inserting into this the current density, 

j(M) = ^qgvgSir-rp), 

0 


gives 

ji(r, t) = ^ - r^) + W ra ^ (2) 

a 0 1 el 

The Clausius Lagrangian shows that the vector potential contribution is already of 
0(u 2 /c 2 ) compared to the scalar potential term. If we adopt the Coulomb gauge, this 
means that retardation of the vector potential can be safely neglected. Hence, the 
vector potential we need to substitute into (1) is 


A(r Q ,t) 


Mo 

4-7T 


d 3 r 


jj-(M) 

l r a — r l " 


(3) 


Specifically, substituting (2) into (3) and using the hint shows that 


q a v a ■ A(r a ,t) 


N 


Mo v Q • 

V/3 

4tT 

- r<3 

g^a 1 


1 N 

1 Mo 

"v a • (r Q 

+ 2 4tt 2-^ qaq » 


pjia 

L 


■ (r a 


r„ - r„ 


r f>) 


Vq ■ V/3 

K ~ r g\. ‘ 


The relativistic particle Lagrangian is 

L p = —me 2 \J 1 - u 2 /c 2 = -me 2 (l - e 2 /2c 2 - u 4 /8c 4 + • • •) 

and the scalar potential contribution to the Lagrangian is the same as in the Clausius 
expression. Combining all the above and dropping the inessential constant —me 2 gives 


L 


a 


l 


; m a V a 




■ V/3 + (' 


*p) (v /3 • r a0 ) 


2 c 2 


Adding the Lagrangian for each particle and dividing the interaction term by two to 
avoid double-counting finally gives the desired Darwin Lagrangian: 


1 N 

l d = ^ m ° 

a=l 


V* 

l + — 
4c 2 



• v /3 + (' 


*p) 0/3 • r ajj) 


2d 1 
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24.6 Equivalent Lagrangians 

(a) The Lagrange equations are 


d_ f d L 
dt \dq k 


dL 
dq k ' 


If L —> L + dA/dt and A = A(q k ,q k ,t), the change in the left side of this equation is 


d dA 
dt dq k 


d d f d A 


dt dq k \dq, 


' Qm 


dA .. 


dA 


o • Qm i o» 
dQrn dt 


d 

dt 


d 2 A 
dq k dq„ 


Qm 


d 2 A .. 


dA 


dqk dq m dq k 


Qm 


dA d_ 
dq k dt 


d 2 A 
dqkdq,, 


Qm 


d 2 A .. 

7T~ q-m T 


dq m dq k 


d 2 A 
dq k dt 

d 2 A 
dq k dt 


The terms in the square brackets in the last line above must be absent to make this 
equal to the change in the right side of the original Lagrange equations. Therefore, 
the Lagrange equations are not preserved when A is velocity-dependent. 

(b) The Lagrange equation for L = xy — xy is 

d (dL\ dL .. 

Jt[d^)~d^- q + q -° 

for q = x and q = y. This is the harmonic oscillator equation of motion. Therefore, 
the T—V Lagrangian 

i= | (i 2 + S 2 ) - | (x= +y 2 ) 

will produce the same equations of motion. This Lagrangian and the original La¬ 
grangian do not differ by a total time derivative. 

(c) The change in the Lagrangian is 

A L = J d 3 r AC = J d 3 r\7 ■ C[0(r,f)] = J C • dS. 

The Lagrangian, and hence the equations of motion, will be unchanged if C is such 
that the surface integral vanishes. 


24.7 Practice with Lagrangian Densities 

(a) The Lagrange equation is 


d t 


dC 

WM) 


, dC 
k d{d k 4>) 
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Using 


dC 


and 


dC 


didt® r d(d^) 

we find the equation of motion is the wave equation, 

S7 2 d>-d> = 0 . 


= ~dk4>, 


(b) The Lagrange equation is 


ri dc dc - n 

11 d{d, l 4>) d(f> 


Using 


dC 


= du<t> 




and 


dC 

do 


= 


we find the equation of motion is 


d^df, +<J(t> = 0. 

Source: Prof. N. Buttimore, Trinity College, Dublin (private communication). 


24.8 One-Dimensional Massive Scalar Field 

The Lagrangian density is 


C = 


1 

2 


1 / dip\ 
c 2 \ dt ) 



,2 2 
— m ip 


The Lagrange equation of motion for ip (x, t) is 

d dC dC d dC 


0 = 


dt dip dip dx d(dip/dx) 


1 d 




d dip 
dx dx 


1 d 2 ip d 2 ip 2 

1 m ip. 


c 2 dt 2 dx 2 

The generalized momentum is n = dC/dip = ip/c 2 . Therefore, the Hamiltonian density is 
H = 7 Tip — C 


(1) 


dip 1 
n ~dt ~ 2 


1 f dp 

dt 


dp 

dx 


2 2 
m 


1 

2 L 


c 2 7t 2 + (dip/dxY + ?n 2 ^? 2 
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Hamilton’s equations are 

• - 9 dH 2 9V 

77 9y> ctr d(d<p/dx) m <P+ q x2 

. dH d dH 2 

^ cbr dxd(dr/dx) ^ 


Combining the two Hamilton equations gives 


-L .. o 

V s + 

c z 


d 2 ip 

dx 2 


This is the same as (1). 


24.9 Proca Electrodynamics 

(a) The Lagrangian density 

1 


£ = j ■ A - P<P + 2 e o 


V(/? - 


9A 

dt 


- c 2 (V x A) 2 


2^ 2 


[A 2 - (<^/c) 2 ] 


does not introduce any additional dependence on the generalized velocities A and dp. 
Therefore, the canonical momenta are the same as in Maxwell theory, namely, 


dC 

re = —- = — eoE 

dA 


and 


dC n 

TTO = WV = 0. 

dip 


-d, 


dC 


The generalized Lagrange equation is 

d dC dC 
dtdq k dq k d(d t q k )' 

The text evaluated (1) for n and found 

dn k _ . 1 r , 

7, — Jk t-kij *3j • 

dt flQ 


(i) 


( 2 ) 


The Proca term makes a contribution of — {1 /hqI 2 )A k to the right side of (2). There¬ 
fore, the Ampere-Maxwell law changes to 


„ „ A . 1 <9E 

X7xB + p-p oJ + ^ — . 


(3) 


The text also evaluated (1) For 7 Tq and found 


^ =0 = -p+eV-E. 
at 


( 4 ) 
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The Proca term makes a contribution of eop/£ 2 to the right side of (4). Therefore, 
Gauss’ law changes to 


F , <P _ P 

E+ p-p 


(5) 


The homogeneous Maxwell equations do not change because we represent the fields in 
the terms of the potentials: 


E = —Vtp 


dA 

~dt 


and B = V x A. 


(b) Conservation of charge will be respected if we require that the continuity equation be 
satisfied. Using (3) and (5), this condition reads 

„ _ . dp 1 1 5E eo dp 1 eo dp 

' J+ df = ^F v ' 'a^ + e °^ (v ' ) + ^~di = ~^ v ' + p~dt' 

In other words, charge is conserved only if the potentials satisfy the Lorenz gauge 
constraint, 

1 dp 

V ' A+ c^=°- 

(c) For a static point charge, p(r) = qS( r) and E = —Vp. Therefore, (5) takes the form 

VV- ^ = ~qS{ r). 

This is exactly (5.88) from Section 5.7, which has the solution (5.91), namely, 


Vj(r) = 


47reor 


exp(— r/i). 


24.10 Podolsky Electrodynamics 

(a) The text derived the Lagrange equations, 

dC n f dC ) „ 

dA ; _5 M {a(d M A Q )) _ ’ ( } 

with no dependence of C on d^d^Aa. If this dependence exists, there is an additional 
contribution to the variation of the action equal to 


SS = dt d 3 r 


dC 


d{du,d v A a ) 


5{d^d v A a ) 


or 


SS = dt d 3 r < d, 


dC 


yd{d li d v A a ) 


5{d v A a ) 


dC 


dyd^dvAa)] 


5{d„A a ) . 
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We assume that the total derivative term vanishes by virtue of the vanishing of the 
variation S(d v A a ) at infinity. The term which remains is the same as 


6S = 


dt 



{ d ^ d(d^A a )) 



3C 

." v d{d,d v A a ) 



The total derivative term vanishes again and we are left with the final term alone. 
Therefore, the Lagrange equation (1) generalizes to 


dc f dc 
dA a d(d tl A a ) 


+ d^dv 


dC \ 

9(8^ A a ) J 


= 0. 


(b) The Lagrangian is 


Cp = jjj.An - j—F a pF a p - —(d\Fj3x)(d p Fpp). 

We already know the Lagrange equation when a = 0: 


0 — ja H Fjia • 

Mo 


( 2 ) 


Therefore, we focus on the Podolsky term and compute 

wi^) [ ~ dxFpxdM = ~ 2dxF0x w^M dpFpp 

= - w ^ mhp ) (aAA '- aAA '‘ ] 


2c^\ F y \ Sp p S 0: n T 2 3 \ h \ 6 n p 6 Iy 


— —2 d\ F v \S ai j + 2d\ FaxSpv. 

In the Lagrange equation, we apply the operation dpd v to both terms. This causes the 
first term to vanish because F v \ = —F\ v causes d v d\F v \ to vanish. Taking account 
of the second term generalizes (2) to 

1 a 2 

0 = j a H- djjFjja H- dpdpdxFax 

Mo Mo 

or 

[(1 - a 2 <9 M <9 M )] d x Fxa = -Mo ja- (3) 


(c) We know that the a = 0 version of (3) produces the inhomogeneous Maxwell equations. 
Therefore, we can write down the generalized Gauss and Ampere-Maxwell laws by 
inspection: 



c 2 dt. 2 J 


V • E = 


P_ 

eo 
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1_ cP\ 

c 2 dt 2 J 


V x B - 


1 <9E" 

c 2 dt 


Mol 


Source: B. Podolsky, Physical Review 62, 68 (1942). 


24.11 Chern-Simons Electrodynamics 

(a) A change of gauge where ip —> ip + A and A —> A — VA leaves the Maxwell fields 
unchanged, but changes the Lagrangian density by 


AC = pA + j • VA+ ^ d • (E/c x VA) — d 0 VA • B — A (d • B/c) 


(1) 


The text (Section 24.4.1) writes the first two terms as 


V(jA) + -(pA)-A 


„ . dp 
V ' J + ^ 


The first two terms vanish in the action integral from end-point restrictions on a 
variation. The last two terms vanish from charge conservation. In (1), we proceed 
similarly and write the remaining terms using two divergences and one time derivative. 
We assume these vanish also from end-point restrictions. The terms which remain are 


AC 


V • (d 0 B) + d t (d • b) — e ijk dk (d t Ej) 

d 0 (V • B) + (B • V) d 0 + B • d - E • (V x d) + d ■ (B + V x e) 


The first and last terms in the square brackets are zero by the definition of the fields 
in terms of the potentials. Otherwise, if the change in the action is to be zero for 
arbitrary A, we must have 


Vdo = 0 Vxd = 0 d = 0. 


(b) The conditions above are surely satisfied if we choose 
The canonical momenta are 


(d,ido) as a constant four-vector. 


Ti-o 


7T 


dc 

dp 

dC 

dX 


6qE - |d x A. 


The Lagrange equation, 


d dC _ dC d dC 
dt q k dq k 1 d(diqk)' 
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for the scalar potential is 

0 = — p e 0 V • E — |d • B -T iyV • (d x A) 5 
or, because B = Vx A and d is a constant vector, the Chern-Simons Gauss’ law is 

e 0 V • E = p+ p • B. (2) 

The Lagrange equation for the vector potential is 


-eoE — |d x A 


|E x d + |d 0 B + j - eoc 2 V x B 


_ai d(fA)^ (doA -^ d) ' (V><A) } 

= |E x d + IdoB+j- e 0 c 2 V x B 


+ |-c?oB + -yd x W<*p. 


Combining terms gives the Chern-Simons Ampere-Maxwell law, 

1 <9E 

V x B = — — + Mo (j + doB - d x E). 
c z at 

These modified Maxwell equations are gauge invariant because only the Maxwell fields 
E and B appear in them. They cannot be Lorentz covariant when po and p are 
constants. This is most clear from (2) because a Lorentz transformation mixes E and 

B. 


Source: S.M. Carroll, G.B. Field, and R. Jackiw, Physical Review D 41, 1231 (1990). 


24.12 First-Order Lagrangian 


(a) For the given Lagrangian density, evaluate the Lagrange equations 

d dC _ dC DC 
dtdq k dq k 1 d{diq k y 


For E: 


for B: 


0 = -E - V p - A. 


0 = B - V x A, 
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for ip\ 


0 — — p + €() V ' Ei 


for A: 


d „ , a dC 

dt J ''i)a),.\,) 


C Ck E-klm ht( A n!: — ji 4“ C dfB6 f,f j — C 


The first two equations above are equivalent to the two homogeneous Maxwell equa¬ 
tions 

<9B 

V • B = 0 and —— = —V x E. 

dt 

The second two are the inhomogeneous Maxwell equations 


V • E = — and 

eo 


V x B = ii 0 j + 


1 <9E 

c 2 dt. 


(b) The ten canonical momenta each produce a primary constraint because no time deriva¬ 
tive appears anywhere: 


tv v = dC/dip = 0 
tv a = dC/dA = —eoE 
7te = dC/dF, = 0 
tt b = dC/d B = 0. 


24.13 Primary Hamiltonian 

The Lagrange equation is 

dp d dL dL 
dt dt dq dq' 

The Hamiltonian is H = pq — L so 


Jrr dL . dL 

dH = pdq + qdp -— dq -— dq 

dq dq 

dL , dH dH , 

= qdp-—dq= —dq+—dp, 
dq dq dp 


using the definition of p. Using the Lagrange equation gives 
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fdH 

\8q 


+ P)dq+( d ^--q) dp = 0. 


But ft (p. q) = 0 implies 


V d P 


—dg + = 0, 

dq op 


which can be multiplied by an arbitrary function —u (j>, q) to get 


cM (K> 

—u^—dq — u——dp = 0. 
oq op 


Equating the coefficients of dq and dp in the equations above gives 


. _ dH d'Sf _ dH P 
q dp U dp dp 

dH d 't dH P 

P = - = 

dq dq dq 

where Hp = H + it'I'. 


24.14 Gauge Fixing a la Fermi 

(a) The canonical momenta are 

7T = 

and 

7J"0 

The Lagrange equations are 

d-Ki dC dC 

~dt = dAi ~ d] d(djAi) 

dn 0 dC dC 

dt dip 1 d(dip) 

Writing this out for 7r 0 gives 

/ qa . \ 

-e 0 Afl = -p- e 0 di ( V t p + j . (1) 


dC / dA\ 

gX = e °r v+ -5t' = - e ° E 


t)£ a an 

= vrr =-“vcv — —eoAS2. 

dp po dp 


Adding and subtracting (1 /c 2 )d 2 p/dt 2 puts this in the form of a modified inhomoge¬ 
neous wave equation: 
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V72 1 , a P 


Writing out the 7r equation of motion similarly gives 


( 2 ) 


e ° ol ( V *‘ P+ “AT ) - ji+ d : 


dt 


dt 


1 d 

x Ai)k€kgm r (htp A m j 

Po oydjAi) 


-dj 

Po 




on 


d(djAi) 


which can also be manipulated into an inhomogeneous wave equation: 

1 d 2 A 


V A - 


z 2 dt 2 


+ (A — l)VO — — poj- 


(3) 


(4) 


(b) Using E = — V<p — dA/dt and B 
that 

• E -(- XCl = p/eo 


= V x A in (1) and (3), we find without difficulty 

1 dE 

and V x B — AVU = poj + -w tt - • 

c 2 at 


(c) Apply the operator (l/c 2 )c> 2 /<9t 2 to (2) and add this to the divergence of (4). The 
result is 


-A 


V 2 U - 


1 <9 2 U' 

c 2 dt 2 


Po 



+ V • 



The right side of this equation is zero by conservation of charge. Therefore, U satisfies 
a homogeneous wave equation. The latter is second order in time. Therefore, if we 
impose the initial conditions U = U = 0, we may conclude that the Lorenz gauge 
condition 

n < r ' , > = VA + ?t = 0 

at all times. This means that Cl = VS2 = 0 also and the field equations in (b) reduce 
to the usual Maxwell equations. 
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